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I[IPEIHCJOBUE K IIATOMY HU3JAHNIO.

Pap pycckux marematuros — Uebnunes, Hoprun, 3omotas
pés, Mapros, Boponoit m mpyrue —sagmmaiicA Teopueil up-
cen. OsHAKOMHTBCA ¢ COJiepsKaHEmEeM KiaccHueckHX paboT
OTHX 3aMeuYaTeNbHBIX yuéunix moskuo no kumske B. H. [le-
none «llerepOypreras mKoga TEOPHH YHCEI.

Coserckne maTematmim, paforawmue B obnactd Tcopuu
YHcen, WUPOJOIKAsA ClAaBHHE TpPAOUNIEH CBOWX TpefuecT-
BEHHWKOB, CO3aJli HOBHIE MOIIHEIC METOASl, II03BOJIABIINC
mosy4dTh pAX TEepBOKIACCHBIX pe3ysbraToB; B  paspene
reopun umcesl wuurm «Matematuka B CCCP 3a 30 nem»
MOKHO HaNTH CBeJeHHA O NOCTHKEHHWAX COBCTCKHX YUGHEBIX
B 06MAacTA TEOPUM UYUCENI, a TAK/Ke COOTBETCTBYwmue Oubnmo-
rpaqmqecmae JaHHbIe.

B moefi wa#re pgaércd  cHCTeMATHYECKOC  M3TI0FKEHHE
OCHOB TeopHMH uHcell B 06bEME YHHBEPCHTETCKOIO Kypca.
SHauYATeNBHOE KONMMYECTBO 3aJa4 BBOAAT 4YHTATEIA B KpPYr
HEKOTOPHIX HOBHIX Hjled B o0nacTu Teophu dHCe.

Hacyosimee mATOe M3[[aHMe KHUTM 3HAYRTENBHO OTIHYaeT-
ca or derséproro. Pajg usmemenmit, cmocoGeTBylomux 060Iib-
el IpOCTOTe M3NOKeHMsI, BHECEH BO BCe IJIaBhl KHUTH.
Oco60 3HA4YUTeNBHBIMM W3MEHEHUAMHU SBIIOTCA 0oObeTEHEe-
HAe npe;kHmx raaB IV m V B oamy rnasy 1V (6maromaps
geMy UHCIO TIJaB COKpPATHIOCH OO0 IiecTm), a Takke HO-
Boe, 0onee IpPOCTOE OKA3aTENBCTBO CYMECTBOBaHAA ICp-
B0oOOpA3HKIX KOpHeil,

CymecTsenHo  mepepa0oTaHBl  BONPOCH, HOMENIEHHEIS
B KoOHNE Kamoid raasul. llopamok ciemoBaHmA BOIPOCOB
TeNeph OPABENEH B IIOJHOE COOTBETCTBHE € MOPSAAKOM pac-
MOJIOYKeHHA TeOPEeTHYEeCKOro - MaTepHana. DBemeHH HEKOTO-
pHe HOBHI® BONPOCH; OJHAKQ WYHCJIO HOMEDPOB BONPOCOR



NIPEAMCIIOBUE

3HauuTeNbHO coKpamewo. llocmegmee pocrurmyto myTém
obveguHeHMA HOX Ha3BaHMAME a, b, ¢, ... panee camocros-
TeJBHBIX BONPOCOB, ONE3RMX II0 METOXY peIlIeHAs MM IO
cogepxanmio. IlepecMoTpeHsl Bce peImeHES BOIIPOCOB; B
pAfe clydaeB HTH pelmieHNA YIIPOMEHBl WJIH 3aMEHEHBl IIyu-
mumu. OcobeHHO CHIBHBE N3MEHEHMS BHCCEHH B PCILEHAA
BOIIPOCOB, KACAIOMEXCA PACHPENCJICHUA BHIYETOB U HEBH-
9eTOB A-II CTeHeHHm H NepBOODpAasHBIX KOPHeH, a Tawmke
OLEHOK COOTBETCTBYIOMTHX TPHTOHOMETPUHYECKHX CYMM.

H. M. Bunozpados



TJIABA TEPBAfL.
TEOPU: NEJMMOCTH.

§ 1. OcuoBHBIE NOHATHA H TEOPEMEI.

a. Teopus uncen zaHMMaeTcsi HU3ydeHHUEM CBOWCTB Ife-
serx unces. IlensiMu MBI OyneM Has3HBAaTh HE TOJIBKO YAC-
7ma HartypamsHoro pama 1, 2, 3, ... (UOJOKATEIBHEE Ie-
IBEe), HO TawKe HYNb M OTpPHIaTelbHHe Iemble — 1, — 2,

2

Hax npaBmio, Ipd H3J0MKEHHH TEOPETHYECKOr0 MaTepH-
ana MH OymeM o003Ha4YaTh OYKBaMH TOJBKO IfeJble GHCTA.
Cnyuam, worja OykBel Moryt o003HAa9aTh ¥ He IIeJIEE
4mesIa, €CJH IOciefHee He OyjerT sicHO caMo mo cebe, ME
OymeM 0co60 OroBapuUBaTh. ‘

CyMma, pasHOCTh W WLpOH3BefileHHe JBYX IeNHx ¢ H b
OyRyT Takme I@ABIMH, HO 49acTHOE OT JeleHus & Ha b
(ecim b me paBHO HyNI0) MO:KeT OBIThH KaK IEJHM, TaK K
HE ITeJIRIM.

b. B cayuae, xorga uacTHoe oT peseHms a Ha b —me-
noe, obosnauas ero GykBol ¢, mMeeM a=0g, T. e. a pas-
Ho npoussedenuio b wa yeaoe. Mbl ropopmm Torma, 4ro a
deaumces Ha b mim aro b deaum a. Ilpm aroM @ Ha3sBIBaeM
kpamismn umena b m b — dequmesem uqucna a. To obero-
ATeNnsCTBO, 4r0 b penmT @, 3ammcniBaercsi Tak: b\.a. :

Mmcior Mecro JBe CIIeYIONIHe TeOPEMEL. _

1. Ecau a kpamwo m, m wkpamHo b, mo a rpamuo b.

Heficrsarensro, U3 a=a,m, m=rmb crenyer a=a,m,b,
rge a,m;— neioe. A 9TO U IOKA3HBAET TEOpPeMY.

© 2. Ecau 6 pasencmeesuda k +1+ ... +n=p+ G+ ... +s
OMHOCEMEADHO  6CET  YACHOB, npo.ue Kako2o-4ubo 60HD20;
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uagecmuo, wmo owu xpamre b, mo u amom odun vaen
xpamen b.
HefictBHTeNbHO, DycTs TakuM wieHoM Gyper k. Umeem

L=Ub, ..., n=mb, p=pb, g=qib, ..., s=sb,
k=p+q+...+s—l—...—n=
=(m+q+ ... +si—L—...—n)b.

A 370 M [OKa3BEIBaET TEOpeMy. .

c. B ofmem cryuae, BraowaomeM, KaK 4YacTHbI, H
caydail, KOrja a aendrcA Ha b, uMeeM TeopeMy:

Bcakoe yeaoe a npedcmasisemes eQuncmeeHHbIM  CRO-
cobom wuepes mosoucumesroe yeaoe b ¢ fopme

a=bgt+r; 0<Lr<hb.

JelicTBUTeNbHO, OJHO NpeNCTABICHHE 4 B Takol ¢opme
HonyunM, B3AB bg paBHHM HauOONBmMEMY KPAaTHOMY dYHcHa
b, ne mpepocxoaamemy a. lonycrus, uto TamKe a = bg; + ry,
0<r,<b, nonysum O= b(qg—g,)-+r—r;, OTKyHa cienyer
(2, b), aro r —r, xpatuo b. Ho sBUMAY |r —r,| < b mocaen-
Bee BO3MOMKHO Jmmny npa r—r;=0, T. e. npu r=r,
OTKyJla BBITEKAeT TAKMKE ¢ == ¢,.

Umcno ¢ Ha3mBaeTCs HENOAHBM  YACMHBM, A YHCIO
r —ocmamrkom OT xeneHus a Ha b.

Mpumep. Mycrs b::14. Unmeem

177=14 .12+ 9; 0 <9< 14,
—64=14.(—95)+6; 0<6<14,
154 =14 . 11 4 0; 0=0 < 14.

§ 2. OCmnii nauGonpmuii KeanTEND.

a. B panpbefiinem Mm Gymem paccMaTpMBaTh JHMIIb HOJO-
JUTeJbHE® JeJidTeNl dYacell. DBeakxoe 1nesoe, [JenAmee
ONHOBPeMEeHHO Henwe a, b, ..., [, Ha3mBaeTcA HX o6wuM
Peaumesem. HamGonpmuit w3 ofmux pendTesiell HasmBaeTcA
obwun Haubpavwum Oeaumesesm m 0003HA¥AETCH CHMBOIOM
(g, b, ..., [). BBany woHeuHocTH uwmcna ofmuX gendrelied
cymecTBOBaHHMe oOmero HambONBLIIEro MeNMTeNs O4YeBHIHO.
Ecnm (¢, &, ..., {)=1, 10 a, b, ..., ! BasuBalOTCA 63QUMHO
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npocmusu. Ecnu rampoe m3 gmcea a, b, ..., [ B3ammHO
OpocTO € KakK[AbIM ApyruM M3 HHX, To a4, b, ..., ! mHasu-
BalTca nonapro npocmeimu. OueBmpHO, dmeaa HOmAPHO
OpOCTHe Bcerga W B3aEMHO IpOCTHE; B cllydae jKe [BYX
9HCel NOHATAA (LODAaPHO IIPOCTHIEY M (B3aUMHO IIPOCTHIEH
COBIANAIOT.

Mpamepsn. Yucna 6, 10, 15 sBupy (6, 10, 15)=1—
B3aHMHO DpocThe. Ymcaa 8 13 21 sBHUOY (8, 13)=(8, 21) =

= (13, 21) =1 — nonapuo upocre.

b. Cuavana saiiméMca obmumu JenuTesisiMH ABYX HHCe.

1. Ecau a kpammno b, mo cosoxynrocms obwux Jeaume-
aeill wucenr a u b cosnadaem ¢ cosorynHocmuvio Oeaumeneil
odnoeo b; ¢ wacmuocmu, (a, b)="b.

JleHCTBHTONBHO, BCAKMIL OoOmMEI JenATens wmcesl a 4 b
ABngerca AenateneM u oguoro b. ObpatHO, pas ¢ KpaTHO b,
o (1, b, § 1) Beaxuit menurens unena b ABNgeTcA Takmke
JdenurejgeM ducja a, T. e. OH Oyner 06ELIHM IeJATeaeM
yucen b u a. TaI{HM 00pa3oM COBOKYNIHOCTH 0GmMuUx nienu-
TeJleil wdcesq @ U b coBIajaeT ¢ COBOKYLIHOCTHIO JIeJIHTeNIel
onoro b. A tak Kak HambONBLIMNA JenmTeJs dwucia b ecTh
camo b, To (a, b)=b.

2. Ecau

a=0bqg-tec,

mo coeokynrocme ofuux desumededs wuced a u b cosnadaem
¢ cogoxynHocmdlo o0wux Oeaumenell wucea b u c; 6 wacmwuo-
cmu, (a, b)=1(b, ¢). :

HedicTBuTensHo, HAUMCAHHOE BHIIE paBEHCTBO NOKAa3H-
BaeT, 9YTO BCAKHH OOIMHWI [O€JMTe]h YHCEI a #U b [eJauT
tTawke u ¢ (2, b, § 1) =, caegmoBatennHo, aBuAercss o0mEM
menuresteM gucen b m ¢. OGpatHO, TO 3Ke paBeHCTBO IIOKA-
3blBACT, 49TO BCAKMI OOmMHMA NeliuTenb 4uCesd b H ¢ NelNuT a
W', CJeJOBATCIBHO, ABIACTCA OOMMM JeduTeldeM wucesa a i b.
Taknm obOpasom obmue penutenu umcesr @ 4 b cyTs Te sxe,
410 B ofmme fejmTenm 4HMCesd b M ¢; B 9YACTHOCTH, [OJMKHE
coBuajaTh ® HanboJLMHMC U3 5STAX JeJHTeNed, T. e.
(a, b)=(b, c).

c. [na pasoickagusa ofOmero HambONLIIEro IEIHTENA,
a TakKe IAdA BHBOJA €ro Ba;KHEUINAX CBOMCTB MPAMEHACTCH
aazopumm ekauda. Ilocnegauidl COCTOHT B HEKeCeLyOmMeM.
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Ilycts @ m b —nomoxerensute nemsie. Corsacao o, § 1 Ha-

XO/lHM PAR pPaBeHCTR:

a=1bgq, + ry, 0<ry<b,
b =ryq, + rs, 0<ry <r,y,
To=T3qs 1 7q, 0<ry<rs, (1)
"n—2=rn—iQn—1b+"m O<"n<rn—1,
Tn—1{ = 7Tnqn, J
3aKAHYMBAIONMUICA, HKOTJA IOJIyYaeM HEKOTOpoe 7Ip.y==0.

Mocnemnee nemaleskHo, Tak Kak pax b, r,, rs, Kak
pAx yOmBalOmMUX NEJNBIX He MOKeT cofepaTh Gomee weMm b
[OJIOKATEIbHEIX .

d. PaccmarpmBaa paBeHctBa (1), mma cBepxy BHm3,
y6esxmaemess (b), 9ro obmme jgenmTenm dmced @ m b onmHa-
KOBH ¢ o0IUME JenmreqAMH uucesl b W r,, pmanee onuHa-
KOBHl ¢ OOIEMH JIETHTEIAMIA THCEN 7'y B I'y, YACRIL I's K Iy, . . .,
9mCelt rp—y W rp, HAKOHEN, ¢ JENATEJFIME OJHOTO YHCHIA Ip.
OmaOBpEMEHHO C 9THM HMEeM

(a, B)=(b, ro)=(ry, rs)=...=(rn=1, rn) =rp.
Mu npuxommM K CJeAyIONIM De3ysbTaTaM.

1. Cosorynnocms o6wpux Oeaumeneil wucea a u b cosna-
daem ¢ cosorynmocmyvio Oeaumenell uxr obujeeo Haubosvuieeo
deaumeas.

2. 9mom obwuil nauboavwiul Jdesumetdv pagew rn, m. e.
nocaednemy He DAGHOMY HYLIO OCMAMEY AL20pumMMa Jekiuda.

IMMpumep. - llpumenaM anropurMm IBKIHAA K OTHCKAHHIO
(525, 231). HaxommM (BcHOMOTATeNILHEIE BEIYACICHHA NPH-
BefleHH cJIeBa)

525|@ 525 =231 - 2463,
462) 2 231 = 63 .34 42,
231) 63 63 = 42.1 21,
189 3 -
R 63‘—42 42= 21.2.
42 1
42121 .
el

» P
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3pecs mocieqHuil MOJIOMKMTEJBHBI OCTATOK e¢Th rg=21.
Suaunt, (525, 231)=21.

e. 1. O6osnavas 6yksow m awboe nosodcumessroe yeaoe,
umeen (am, bm)=(a, b)m.

2. Obosnanan Oyreorw & awboii obwuil Jeaumendv wucen

a b (a, b)
a u b, umeem 5 =%, 6 4acmHOCMu, UMeeM

s

a b

<———, —) =1, m. e. vacmuve om Jeaenusn deyxr wuces
(a, b)’ (a, b)

na ux obwuli Hauboavuwili Jeiumead CYMb HUCLQ 63AUMHO

npocmuie.

HeflcTBrre,6H0, yMuOKAM pasedcrsa (1) moumenHo Ha m.
Hoayuum moBele paBelcrsa, rje BMecto a, b, ry, ..., Tn
Oynyr crosite am, bm, rom, ..., rpym. Ilosromy (am, bm) =
= rpm, W TakuM o0pasoM BepHO yrBepkicHme 1.

Ilpumenasa yrsopsnenme 1, Haxomum

@ o= (35 53y = (5. D

oTcIOa ClelyeT yTBepikmenze 2.

f. 1. Ecau (a, b)=1, mo (ac, &)= (c, b).

HeiictBurensno, (ac, b) aenur ac u bc, smaumr (1, d),
oHo peiautr u (ac, &c), BBugy 1,e paBuoe c¢; HO (ac, b)
menut m b, moasromy ouno pemur u (¢, b). OGpartmo, (c, b)
jenuT ac m b, mosromy omno jenur u (ac, b). Taxum obpa-
3oM (ac, b) ¥ (¢, b) B3aMMHO NeNAT ApYr Jpyra H, CJefo-
BaTeJIBHO, pPaBHH MeEAY coBolo.

2. Ecau (a, b)=1 u ac Odeaumcs na b, mo ¢ deaumcs
Ha b.

Helicrsurenno, sBuny (a, b) =1 umeem (ac, b)={(c, b).
Ho pas ac wparuo b, 1o (1, b) mmeem (ac, b)=b, 3zmauur,
n (¢, b)=05, 1. e. ¢ xparno b.

3. Ecau kamcdoe a;, az, ..., Qp 63QUMHO NPOCINO
¢ kancdum by, by, ..., by, mo u npouseedenue aay ... Qm
83auMHO npocmo ¢ npoudgederuenm bbb, ... by. o

Heitcreurensao (Teopema 1), mmeem
(218985 - .. Qm, by) = (asa3 . .. am, by) =

= (a3 we o Amy bk) = ;. = ((am,,'.bk)ﬁ':Al.i
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4 najee, mojlarag JJiA KPATKOCTH 4,8, ... 4, = A, TOuHO
TAKAM e OyTEM HAHAEM,

(bubabs - - . buy A) = (bybs . .. bny A) =
=(b3 ‘e bn, A):...Z(bn, A)‘—';i.

g. 3agava oOTHICKaHMA 00mero HamOONBINErO MeNUTEs A
foiiee weM JBYX GHCeN CBOAMTCA K TAKOBOM A JABYX
unces1. lmenno, urobwm Halitm o0mumii HauGoNBMIAA JenH-
Tenb uMcel d;, g, ..., dp, COCTABIACM DAL UHCeN:

(al) aZ) e d2’ (d27 a3) = d37 (ds, a4) - d4r ey (dn—b an) = dn

Uneno d, @ Oymer oOmmM HauOONBIIMM JEJATCIECM BCEX
JIQHABIX YHCelI.

Heiictenrensro (1, d), ofmume menntenu umcen a; H a,
COBIANAIOT C HeNHTejAMU d,; No3ToMy of0mme JeldTend
qicen a,, d; U @3 COBONAgalOT ¢ OOMMMH [EIMTESIMH dACeN
dy B a3, T. e. coBHAJAKT ¢ paeautensMu ds. [lanee yGe-
amMcst, uTo obmue [JenATenyu dYHCEN dy, dg, d3, (44 COBIA-
DAI0T ¢ jgenadrensaMu d, M T. I. M, HaKOHer, dTo obmue
JeJTATeNH 9HCeNl &y, dy, ..., (p COBHAJAIOT ¢ JEeJHTC-
gaaMn d,. A Taxk =Kaxk HaubonbMul neadaTedh d, ecTh
caMo dp, TO OHO Oymer o0muM HAUGONBMHM JienATEleM
qucen a,, dg, ..., Qn.

IlpocmMaTpusasa npupegéHHOe monasaTeldbCTBO, yOermaem-
cs1, uro TeopemMa 1, d BepHa m pns Gomee wem ABYX udHcen.
Bepubt Tarke m Teopemsl 1, € m 2, e, mOTOMYy 9TO OT YMHO-
JKEHHs Ha /M WM Pa3/ieJICHAS HA § BCEX WHCEN dy, dg, - .., dn
TOUHO TaK ke H Bce dy, dg, ..., dp YMHOMKaTCA Ha m
MIM pasfensaTcA Ha &.

§ 3. Obumee HamMenbilee KpPAaTHOE.

a. Beaxoe uemoe, KpaTHoe BCeX RAHHHX dHCeX, HasH-
Baerca ux obwum rpamnus. Hammenpmee momosRmTenn-
Hoe ofmee KpaTHOe HA3BLIBACTCA OOWUM HAUMEHDULLM
Kpamuuls,

b. Cpavana samméMca oOmEM HaMMEHHIIAM KpaTHBIM
aByx wmeest. [lycrs M — waxoe-mu6o ofmee KpaTHO® HENHX
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a u b. Tak Kaxk oBO KpatHO @, To M =ak, rge k—menoe.
Ho M wpatHO EH b, mO3TOMY meNBIM ROIIKHO GHTH H

ak
b
uro, monarag (@, b)=d, a=a,d, b=0b,d, MomxuO mpencra-
k
BHATH B Buje a—bl—, rae (a;, by))=1 (2, e, § 2). Ilosromy
1
b
(2, f, § 2) k pomxmo menuThca Ha by, k:blt.:zt, rue
t — nenoe. Orcona
ab
M —_ 7 t.
O6patao, ogueBHAHO, 49ro BeAkoe M Takoir (OpMBI KpaTHO
Kak a, Tak #@ b, m, Takmm o6pasom, ara ¢opMa maért o6mui
BHA Beex obmmMX KpaTHBIX udcen a # b.
HamMeHEBIIEE NONOMATENBHOE H3 JTUX KPATHEX, T. €.
ofmee HamMeHbOIee KpaTHoe, moiaydmM npm ¢ =1. Omo Oyper
m = ab
=
Beepa m, Mommo mnonywensyio Aaa M dopmyny nepemnm-

caThk TaK:
M = mt.

HOCJ’IBI.[HGG B TpefamnociiefHee paBeHCTBa NPHUBOAAT K TeOo-

peMam:
4. O6wue rpamuwe Osyr wucea cognadaiom ¢ KpamHslMil

uzr o6ueeo HAUMENBULE20 KPAMHO20.

2. O6uwee naumeHvutee Kpamuoe O06YxT wucer pagHo ux

npousgedenuto, Oeaéunomy wna uxr obwull Hauborvwyull Oe-
Aumens.
, c¢. Ilycte TpeGyerca mHaiitm ofmee BaWMeHBIICe KPATHOO
Goslee yeM [ABYX uYHCeN d;, ds, ..., Gn. (OG03HA”Yas Boolme
cuMBoIIoM [a, b} ofmee HamMenpiiee KpaTHoe dHcel ¢ ® b,
COCTABUM DAR THCEI:

[a1, as) =ms, [my, a3l =m3, ..., [Ma_y, an) =my.

Ilonydennoe TtakuM mnyTéM m, m Oyger oOMEM HaHMEHE-
MMM KpPaTHHM BCeX NAHHHIX dHCE.



14 P11, 1. TEOPHA BEAUMOCTH -

Deiicrearensro (1, b), obmme ypaTHHe ducesnr a, ¥ a
COBHANAIOT ¢ KPAaTHHIMH Mg, T03TOMY ofmme KpaTHHE YmCedl
ay, G, U @3 COBOANAKT ¢ OOIMEME KpaTHHMH My H dg, T. €.
coBIAfAalT ¢ KpaTHHIME mMy. Janee yGexmmcsa, uro ofmme
KpaTHHE 4YACeN @, 4y, @3, @, COBIANAlT ¢ KPATHEIMHE M,
® T. . ¥, HAKOHeN, yTo o0mmue KpaTHLE YHCEN dy, dg, - .., dp
COBOANAIOT ¢ KPATHRIMU /M,, & TaK KaK HaHMeHbINee I0JI0-
JKATENIHOE KpAaTHOe M, GCTH CaMO M, TO OHO H Gyjer
o0muM HaWMEHLIINM KPATHHM 9HCEN @y, @5, -.., fOn.

IIpocMaTpuBas MPHBCACHHOE JOKA3ATENLCTBO, BHHM, 4TO
teopema 1, b Bepra wm jia Gormee wem pByx wmces. Ipome
T0ro, ybesspaeMcs B CIPaBe[JIHBOCTH CJCLYIOHEH TeOpeMsb!:

O6wee nausmeHvUiee KPAMHOE NONAPHO NDPOCILY WiCed
DASHO UX NPOu3EedeHUIO.

§ 4. CBasp anropnTMa IBKIAAAQ C HEHpPEPHIBHBIMH
ApoSamu,

a, Ilycts o —miofoe BemecrBenHoe 4umeao. Ofozmaumm
Oyrpolo ¢, Hambonbimee Lenoe, He wupeBocxodsmee o. Ilpm
HENeJIOM o HMeeM

1
“=91+a—§ ay > 1.
2
Touno Taw e HpPU HEENBIX Uy, ..., sy AMEEM
1 . .
Up=Qpt -5 %> (%

1 .
as—1=Qs~l+a—; a5>1y
8

BBHAY 4Yero IojydaeM CleflyloIee pasodiceniie o 6 Henpe-
puisryio 0pobo:

a=q1+———1 - (1)
- . q2+

gs -+ .
e
9sq t—

Og
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Ecng « mppanmoHanbHOE, TO B pARE 4, dg, ..., OYEBHJHO,
He MO>KeT BCTPETHTECA HEJIBX, W YKa3aHHEI Hpomece Mome'r
GHTH HEOTPAHMYEHHO LPOROIIKEH.

Ecam a panmomaspHOe, Kak ysmuaM gamnee (b), B pane
a, Oy, ... HEINPEMEHHO BCTPETHTCA Iejioe, H YKa3aHHBIHA
mpomecc 6yIeT KOHeYeH. :

a
b. Eciim a — panmonanrHasa HecoKpaTEMas Ipo0Ob a=-,
TG pasioKeHHe & B HeOPepHBHYK Jpo0p TecHO CBA3AHO
¢ aaropaTMoM Ipknuaa. [eHcTBHTENBHO, AMeeM

a r
a=1bq, +rs; ‘b—=91+ :
b r
b=ryqy+rs; 7:(]2-#73,
2 2
r r
To=T3q5 1+ T4; ;g=Q3+r—4,
3 3
Tn—p="rn—1Gn—1 +n; —*Qn-—1+r
Il n-i
. "n—
"n-—1=7'n9n» —Qm
OTKYIa
a . 1
'b—:QI ’.‘*‘:—T“‘
q
2 93+ . 1
Yn
c. Unena ¢y, ¢p, ..., y9ACTBYOIHE B PAa3IIOKEHAN 9@CHA

o B HEOPepHBHYK Ipo0b, HABHIBAIOTCH HENOAHBLMI 4ACTMHBIMUI
(B ciydae paunuoOHAJBHOTO & 3TO GyAyT coryiacHo b Hemom-
HEICE YaCTHEE IIOCIEIOBATEJLHEIX JG/IGHHA aJropaTMa JIB-
Kanpa), apobm e

o 1
01=4q1, 52=91+E, 83=¢q; -+
92+—

Ha3HBATCA nodrodawjumi Opobamu.
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~ d. Becema mpocroit |'zaxom oGpazoBaEmA IOAXOAAMAX
apobeil merko Haliaém, 3amedas, 49To &, (s > 1) monydaerca
B3 8,-1 3aMeHOH B OyKBOHHOM BHIpaMKEHHE A 8,1 TACHA
. 1
gs—1 Ba @51+ -
9s

HeiicTBuTensao, monaraa pan  epagoobpasma Py =1,
Qy=0, Mpl MomeM mojxomAmAe IpobE mOCIENOBATEILHO

A _ P
OpeJICTaBUTE B CJeLyIOmeM Buje (311601: PaBeHCTBO & = Q-‘
&
nunieM, jkenaa oGosHaunts 4 cmmeoaom P, a B cumBo-
70M QS) :
!

U e mntl _aPitP, Py
1 g2 14+07 Q1+ Q, Qo

2)
ey p
<QZ7‘I3 ! 0_‘13P2+P1__P3

(‘Iz-%—%) Q,+Q, T 2Q:+ Q0 Qs

¥ T. I. H BooOIme
2 qus-i+Ps—2 P,;
g == — o == = .
§ qus_j + Qs—2 QG

P

q
1=-—Il—: 62:

£,
Q’

o
Gg =

Tawnm obpaszoM dvucnugTend @ 3HAMEHATENH IONXORAI(AX
mpobeil MBI MO3KeM IOCIIe0BaTe1bHO BEUHCIATL Ho (fopmyaam

ps:"—QSps-i'i‘Ps‘Z, }
Qs = qsQo—1 + Qoz.

JTH DBRIYACTICHAA TONE3HO OPOH3BOAMTH 1O CJAeRyIOmeit
cxeme:

(2)

g, g1 | ga | .- ag | ... an

P 1 ) g | Po| ... |Po_g{Pe_y| Py | ...|Pp_y] @

s

Qs 0 1 ) Q: s Qs—Z Qs—i Q3 tt Q”—i b
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105
R
3nece
105/ 38 105 1
762 3™ 2+1+ 1
28] 29 i
3+
29 1 4+i
291 9 2"
27,_3
9 2
8!—4
1
2"2

¢, 2 1 3| 4 2
P, 1 2 30 11 | 47 | 105
i Q, 0 1 1 4 |17 38

e. PaccMoTpuM pasHOCTE &g—8s_1 COCOMHMX IIOAXONAINIX
upobeii. llpa s > 1 Haxogmm

) Sy

Og —0Ogy 7= — 5—— =

¢ Qs Qg Qst_
e hy=PQs_1—Q.P_,; moncranuas e Bmecto P, m (),
X Bmpameﬁﬁﬂ (2) m nepas oueBmjHBIe yHIpPOmEHHA, IOy~

unM b= —hs_y. Ilocnegnee B coegmbenuu ¢ by =g, - 0—
— 1= 1 naér hy=(—1)°. Uraxg,

Filen Q”f'r—f}vfségPA‘rﬁFyhﬂ 1 ®
L et enensn tewsaeoe | ()
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ITpumep. B rabaane npumepa, npuBenéunoro B d, mMeeM
105 - 17—38 . 47=(—1)5= —

f. Us (3) cmenyer, uro (P, Q;) memmr (— 1= +1
(2, b, § 1). Iosromy (P, Q) =1, 1. e. nodxodawue dpobu

’ g. Ilpm 3, Be paBHOM o (T. e. HCKIIO¥YaeTcA Clydai,
KOT[a, mpH panuoHAIBHOM &, 8, ABJIAETCA IOC/AeHHeH MOJXO0-
namell npobbio), HccaenyeM 3HAK pasnocTm o, — o. Ouenmano,
6, ToJydaeTcA 3aMenoll o, Ha ¢, B Bripaskenun (1) mna a. Ho,

s
KaK BHJIHO H3 a, 0T>TaROIuI 3aMCHRL

0s YMEHBIIATCHA,

ds., YBEJTUUHTCH,
Us_9 YMEHBIIHNTCA,

TIpY HEYETHOM S yMEHBINHTCH,
¢ \upm uéTHOM s yBenmumres.

ITosTomy 8,—a <0 npu HewérnoM s m §,—a >0 npr’

9éTHOM s, K CJe[0BaTeJIEHO, 3HAK 6y —a COBOANAeT GO

sHaKoM (— 1) '
h. Hmeen

—tal<gg

HeiictBurensno, mpw 8,=a 3TO yTBepKIeHHe ClenyerT
(co smaxoM paBeHcrsa) u3 (4). llpm &;, He paBROM a, OHO
ciefyeT (co SHAaKOM HePaBeHCTBA) 3 (4) H H3 TOro 00-
CTOATENLCTBA, YUTO, BBUAY g, 6 — d M 853 — & HMEIOT Da3HHE
BHAKH.

§ 5. Mpocrbie yncxa.

a. Umeno 1 mMeeT TOMBKO OOUH IOJIOKATENLHBIA [IeiTH-
Tenb, mmMeHEHo 1. B srom ornomenwu uucmo 1 B page Ha-
TypalbHKIX YuCeN CTOHT ocobo. .

Bearoe menoe, Goapmee 1, mMeer He MeHee IBYX
gendTeneir, mMenso 1 m camoro cebdA; ecam STHMH JeJH-
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TeAAME  MCYEPHLIBAIOTCH DBCC  LOJNOMKMUTENBUBIC HEIUTeHU
[eJIoro YHuejia, TO OHO HasmBaercs - npocmus. Uenoe > 1,
uMmeomee KpoMe 1 m caMoro ceGs ppyrue NONO;KETENIRHEE
ReIUTENE, HA3BIRACTCH COCPLABHLLM.

b. Haumenvwnil omavunsiii om edunuyst deaumesd yeaoo,
Goavuwiezo eduruydbl, ecmb wICAO R HOCILOE.

HdeficTBATENBIO, 1LIYCTh q — HANMEUBIMMI  OTIWYIBIE OT
eJHHAIBL IeIIATeNb Heaoro a > 1. Kenm 61 g Optao coeTan-
HBIM, TO OHO HMEHO OBl HEROTOPBI JIC/IATENBb ¢y G YCIOBHEM
1 < g < q; BO uicHo @, fgendch Ha ¢, OOMKHO OBIJIO OBl
mequteesa 1 Ba ¢ (1, b, § 1), a oro upormnpopeylnt narmesy
NPeATIONOFKEH IO OTHOCHTE ILHO Yueia §.

c. Haumenvwmii omanunwii om edunuys deaumead co-
cmagnozo wucaa a (cozaacko b on  6ydem npocmuim) He
npesocxodum | a.

Hdeficreurensno, HMycTb ¢ -— 9TOT NENHTENb, TOTHA Q= (a,,
a; > ¢, OTKyja, UepeMHOkas I coKpammad Ha a;, NOJLydHnM
a>q* g<Va.

d. Yucao npocmer wucea Geckonedto 6euko.

CrpaBeflJHBOCTE 9TOIl TEOPEMH! ciefyeT H3 TOro, 4To,
KAKOBR Onl HM OBUIM pA3NHYNBIe LPOCTHC Py, Doy + -+ > Pir
MOKHO HOJYYHTH HOBOE IPOCTOE, CPeAl HHX HE 3aKTII-
vgatomeecd. TawroseiM Oyger mpocTof  jenmrens  CyMMBL
Dip2 ... Pr+ 1, KOTODHIi, JenA BCIO CyMMy, HE MOKET
COBHARATh HU € OJHHM U3 IIPOCTHIX Py, Pg, ... ; Py (2, by § 1).

e. Jaa.cocrapnernd TaGaumel NPOCTEIX WHCEN, He IIpe-
BocXofAAmAX JaHuHoro N, cymjecTByer HpocToli  ¢mocod,
HaselBaeMulii pewemom Ipamocgheria. OH COCTOHNT B HILKC-
CITeRYIOTIeM.

Brmncpiaem amciia

. 1,2,...,N. (1)

Ilepsoe OConbliee emAHMILI WHCJIO BTOTO pAgA €CTh  2;
OHO jfemmrcesa TOABRO HAa 1 U ma camoro celd, ciefoBaTelb-
HO, OHO IPOCTOe.

Buiweprnem u3 paga (1) (xax cocrtaBHBIC) Bee dmena,
kparHee 2, kpome camoro 2. Ilepsoe caenmyromee 3a 2
HEBRHYEPDKHyTOe umciHo Oymer 3; owo He jenures Ha 2
(unave oHO Okazanock Oni  BEI9EPKHYTHIM),, cfle{OBATENBHO,
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3 menurcsa TOMBKO Ha 1 m na camoro celA, a MOTOMYy OHO
Tarke OymeT IPOCTEIM,

Bugéprnpaem u3 psiga (1) nce umena, kparsbie 3, Kpome
camoro 3. llepBoe cnepyiomee 3a 3 HeBHIYEPKUYTOE YHCIO
Oymer 5; oHO He jenutcs HH ma 2, HH Ha 3 (MHaue OHO
oKasasoch OH BoiuepknyreM). (ClefoBaresipno, 5 MEINTC
tonpko Ha 1 ®m Ha camoro cefd, a DOTOMY OHO TAKIKC
fyzer TPOCTHIM.

" g1

Koryja yrasauHBIM CIIOCO00OM yjKE BBIUEPKHYTH Bce YHCIA,
lipaTHEE IPOCTHX, MEHBIINX HPOCTOI0 p, TO BCE HeBhUep-
KHyTBl®, MeHbimme p*, Gyayr unpocrste. [elicrpurensiio,
BCAKOE COCTABHOE @, MeRBIICe p?, HaMU YKe BBYEPKHYTO,
Ka® KpaTHOe eT0 HAHMEHBLIEr0 MPOCTOTO [AeJHTCIA, KOTOPHII
<Va < p. Orciona cuexyer:

1. Hpucmynas & 6BLUEPKUBAHLIO K PAMHBL T POCMO20 P,
amo ebluéprusarue caedyem Hawuramy ¢ p.

2. Cocmassenue madauysl npocmux wucea <N saroH-
YEHO, KAK MOALKO GBIMEPKHYMBL 6C€ COCINACHHE KDAMHIE R [0

cmulx, e npesocxodauu l/N .

§ 6. EpuncrBenHocrh pasioiieHus i Ha HPOCTHIC
COMIIORHATCL,

a. Deaxoe yeaoe a usn  83quMHO  RpPOCIRO ¢ dannpim
RpOCVM P, UMl dce Geaumces Ha p.

HeitctButensno, (a, p), Oymydyu JeauTerieM p, MOMKET
OeiTe paBEo mam 1, uiam p. B mepsoM cnyvae a4 B3auMHO
HPOCTO € p, BO BTOPOM @ JENWTCA HA P.

b. Fcau npoussedenue Heckoavkux comHodcumenell Jde-
AUMCA HA P, MO, No EpaliHed Mmepe, o0un U3 COMHOMCUME-
el Jeaumen Ha p.

HeficruTensno (&), KaMALIE COMHOMRMTENb WM BIAMMHO
HpoctT ¢ p, WM Ke fexmrea Ha p. Ecam OHl Bee coMHOMM-
Teqn OBUIM B3aMMHO HPOCTEL ¢ p, TO H HX IpPOH3BEJleHe
(3, f, § 2) 6eul0 OH B3aWMMHO ILIPOCTO C p; HOJITOMY XOTh
OMH COMHOKHTEJL IeJHTCHA Ha p.

c. Bcakoe wyeaoe, Gonvuwee edunuybl, pasaazaemcs Ha
npouseedenue npoCMHLY COMHOMWCUMenel U npumom eOun-
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CIRGEHMBIM CROCODOM, €CAU OMBALHBCHE OMm nopAOKa caedosa-
HUA COMHOMCUuMenei.

HeficTBETENBHO, HYCThb 4 —Iedoe, Oonblllee eIUHUIE;
o6osnavasg OyKBOW0 p; ero HAHMEHBINHA LPOCTON JEIATENb,
umeeM a= pya,. Ecimm a, > 1, to, obozmauaa Oyksow p,
ero HAMMOHBLINWH HPOCTOI JENHTENh, HMEeM @; = Pody. Koitum
a, > 1, 10 MOg0GHO 2TOMY UAXOAUM @y = P3@z U T. JI., HOKA
me mpupéMm K rawkoMmy-nuCo an, pasromy emuanie. Torma
an—y = pn. llepeMHOan Bee malifjeHrble paBeHCTBA W MPOU3-
BOJSi COKpalleHHe, WOAYIHM CIefyIOMee pasloenue a
Ha TPOCTHIE COMHOKUTENA:

@=Dpips - Pn-

Homyetnm, uro Ui TOr0  KE CAMOIO ¢ CYLUICCTBYGT
M BTOPOE Pa3jI0oKenue ¥a IIPOCTHIe COMHOMMTONHA @ == §,qy ... (.
Torpa '

Pipg oo Pn=q1q2 -« . Gs-

IMpasas gacts sroro paBencrma rnenurca Ha ¢. Ciepo-
patenbuo (b), mo kpaiizefl Mepe, o;my H3 COMHOKHTENCH
7eBoil 4acTH fosiskeH neaulhes Ha ¢,. Ilyers, mampumep, p,
neantcA Ha ¢y (HOPAIOK HYMepanHu COMHORMTeNeH B HallleM
PACHOPIKEHHH); TOTHA Py =¢q; (p; KpoMe 1 meruTca TOIBRO
Ha py). Corpamas ofe wactil pancHCTBA Ha pyp= (), HMeeM

PoPs + -+ Pn={qaqs ... ¢,. lloBropas mpemHee paccyeHne
OPUMEHHTENIFHO K STOMY [AaBeHCTBY, MNOAYUHM pj ... Dp=
=gz ...0, 0 T. ., TOKA, HAKCHCI[, B CHHOW YacTH paBeH-

¢TBA, HALDUMep B JeBoil, He COKpPATATCH BCC COMIOIKATEJM.
Ho ogHOBpeMeHHO HOTURUSGI COKPATHTHCA H BCe COMHOZKHTEIIH
IpaBoil d9acTy, Tak Kak paBeHcTBo 1=¢n,(...¢; upH
Gn41s « o+ s {s, TPEBOCXOAAUX 1, HEBO3MOIKHO.

Tarxum ofpasoM, BTOpoe pasiokeHme HA MPOCTHIC COMHO-
FRHATENIH TORIECTREHHO MepBOMY .

d. B pazmomcHMm umciaa 2 1A TPOCTHE COMHOMKATENH
HEKOTOpHe W3 HHX MOLYT NoBrTOpaThesd. O6ozmauas 6Gynba-
MH Dy, P, ++ - , Pj PABTHYHGIC U3 HUX U GYKBAMH ap, Og, - - -, Oy
HpHTHO(’vTL X BXOKIOeUWs B a, HOle‘H’[M TaK na3nipaeMoc
KAHOHUYECKOE PA3Aodcenlie HUCAG @ HA COMHONCUMEML:

01 00 Loy
a= 1109 L. pEk.
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INpuwmenp. Kanonuucexoe pasnoskenne umcia 088 000
Gymer: 588000=2%.3.5% .72

e, @ ;.
e. Ilyeme a=pi'ps’ ...p"~ —kanonuvecroe  pazaomce-
nue wucaa a. Toedda ece Jeaumean a cume eéce wucia quia

4= pipt o i
O\Bl %y O 8 <012, ] O<\?’/\-<d

Heiicrpurensno, wnycrs d pemur a. Torma (b, § 1)
a-=dg u, ciaejJoBaTeIbHO, BCE HPOCTBIE JenuTen ¢ BXOJAT
B KaHOHOUECKOE PpAasjlo;ReHHe ¢ C IOKABATeNAMH, HE MeHb-
INAMI TCX, ¢ KOTOPBIMH OHI BXOZAT B KAHOHWYECKOE pas-
aomernie d. Hosromy d umcer vux (1).

O6patro, Besiwoe d Bupa (1), oueBmpmo, peunt a.

IIpumep. Bee genurenu wuucsna 720=2%.3%.5 wnoay-
unM, ecil B Belpaskennu 2813P:5fs sacrasum By, B, {33 He3a-
BUCHMO ;1pyr or gpyra mpoberats suavennsn B, =0, 1, 2, 3, 4;

3,=0, 1, 2; B;=0, 1. llosToMy yRazsaHHEIC TeINTENH 6YJ1VT
1 2, 4 8 16 3, 6, 12, 24, 48, 9, 18, 36, 72, 144, 5,
10, 20, /10, 8(), 10, 30, 60, 120, 240, 45, 90, 180, 360,
720.

(1)

Bonpocor © raase 1.

1. Ilyers @ 1 b-—meXBle, He DaBHBIC OAIIOBPeMENHO LYJII0, H
d =azx, + by, — HaHMEHBNIEC NOJIOKHTCIIBIEOE 4YHCJIO BHAA ax + by
(t n y—nexme). Jlokazars, uro d=(a, b). Orciona BEBecTH TEO-
pery 1, d, § 2 u tcopexs e, § 2. OGo0uyurh 3TH BHIBOIBI, paccMa-
TpHUBAsT dncra BOja ax -+ by -- ... 0 fu.

2. /loxkasaTh, 4TO M3 BCeX PAIONAJIBHLIX jipodeH co BHaMeHaTe-

P
mamu << Q, HogxoxAman apodsn BS:QJ IpejicTapsAeT THCIO a HAM-
s
Gojlee TOUHG.

3. IlycTe BemieCTBeHHOE UHCJIO « pAazjlodieHO B HEIPePHBHYIO
n1pobe, N —ieoe moJONTE IbHOe, A——YUHCIIO ero NecsTUIHHX SHA-
KOoB, n—HambodbpImee nesoe ¢ yeaopueM Qn<(.NN. [lorasaTh, uTO
n < 5k 1. Jlna porasaTespcTBa BHpaskenud RIA s, Qs Q4 - .-, Qn
cjlelyeT CPABHHTH ¢ TeMy, KOTOPmie oHM mMesH Osl, ecim O Bee g,
ORIA paBnel 1, M CpaBHMTL pajiee ¢ uvcnamm 1, €, 82, ..., €"7%, rye
£—TOOMmUTeBNbH KOpenk ypaBlieHus §2==F£ 1.

4. Myers + > 1. PAx pacnolokeHHBIX B NOPAJKC BO3PACTAHH
PAUMOHAJILHKX HECOKPATHMBIX /Ipofeil ¢ IOJOAITEPHBIME BHAMEHA-
TeJAME, He NpeBOCXOAAIUMN <, HaswBaeTca padow Papes, omse-
wAOUWUM T,
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a. JlokasaTk, wT0 uacTk pafga (daped, OTBevalInero <, cogep-
aaman apo6u a, ¢ ychmosmem O <a<{1 Momer OHTHL HomydueHa

cCAYIOIMAM crnocoboM: mumeM Apod:

IR

T . Ecam 2 =, To Mempy

N +1 1 .

sTAMH apobAME BeTaBHM emé npole St o 3aTeM B NOJYYeHHOM
0 1

1 1
p,qneT s —2-' , —1— MERAY KaKABMK JBYMA COCEHUMU HPO6FIMH

(=]

[

a c . ay+c
7)_11 n d—i ¢ by +d; << BeraBaM apodn Bi-:ri

MOKA 3TO BOBMOKHO. [lpeABapHTeIpHO KOKAsaTh, YTO AINA J0G0H

H T. A. [0 Tex mop,

“ a c
mape  cocefHUX apobeit 3 U 7 PAMA, TNONYIaeMOTO YKA3AHHEIM

crocobonM, nMeeM ad—be= —1.
¥ b. Paccmarpmsan pax ®apes, [goKasaTh TeopeMy: UycTh < > 1,
KOT[a BCAKOE BEINecTBEHHOE a MOM{HO NIpeJCcTaBUTH B (OopMe

a:%—l—aﬂ%; 0<Q=<r, (P, Q)=1, |8j<1.

¢. TeopeMmy Boupoca b morasats, monsayace h, § 4.

5, a. /[lokasatp OeCKOHEWHROCTH ‘1MCJAA HPOCTHIX dHCeN BHJA
4m + 3. .

b. JTorazaTh GECKOHEYHOCTH YWCIA MPOCTHX 4mcesd Buga 6m 4+ 5.

6. JorasaTh GeCKOHEUHOCTL WMCJIA IPOCTHIX YHCEJ, MONCUMTHI-
Basg 9HCJI0 wucesl, He UPeBOCXOAAuiunXx [V, B KAHOHHUECKOe Dasioie-
HHE KOTOPHX HE BXOJAT HPOCTHE YUCJA, OTIHYHEIE OT Dy, P2, « .+ Pk-

7. llycrs K-—menoe mosoATeNnbHoe. [oKasaTh, 9TO B pANE
HATYPATHEHX 4Hce] mMeeTcA OecuncJeHHOE MHOMECTBO IIOCIEeN0Ba-

tenbHocTedr M, M +1, ..., M+ K-—1, He cojep/Kalqux IPOCTHX
qHCceJI.

8. JlokasaTh, 94TO cpelH yuces, NpeACTABIAEMBIX MHOIOUIEHOM
agz® L a2+ .. +an, the n >0, ay, ay, ..., ap—neane Kay > 0,

mMeeTcA 0ecunciIeHHOe MHOMKECTRO COCTABHEIX.
9, a. [lokasaTb, 94TO HEONPeAeTEHHOMY ypPaBHEHHIO

24 yt=3z% z>0,y>0, 2>0, (2,9, 3)=1 (1)

YIOBIETBOPAIT Te M TOILKO Te CHCTeMEl Z, Y, 2, TJe OHO U3 HCeN
z U y uMeer BWI 2uv, Apyroe—BujA u®—v%, HAKOHENm, 2z HMeeT BHJ
u? + v%, npm stoM u > v > 0, (u, v)=1, wv-—uéTHoe.

b. Tomsayace TeppeMoll Bompoca a, JA0KasaTh HEPa3PeMIAMOCTH
B mENLX NONOKHUTEIBHHX &, Y, 2 YPaBHeHHA z* + yt=232.

10. [lorkasaTe TeopeMy: ecJH YpaBHEHHe a4 +
+apn=0, rtae n>0 @ a,, ..., ap—1uenne, HMeeT PATHOHAJbHHU
KOpeHb, TO B3TOT KOPeHbL—IleJI0e THCIIO. ’



24 [J1. 1. TEOPMA OAEJIMMOCTH

11, a. Iycrs S:—é+—é—+ ...+—’1?; n > 1. JoxasaTs. 410 § —
He 1eJioe.
1 1 1
b. Ilycts S=§+?+ ...—(—m? n > 0. JlokasaTts, 4TO S—
He IeJioe.

12. Tlyers n—uesoe, n > 0. Jlokasarn, 94T0 Bce KoOdQPuUUNEHTH

pasiomernst Gunoma Hprotoma (a4 b)) Gyayr HeuéTHEIME TOrAa
il TOJIBKO TOTJA, KOTAA n nmMeeT BUA 2k—1.

UncuenHnic upumeps: K raase I.

[, a. Ilpuntersa auropurM Hsxanpa, naitu (6188, 4709).

b. Hafiru (81719, 52003, 33 649, 30107).

2, a. PazuosknB B HenpephBUYI0 APOOL a:%223 H cocTaBnn

rabauny mopxopsumwx papobeir (d, § 4), mauTu: o) &, B) upezcra-
Bienne a B opMe, yrasauuolt B Bonpoce 4, b, cauram t=20.
_ 5391
3976
rabnany noaxomAmux ppobed, wmalitm: o) &, ) OpeacTaBIeHHe o
B popme, ykasagHOH B Bompoce 4, b, caurtas ==1000.

3. Cocrasuts pag apobeu ®apes (sompoc 4) or 0 mo 1, wmewiIo-
uad 1, cO sHAMEHATENAMH, HE NPEBOCXONAINTME 8.

4. CocraBuTh TAbnUOy NMPOCTHIX uuced, Merbmux 100.

5, a. HaiiTn wanoHWuecKoe pazmokenme whciaa 82 798 848.

b. Haiitu xamonnueckoe pasiomenue umcsa 81 057 226 635 000.

b. PagjiojxuB B HellpePHIBHYIO Jpo0b «a M COCTABNB



I'JIABA BTOPAfI.

BAKHENIINE OYHKI'UN, BCTPEYAICIIRECAHA
B TEOPIIII YHUCEJIL.

§ 1. Oynxuuu [x], {a].

a. BasHyo ponk B Teopuu umcex mrpaer (QyHKuHA [x);
OHA ONpeleNAeTCA JUJIA LceX BeMIeCTBeHHHIX L M IpejicTas-
sfer cobolo mambosbllee nejgoe, He mpeBocxojdmee z. 9ra
QYHKIMA HA3BIBACTCA Yeroli 4acmbvio om I.

IIpumeps.

[71=7; [2,6]=2; [—4,75]=—5.
MNuorpa paccmaTtpubaeTcsl Tatokxe QyHKIuA {z] =z —[x].

dra QyHKUHA HA3LIBAGTCH 0 pobHoi wacmuio om Z.
Ilpumepr.

(1)=0; 12,6)=-0,6; {—4,75)=0,23.
b. Yrofm noxaszars nonndy BBeIEHHBIX HaMH PyHKIMH,
JORayKeM TeopeMy:

Ilorazamenw, ¢ romopwia Oannoe npocmoe p exodum ¢
npouseedernue nl, pasen ’

Bl [0+ [+

HdefcTBuTensHO, 9HCIIO COMHOMKHTENEeH NpOoU3BeNeHHuA nl,

[

n n
KpaTHEIX p, Oymer [;], 3 HUX KpaTHHX p? Oyger [?] ;

U3 THX IOCJCNHHX KpaTHeIX p° Bymer [%] ar. g Cym-

Ma YKa3aHHBEIX 4YHCcell M jpacT HACKOMEII norasareilb, TaK
HaK - KamJIpld COMHOMHUTEJIb NPOU3BENEeHA n!, KpaTHHﬁ
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p", HO He p™'1, cumraeTcd yHKa3aHHEIM nyTéM m pas, Kak
KpaTumii p, p%, p3, ..., Hakomem, p™.

ITpramep. IloxkaszaTenb, ¢ KOTOPHM 4YHCAO 3 BXOJHT
B mpouspefieHMe 40!, Gymer ciremyromuii:

4]+ 8]+ [8] - svos 1o

§ 2. Cymainl, pacnpocTpaHEHHBIE HA JETUTENAM YHCAA.

a. Oco0eHHO Ba/KuYIO POJIb B TEOPHH YHCEJ HIPAOT MyIIb-
Tumnaratusabie Qyurnan, Qynknna 0 (a) HasplBaeTcs Myao-
IMURALKAMUEHOE, eCif BBIIOJIHEHB! CIeIYIOLIMe YCIOBHIL:

1. Qynryus 0(a) onpedenena 0as -6Cex YeablT NOAOHCU-

MeALHBEL @ U Me o0 pawaemcs 6 HYyab xoms 6bl Rpu 00HOM
marom o.

2. Jasg a060L NOAOHCUMLALHVE C3AUMIO  RPOCINGIL )
i ay uMmees .
0 (a1a,) =0 (a,) 0 (az).

llpumep. Herpyzuo Bmgers, 4TO MyIbTHIIHKATUB-

Hoil 6yger ¢ymrnma 6 (a)=a®, Tme s—mboe BemecTBeH-
HOE, HAA KOMILIERCHOE, YHCJIO. '

b. Y3 yxasaummix epoifictB Qysknmu 0(a), B 4acTHOCTH.
cnenyer, uro 0 (1)=1. I[eﬁCTBIITO‘IBHO, uycrs 8 (a,) =me
pasHo myaw, Torga O(a,)=0(1-a)=0(1)0(a,), 1. e.
0(1)=1. HKpome Toro, mnoIyuwaerca Cclejyiolece BaKHOE
cBoiictBO: ecam 0 (a) H B, (a) — PpyurmIMm MyJIBTHINUKATHB -

gste, 10 # 0;(a)=0,(a)0,(e) — Taroke QPyuKUMA MyIBTH-
HIKATUBHALA. ,L[el/ICTBI/ITe.TlBHO HaXOJHM

6, (1) =16, (1)6; (1) =1.
Kpome Toro, mpu (a,, a,) =1 Haxoamm
0y (a182) = 0, (210) 0, (0102) = 0, (a1) 81 (a2) B2 (a1) B2 (a2) =
=01 (ar) 02 (a1) 0, (a5) B, (az) = B, (a1) 0, (az).-
c. IHyemo 0(a) — myavmunaukamusnas @yrnryus u =
‘= pPps’ ... pi¥ — kanonuveckoe pasaoscenue wucaa a. Toeda,

0b03Havas CUMBOAOM Z CYMMY,  pACH POCM PANEHHYIO HA
’ d\a : '
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gce Oeaumenu d HUCAR @, UMEEM

D 8(d) +9@0+9@J+...+9pm)
dxa

)+ OB+ - 0

(6 caywae a=1 npasyro wacmv cuumaen pasnoii 1).
Yrolel [goKa’aTh 8TO TOKIECTBO, PACKPOEM CHOOKM
B mpaBoil uwactm. Torma moslyuuM cyMmy claraeMblx BHua

0 ()8 (p2) ... 0 (pk) =0(pPrple ... pii);

@1 Ay, \. ‘8 <az, ey Ugghg’l

1pH4EM HU OUHO TaKoe ciaraeMoe ue Oymer NPOUyUweHo o
He mopTopuTcAa Oojee opHOTO pa3a, a 3ro (¢, § 6, ra. I)
Kak pa3 Oyjaer To, 4TO CTOMT B JIeBOIl 4acTu.

d. IIpu 8(a)=a® TommecTBO ¢ mpuUMeT Bun

D=L Pt pit k)
d\a
(U piEpE o E ). (1)

B wacruocrm, upu s=1 unesaa wacrs (1) upencraBur
cymmy Oeaumeaeii S{a) 4dmesia a. YOpomwas 1paBylo HacTh,
MOy INM

o141 ag 1 ’ sp+1
pitt =1 p i —1 Pkt —1
S (@) =2 : L,

P1_1 ‘*1 Pk"i
MMpumep. (

S(720):S(24 .32, 5): 941 __ | 32+1__ 1 S1H1__ 4

2—1° " 731 T T5—-1

= 2418.

"Ilpu s=0 umemag wuaers (1) upegcrasur wicio deaume-
Jell t(a) uncna @, 1 Mul IOAyduM
’

t(a)=(ay + 1) (@ + 1) ... (a; + 1).
ITpuwmep.
t(720) = (4+ 1) 2+ 1) (1 4+ 1) = 30.
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§ 3. Oyarnua Mébuyca.

a. Qyuryus Mébuyca p(a) oupemenseTcA RJA BCEX
ueNsx NONOKNTeABEEx ¢, OHa 2apgaéTe  paBeHcTBAMM:
u(a)=0, ecnu a penmrTcsi Ha KBafpaT, OTIAMYHBEIA OT efu-
punet; p{a)=(—1)% ecnm ¢ He HNenmrcA Ba KBajpar, OT-
AWYHE OT eMHHIE, Dpx 3ToM Kk ofo3HAYaeT YHCIO DPOCTHX
meamTeslell Wmcaa a; B vacTHocTH, mpH g = 1 cunraem A& =0,

nosromy mpuHEMaeM u(1)=1.

IIpumepsr.
e (=1, p(0)=—1, p(9)=0,
e(@)=—1, p@®)=1 p0)=1,
p@)=—1, p(D=—1 p(l)=—1,
s()=0,  p(®)=0, u(12)=0.

b. Iyems 0(a) — smyavmunauramussas @yrnkyus u
(-5 -3 oy
a=p. Py - ik
— kaHoNUYeckoe paszaodcenue wucaa a. Toeda

2o (d)B(d) = (L =0(p)) (L= 0(p)) ... (1—6(py))

d\a

(B cayuae a =1 npasyio wacmv cuumaem pagroii 1.)
Ileficreurensno, ¢yurunsa p(a), O4eBHZHO, MYJBTUILIH-
warnpuasg. llosroMy MynsTHDAuRaTHBHOH OyneT B QyHKIuUA
0;(a)=p(a)b(a). Ilpumenaa K mocjegHEM TOHJECTBO C,
# mMes B Bugmy, 49ro O, (p)= —0(p); 0,(p*)=0 mpu
s> 1, Mol m ybemMcA B CHPABEINEBOCTH HAINCH TEOPEMEHI.
¢. B wactrocTn, momarasa 0(e)=1, na b nonyumm

4 { =0, ecnu a > 1,
Z”( ) =1, ecan a=1.

d\a
Ionaras e O(d):_}i_, TIOJTY TIM ‘
i 1 1 - |
Zﬂl(id) “(1‘“[,_)(1—[,—2 ~--k1—ﬁc>, ecam a> 1,
=1, ecam a=1.

d\a
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d. Iycmv yeavim noaodrcumensivim .

a

a o

82017 Ggy <o vy Op

omeevawm A00be  BEUECEEHIBIE UAL KOMAACKCHBE [=fi,
f2» -« fn. To20a, obosnavas cumsorom S’ cymmy snavenuit f,

omeevaowuxr 3Havenuam &, pasuwim 1, u cumsosom Sy
CyMMy BHaueWuil [, omeevarnwur 3JHAUEHUAM G, K PAIMHBLM

d, 6ydem umems
§ = 3 u(d)Sa

ede d npobecaem ¢ce yedvle NOAOHCUMEAbIBIE wHUCAQ, Oead-

wue xomsv 00HO 3iauenue .
JleficreuTeibHO, BBHAY © BMeeM

§'=f Qe+ /o Qe ()t oo A fn 2 e (d):
NG (AN d\?%n
Cobwpas e BMecTe UWIeHH ¢ OfHEM N TeM K¢ 3HAYCHUEM
d w BaBocs mpn sroM p(d) 3a ckoOkm, B croOxax momy-
upM CyMMY TeX H TOJIBKO TeXx f, Yy EKOTOpBIX COOTBer-
crnyomue uM & KparHel d, a 9TO0 U ccTh Sy

§ 4. Oyarnua Jitaepa.

a. Qyuryusa Sisepa ¢(a) oupepenseTca JJAA BeeX Ue-
JBIX LOJOMKNTENBHEX @ W IpejcTaBisfer co0o0 dYHCIO du-

cexr psaxa

0,1,..., a—1 (1)
B3aMMHO HPOCTHIX ¢ 4.
INlpumeprm.
e(l)=1, ¢(4)=2,
¢(3)=2, ¢(6)=2
b. Ilycmu
a=papi?...pik (2)

— KQHOHUYECKROEL pa3AOMNCEHUC 4UCAA Q. Tozda

p@=a(t—) (1~ ...(1_[,% I
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ual markxmce
9(a) = (py = P ) (Pp—p ) .. (PR — P, (4)
8 YacmHocmu,
e ==t e(p)=p—1. (5)

Heitcrsurensho, npnvenum teopemy d, § 3. Ilpm srtom
uipena § M YHCAA [ OoHpefieams Tak: NycTs x 1poberaer
ypesa pajga (1), KaKEoMy sHadeHuio X TpnBegéM B COOT-
BeTCTBMe UHC10 § == (Z, @) u wncao f=1.

Torma §' ofparurcs B 4wmeno 3Hadenuil & = (x, a),
pasapIx 1, T. e. B ¢(a). A §g ofpaTurca B UWCO 3HaUe-
nuit &= (x, a), xparueix d. Ho (z, a) momer GBITH KpaT-
THM ¢ JHIlb IPH YCNOBHi, 4YTo d — JCNMTedb YNcaa da.
IMpn mammumm swe storo yeqaopusa S, ofpartmTes B 9ucino

o a
3HAUeHMH %, KpaTHHX d, T. e. B i U wmpl momydum

TOED AR

a\a

OTKyZa BBHAY ¢, § 3 cneayer ¢opmyma (3), a u3 mo-
caennell BBERY (2) caexyer dopmyna (4).
Mprameps.

1 1 1
¢ (60) = 60 (1_3) (1,.3_) (1 _?) — 16;
9 (81) = 81 —27 = 54;
e. Qynkyus ¢ (a) ecmdv FYNEYUS MYALMURAUKAMUCHAR .
[eiicrpurensro, npu (a;, ;) =1 u3 b, ouesujpuo, cienyer
¢ (a1, a3) = 9 (a1) 9 (as).
Mprmep. ¢(405) =4 (81) 9 (D) =54 - 4 = 216.

d. e =a.

d\a
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B crmpasemmBocTi aToil  fopMysnt  yGenumcd, npuMeHsis
TosKmecTBO ¢, § 2, Koropoe mpm 0 (a)=g¢{p) maér

ded=(1+e(p)+o(F)+ ... +e(pp) ...
d\a
(Tt (pr)t e (PPt - Fe(pix)
BBuny (5) mpapasi wacTbh IEPENIRLICTCSI TaK:
A+ (=D + @ =p)+ o =27

o (A (=D (P2 =) + (P — 2N,
9TO0 [OCJE NPHBENeHNA B KasAol -Goabmiol c¢roGke momos-
HHX YJIeHOB OKaKeTCA PABHEIM 'pj'lp;f'x' .. p';"k: a.

IlpaMmep. llomaras a =12, HaxomuM
¢M+e@)+e@B)+¢(4) +¢(6)+¢(12)=
=141 +2424+24+4=12.

Bonpocnr & raane II.

1, a. IIycts B matepBane Q <z < R Pyukmma f(x) menpeprBua
E HeoTpHmaTesibHa. J[OKa3aTh, 4T0 CyMMa

D U@l

Q<x<R

BLIDAKAeT HUHCIAO0 MHeabX TOUeK (TOYCK ¢ ICIBIMI  KOOP;{HHATAMMU)
nnockoit obmacta: Q < z <L R, 0 <y < f(x).

b. ITyets P n Q—TOJIOMHATEIBHEIC JETETHHIC BRAHMAO IIPOCTHLC.
Hokazats, 4910

3 [5]e 3 [$)-0 0

O<:v<% 0<7y <§

¢. Ilyets r >0 n T —umeno 1ennx  Touek olmactm 2?4 y2<Ir2
Jorasarns, uro

T=1+44[r]+8 2 [V 2] ~4 [}/r_z]z .

Ve
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d. Hyets n>0 u T —uucao neawx todex obmactm z= > 0,
y > 0, 2y << n. Jlokaszars, 9T0

— ol _1va12
r=2 3 [4]-tvar,
o<x<Vn
2. llyere n > 0, m—uenoe, m > 1 u z ppoberaer ne/jsie MONO0-

JKUTEeNbHEIE YHCIA, He JeJAmdecs HA M-10 cTeleHb LEeJOr0, MpeBo-
cxopsuero 1. /lorasars, uto

m/S
- |
— | =[n].
V=
x
3. Hycrs modoxuITesIbiEe a 0 3 TAKOBBI, UTO
[ax]; z=1, 2, ...; [3y]; y=1, 2,

ofpasyroT, BMecTe B3ATHe, Bce YHCJIAa HAaTypanbHOro paxa - (es
roBropeHuii. [oKasaTh, Wro BTO HMMeeT MEcTO TOrja M TOJRKO TOrfa,
HOrla o MPPanNHOHAIbHOE, HPIYEM

1 1
—+—=1.
a !
4, a. Oyers t> 1, t=[<] m z, @, ..., 2g=-uncna 1, 2, ..., ¢,
pacmosio}HenHble B TAKOM HOpsIiKe, 4To0Bl 9desia ’
0, {az;}y, {aze), ..., {azy}, 1

mym He yOmpag. [okasaTh Teopemy wonpoca 4, b, ri. I, paccmarpu-
Basg PasHOCTH COCEJHNX YIces IOcJelHero paya.

b. Hycrs X, Y, ..., Z —BemecTBeHHkle ulcaa, Kamgoe W3 KOTO-
pux He Menbme 1; o, B, ..., {—pemecTBeHHEE. J[0KA3aTh, UTO CYIIe-
CTBYIOT HeNnke , ¥, ..., 3, He PaBHbIe OTHOBPEMEHHO HYJO, 1 MeJ0e i,
VIOBJIETBOPAIONIHE YCAOBHAM:

lzl<<X, 1y|<Y, ..., |2|<Z,

1
(z, ¥, -o.r 8)=1, |ex+By-+...+yz—u|<

XY ...Z"~
5. IlycTh o —BemecTBeHHOe, ¢—Lenoe, ¢ > 0. lorasaTh, 4TO

5-(2]-

6, a. Ilycre o, B, ..., A—BemecTrennne, Jokasarb, gro
[e+B8+ ... FA > [a] - [B]+ ... +[AL
b. Tlyers a, b, ..., {—nesnue nonoxureasuse, a +b 4+ ...+ 1l=n.
T[pI)IMeHHH b, § 1, noxasars, uro
n!
albl ... 1l

CCThL IDeJsioe 4ucJo.
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7. Iyers h—nmnenoe, h > 0, p—mpocroe
A T |
. ua=pp_1

Mpeacrasnsan b B dopMe b= ppit;n + Pm-1¥m-1 + ... + pit; + po. ThE
un— Hambobmee u,, He IipeBOocXoiAmiee A, pnlt;,— BAKOOIBMIe:
KpaTHOE U, He IpeBocxoddmee ., Pm_jim_;— RauGonbmee KpaTHOC
Um_1, HE IpeBOCXOAmICe h—pmum, Pm-sUm_2— HARGONIbOJEE KPATHOC
Um_g, HE TPEBOCXOAsINee A— pplim — Pmoi¥m-1 H T. [., [JOKa3aTh,
4TO 9HMEJIA @ ¢ YCJOBiEM, 9TO B KAHOHHUECKOe pa3jioieHue a! amciio p
BXOJ{HT ¢ MOKAZaTeseM A, CYMecTBYIOT TOTAAa H TOJABKO TOTMA, KOTAAQ
BC Pm, Pm-1s ---» P1» Do MEHBOIE p, OPHYEM B DTOM CJIyYde YKas3aH-
HHe a CyTh BCe 9HC/a BHJIA

a=pmp™* '+ pm_1pT + ... + PP+ Pop + P’

rge p’ wmmeer 3mauemms: 0, 1, ..., p—1.
8, a. Ilycte B wuureppaie Q<Cz<CR Jyuroma f(z) umeer
BTOPYI0 HempepHBHYI0 IPOM3BOAHYIO. Ilosaras
- d »
P(x)—'——{x}. c(96)=3 p (3) dz,
]
nAokasate, 4T0 (Popmyna Commma)
R
hy /(x)—-\ J(@)de+o (B F(R)—=0 (Q F(Q—3(R) ' (M) +
Q<z <R
R
+9@/ @+ \ @7 @
. Q
b. Ilycre ycnoBue BOUpOCA a BHINOJIHAETCA HPH CKONE YIOHO
o o)

Gombmux R, npmudm S } 77 (z) | dz cxonmren. [JowasaTe, uTo
Q

D f@=

1Q<zZR B
R @
=c+{ /@@ to@IB—s (B ®=\ e@)F @) s,

s

rge C me saBmcur ot R.
¢. Ecnm B npuEmMaeT AMmb MOMOMKATENbHLIE BHAYCHMA H OTHO.
Al - ) '
menne ’T- OCTaéTcsl OTpaHHMYeHHEIM CBepXy, To nmmeM . A=0 (B}
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Ilycts n—nenoe, n > 1. Jlokasarts, uTO

In(nl)=nInn—n+0(nn).

9, a. Ilyere n > 2, 8 (2, 20)= Z In p, rge p mpoGeraer mpo-
<Pz
crrie umesaa, Ilyers, manee, O (2)=6(z, 0) @ upn = > 0
(@)=0@)+0(V)+0(Va)+...

JlorasaTh, 4TO

(@)= W+ ¢ (5 )+ (F)+- 0

B) $(n) < 2n;
n n n n n
1) 0 <"1 7)"'@(3‘7 Z)"‘O(—D—', —6~>+...=
=n1n2+0(Vn).
b. Ilpm n > 2 gokasaTs, 41O
Y 1—‘1p£=1nn+0(1),
p=n

rae p npoferaer HpPocTHE WHCIA.

¢. Ilycts s—npomsBoNbEOE TONOMUTENBHOE HOCTOAHHOE. JICKa-
BaTh, 910 B PAJe HATYPaJbHEIX 9HCe] CymecTBYeT GecamcenHOe MHO-
JHECTBO DAD Pn, Pn+1 NPOCTHX YHCEN ¢ YCIOBAEM

Pnv1 < Pn(1+s).
d. Oycts n > 2. JoxasaTs, yto

1 1
3 —=C+Inlnn i 0 <m> ,
psEn

rge p npoberaer mpocthie yncia u C He 3aBHCHT OT n.
e. Ilycts n > 2. [JokasaTh, 4rO

1 (D=5 o)

. rae p npofieraet mpocThie uHcaa B C, He B3aBHCHT OT n.
10, a. ITycTs 6 () — Pynknna MynpTHOAAKAaTHBHAA. [[0KA3aTh, 9TO

0, (a)= z 0 (d)—Takxe QYEKOUA MYNLTANNBKATEBHAA,
d\e
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b. Nlycts $ynxnma 0 (a) ompemesiena ana Beex NONKX  MONOWE-

TeJbHHX 4 B QYHRIUA qa(a)=2 6 (a) mynasTAOIAKATEBHAA. [OKa-

d\a
3aTh, 9T0 yHKDEA 0 (2) TAK;Ke MYJIbTANIMKATUBHAA.

11. Iycte npm m > 0 <, (2) oGosEAUaeT umeio pemIeHANE Heompe-
NeJIEHHOTO YPaBHEHHUA &y L3 - . . Tm=a (Zy, X3, . .., Ty HEBABACHEMO APYT
OoT Apyra mpoferaloy mNeJHe NOJMOKHTENbHLE 4YHCia); B YACTHOCTH,
09eBHAHO, %, (a) =1, <3(a)==(a). [JokasaTts, uTO

a. vy (a)— QyHEKOAA MYILTAMIAKATABHAA.

b. Ecim KaHOHMYECKOe pazjoyKeHAe 4uCIa a WMeeT BHJ

a@=pips ... pk, T0 Tp(a)=mk,
C. ECJIE 8 HPOHE!BOJIBHOG TOJIOHATEJIbHOC TNOCTOAHHOE, T0

lim (¥ _

avo a°

d. 2 Tm(a) BHpa)kaeT YHMCIO PemeHHH HepaBeHCTBa

0<La<n .
Xy &y ... "y <N B NEIHX HONOKUTENBHRX Zy, g, ..., Tm-
12. ITycrs R (s) oGosHauaeT BeliecTBEHHYI0 YacTh 9HCJA S.

o
ITpu R (s) > 1 nomaraem & (s) =2 %, . IIycrs m > 0, m—nenoe.
n=i
MorasaTte, 4TO

o0

ONE L
n=i

13,a. IIpm R(s) > 1 morasarb, uTO

so=—1

P

pl

’
rxe p upoberaer Bce IpocTHE YECHA.
b. JlokasaTe GecKOHeyHOCTH YHCAA TPOCTHX guceJ, HCXOAA H3
TOro, 9TO rapMOHAYECKMH pAJ—pacXORANIHACAH.
¢. [oxasathb ﬁecsxonequocrb YmCAA UPOCTHX YACSN, WCXORA

T
* M3 TOrO, 4TO & (2)=—6-—qncno HppanuOHAJBLHOS,

14. ycte A(a)=1np ana a==p!, rue p—mnpocroe m [—nesoe
uosoknTenbHOe; A (@)=0 JAfA ApYyrEX §eJHX OOJNOKATEILHHX 4.



36 [J1. 11, BAIKHERMUE OVHKIHN B TEOPHEH 9NCEJ

Tipu R (s) > 1 poxasats, 49rO

g’ ’s) A(n)
E(s) 2 v

n=1

15. IIycts R (s) > 1. Jlokasatp, 4TO
1N_ % k)
I(-3)-3
P ne={

rge p npoGeraer mPOCTHE YACJHA.
16, a. Ilycte n > 1. Tipumensas d, § 3, noxasats, 4TO

1= ) p.(d)[%—] .

0<d<n

b. yets M (z, z)= D) #(a); M(z)=M(x, 0).

72)<a<szT
Hoxasath, 4TO

§) M (n)+M <1>+M<i>+...=1, n> 1.

8) M( , 2>+ M<3, >+M< , g>+...=—1, n> 2.

¢. lycts n > 1, I—memoe, 1 > 1, Tl, p—9ACIO MeJHX * ¢ YCiI0-

sueM 0 < x<In, He fejamuxca HA [-10 cTenems KeJIOr0, NPEBOCXO-
aaigero 1. Ilpumensaa d, § 3, nmoxasaTs, 41O

=3 @ [7]-
d=1

17, a. Ilycts a—menoe, a >0, m JJa OENHX Zy, T3, ..., Zp
OJHOBHAYHO ompejiesleHa (PyHKIHA f(x) Jlokasate, 9T0
—Z k(@) Sq,
d\a

rge S’ o6o3mauaer cyMMy 3HaueHE# f (z), pacupocTpaHERHyio
 Ha 3HAYEHWA I, B3ANMHO DPOCTHE C @, W Sy;—CYyMMY BHaueHBH f (z).
pacnpoc'rpaHeHHy[o HA BHANEHHA Z, KPaTHEHE d.

b. ITycts k > 1 & sajanwu chmcTeMH

, ’ . ” ” ”, . ;‘
XYy Tgyeo oy T X1y Tay o vey Ty oo a:(lﬂ)_, a:(a") y eee xi ),
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KARNAA M3 KOTODHIX COCTOMT M8 NEJHX YHCENX, He pABHHX OfHO-
BpemenHo Hymo. IlycTp xasee AsA 9THX cHCTEM OfHOBHAYHO oOmpe-
nenena ¢ynroua f (z;, zg, ..., ). JOKa3atb, 410

8=\ ud)Sar

rge S’ ofosmavaer cyvmy sHaweHmd f(x;, %3, ..., %), Ppacmpo-
CTPaHEHRYIO HA CHCTEME B3aMMHO IpPOCTHEIX ducesd, W Sy obozHAuaeT
cyMMmy 3Hauenu# f(z,, s, ..., 1), PACIPOCTPAHEHHYIO HA CHCTEMHE
guces 1, opHoBpeMeHHO KpaTHeix d. Ilpd stom d unpoferaer menme
OONOKATEeJbHEIE YUCIIA.

¢. Ilycts a—nemoe, ¢ >0, n paa penurelied ¢ 9MCia @ OHO-
sHauHO onpenenena Qyaxausa F (8). Ilonaras

G @)=\ F (@),
AN
MOKAa3aTh, 9TO (3aKOH oOpaImeHus YHCJIOBHX (YHKOHH)
. .
F@=Y 1@ G<7>.
a\a

d. IlycTh OesdBIM HOMOMKMTEIHHEIM

01, 02, ..., On
oTBevalT a0He BellleCTBeHHLE, W/JIX KOMIIJIEKCHBIe, HE paBHEIE
HYJIO0:

fl! f27 vy fn-

JorasaTtb, 910
. P = H P;- (d),

rie P’ ofosHagaeT mpouspefeHHe BHAUCHAH f, OTBewarMAX 3HAYE-
HuaM &, pasueiM 1, P, o6osHawaeT Opou3BeleHHe 3HAYEHWH f,
OTBEVAIOINNX 3HAUEHHAM 6, KpaTHBM d, npuuém d mpoberaer Bce
neJisle MOJIOKHTENbHEEe YHcIa, AejAamme XoTA O oxHO §.

18.. Ilyecrb a—pmenoe, a > 1, op(@)=1"+2"+ ... 41",
vm (@) —cyMMa m-X cTemenei wmces psaga 1, 2, ..., @, B3aOMHO TIpoO-
§THX C a; Py, P2y ++¢y Pj—BCe MPOCTHE JeJUTEIH 4HUCIA d.

a. IIpamenas teopemy Bompoca 17, a, nokasath, d9TO

@@= @ (%)
a\a .
b. Jorasarb, w0 C »

o (a)=%9»ﬂa)‘ .
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¢. Jloxasats, aQTo
b @=(F+ 5 nepe) ().

19. Ilycrs 2 > 1, a—nenoe, a-> 0, T,—9HcI0 uYACeN T ¢ ycio-
paaMa 0<z<<z, (z, a)=1, s5—DOpOHM3BOJIBHOE NOJIOKATEBHOE

WOCTOAHHOS
a. JlokasaTs, 49TO
2z
r.=Yra| 5]
d\a

b. orasarts, 4TO
T,==9(a) +0(a").

¢. IlycTh 2 > 1, = (2)—4ucno NPOCTHX YHCEN, He MPeBOCXOAANTAX 2z,

a—TmpouspefieHMe MPOCTHX wHceN, mue mpepocxomamux ) z. [oka-
38Th, 9TO

ﬂ(z):n(]/z—)—i—}—z w(d) [%] .
d\a
20. Mycts R(s)> 1, a—mnenoe, a > 0. HorkasaTs, 4TO

HsoT1(—2), '

Ilé B JIeBOH 4WacTH n mpoGeraeT mesiHe IONOKUTEJNLHEE YHCHA,
B3aHMHAO NPOCTHE ¢ @, & B OpaBod wacTH p mpoferaer Bce MPOCTHE
JendTeNd 4YHCIA' a.

21, a. Bepoatmocte P ToOro, 4T0 Kk NIENHX IOJOKATEILHEX
9HceN &, Zg, ..., &k OYAYT B3AaMMHO NPOCTHIME, ONPEAETAM Kak
mpepen npa [N - co BepoATHOCTH Py TOro, uto OyAyT B3amMHO
OPOCTHIME J¢ 9UCeN %y, X3, ... , L}, KAKAOMY U3 KOTODHX HE3aBHCHMO
OT OCTAaZIbHEIX INPHUCBOEHO OfHO H3 3Havenmuid 1, 2, ..., [N, npmem-
MaeMHX 33 paBHOBO3MOKHHe. IIpumMenas Tteopemy Bompoca 17, b,
Aokasath, 9to P =(§ (k).

4
b. Onpegenas BepoATHOCTH P HECOKPATEMOCTH JpobH v aHajo-
rAYHO TOMY, KaK B Bompoce a mpm k==2, AOKAa3aTh, 4TO
6

P=’1‘_z'

- 22, a. Nycte #> 2 u T'—4ncao meAwx touex (Z, ¥) ¢ BIANMHO
NPOCTHIMEA KOODAMHATAMH, Je:kammx B obuactm 4+ y*<r?. [loka-
3aTh, 4YTO

T=«% r*+0(rlnr).
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& b Mycrs r > 2 m T—vmeno melwx Tovek (z, y, ) ¢ BIAMMHO
NpOCTHMH KOODJAMHATAMH, JeKamnx B obmacte z'+ y?+ 22 L rt.

Joka3aTe, 910
4n

T'= 5 (3) =+ 0 (r?).

23, a. Ilepylo TeopeMy ¢, § 3 nokKasaTp, CcYMTAad HEIHTENH
uucia ¢, He JlelIAINMeCA HA KBANPaT Iesjoro, MpeBOCXONAIMEro 1,
u nveowime 1, 2, ... NPOCTHX mennTeNei.

b. IlycTe a—muenoe, a > 1, d mpoberaer HennTeNH YHCHIA 4,
mMeomue He Goslee 9eM m MpPOCTHIX [eJMTeNiel” JOKasaTh, 4TO IIpH
m 46THOM Z, n(d) >0, a npr m HewéTHOM 2 s (d) 0.

e. Ilpa ycnosmsax TeO})EMLI d, § 3, cumrtaa Bce f HeEOTpHUIATENb-
HEIMIT ¥ 3acTaBisia d upoferars JnMmbL 49uC;1a, HMelomue He Gomee
9eM m OpOCTHX JlelNHTeNied, J0KA3aTh, YTO

"< p@) Sy, S>> u(d)Ss

B 3aBHCHMOCTH OT TOTO, OyleT NMm m w8THOE WJIH HEUETHOE.

d. Takme e, KaK B BODpoce €, HEPaBeHCTBA [OKa3aTh Ipa
ycaosEax sonpoca 17, a, cumraa Bce 3HaueHHA f(r) HEOTPHIATENb-
HHMH, a TakKe Tnpm ycaosmax 17, b, camras BCce 3HAYEHHA
f(zy, 3, ..., ) HEOTPHLIATENFHEIMA,

1

24, TMycts s—moGoe mocToaHHOe ¢ ycnopuamMu (O <3 < 5

N>2,r=IN,0<q¢<N"% 0<l<q (g, h=1, =(N, g, )—
YNCJIO NMPOCTHIX 9ANCBJI ¢ YCJIOBHAMHU: p < N, p=qt+1, rie t—uenoe.
JlokasaTe, 4TO

N (gn)*

w(N, g, H=0(2; A="1

Hna pokasaTenbcTBa, Toiarad h=r1—°, TNpOCTHIE d4HCIA € YKa-

B8AaHHEIMH YCJOBHAMY CJEIyeT paccMaTpPHBATh KAK WACTHRIA ciayuail
BCEX 4UHces ¢ 3THMH YCJIOBHAMHA B3aHMHO NPOCTHIX € @, TJle &—1ipo-
HaBeJIeRAe BCEX NMPOCTHX, HE NPEBOCXONANAX e W He JeJAIINX g.
'C.nez(yer npaMeHuTsH TeopeMy Bonpoca 23, d (ycmoBas Bonpoca 17, a)
¢ YKa3aEHEM ¢ ¥ m=2[21nr +1].
25. Ilycre k—uérnoe, k > 0, KAaHOHA9ECKOe Pa3lOKeHHe IHCIA @
AMeeT BHAN a==p,p, ... pp B d npoferaetr [eJHTeNH YHcAA a ¢ YCIO-

BueM 0 < d < Va. Hoxaaan, 70

D u(d)=0

d
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26. Mycts k—mnenoe, k > 0, d npoberaer umcia c yeaosmem d > 0,
o (d)y=k. [lorasaTh, 4TO
D e(d)=0.

d
27. Nlonp3ysach BEIpakeHHeM 1A ¢ (a), HOKaszaTh 6eCKOHEIHOCTh
nHcTa OPOCTHIX umced. ]
28, a. Teopemy d, § 4 moKaszaThb, YCTAHOBHB, YTO YHCJIO YHCEJ
paga 1, 2, ..., a, AMEIOIAX ¢ a OJMH M TOT e obmui HanGoismmi

- a
enuTeNns 6, pPaBHO ‘¢ (—6—> _

b. BupecTn pripajkenme myia ¢ (a):
@) noae3ysace Teopemol sonpoca 10, b;
8) nmonrsysck Teopemoir Bompoca 17, c.
29. ycts R(s) > 2. [lorasaTs, 49T0

i o(n) _ §(s—1)
=1 SO

30. Myctp n—nenoe, n> 2. [loxkasaTs, 910

2 @ (m)m% n?24-0 (n1n n).

m=1

Yucaennrie nmpaMepnl K raase IT.

1, a. Haiitw morasaTess, ¢ KOTOPHM 5 BXOAAT B KaHOHHYECHOE
pasjoennre 5258! (cM. Bompoc 5).

b. HaiiTn KamommuecKoe pasioikenme gmena 125!

2, a. Haitrm = (5600) n S (5600).

b. Haiitu < (116 424) m § (416 424). N

3. CoctaBmry Tafnumy sHageEmd QyEKOum p(a) AJNA  Beex
a=1,2,..., 100.

4. Haiitw a) ¢ (5040), B) ¢ (1294 700).

5. CorraBuTh. Tabnmny 3uavennd QymrOum ¢ (a) AJA  Beex
a=1, 2,..., 50, momeayAck TonbKo (Qopmymoi (5), § 4 ®m Teo-
pemott ¢, § 4.



TJIABA TPETbHA.
CPABHEHH A.

§ 1. OcuoBuble noOHATHA.

a. Mu OymeM paccMaTpumBaTh menble 4YHCIa B CBA3N
¢ OCTATKAMH OT [eJIeHHA HX Ha JaHhOe IeJioe MOJIOMKHATEb-
HOEe M, KOTOpOe HasoBEM wmody.tem.

HaskpoMy mejoMy 9HCIY OTBeuaeT OIpeeNIEHHHI OcTa-
TOK OT jenenmsg ero Ha m (¢, § 1, rn. I); ecim HByM
neasiM a 1 b oTBewaer ONMH H TOT K€ OCTATOK 7, TO OHH
HA3BIBAIOTCA DPAGHOOCTNAMOYHbLMY TI0O MOAYJI M WIA CPASHU-
MbLMIL TIO MORYIID M.

b. CpapampMocTs wymcen a m b mo MOAym® m 3ammCH-
BaeTcda TaK:

a==b(mod m),
uTO WHTaercsa: @ cpaBHEMO ¢ b mo Mopyno m.
c. Cpasnumocmsy wucer a u b no modyao m pagnocusvra:
1. Boamoscrocmu npedcmasumv a 6 gopme a =b+ mt,
2de t—uyanoe.
2. Jesumocmu a—b na m.
HeiicrearensHo, w3 a==b (mod m) cnexyer
a=mq+r, b=mg +r; 0<r <m,
OTKYy A
a—b=m(g—qy), a=b+m, t=q—gqy.-
O6parno, m3 a = b + mt, mpencrasuag b B ¢opme
b=mqg,+r, 0<r <m,
- BHBOIAM
2 a=mq+r,. G q.+ L.
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T. .
a==b (mod m).
Iloatomy BepHO yTBeprpenme 1.
M3 1 memocpenctBenHO ciemyeT yTBep:kncHme 2,

§ 2. CpoiicTBa cpaBHeHnmii, nogoGubie cpoiicTBaM
PaBEHCTB,

a. [fea wucaa, cpagnumble C MPEMbUM, CPAGHUMBL MenHcDY
coborw.

Cnenyer u3 a, § 1.

b. Cpagnenun moomcro nousenno cxaadvigams.

HeilcTBuTEIBHO, TYCTH

a,=b, (modm), ay=b,(modm), ..., a,=b;(medm). (1)
Torma (1, ¢, § 1)

=b,+mt,, ag=>by+ml,, ..., a,=Db, -+ miy, (2)
OTKyZa
Gtast ..ot ag=b+b+...+b+m(t, Fta+ ...+ 1),
mm (1, e, § 1)

a;tag+ ... +a,=0b+b+ ...+ b, (modm).

Caazaemoe, cmosujee ¢ Kaxoli-au6o 4acmu CpasHeHus,
MOMCHO NEpeHoCumbd 6 0dpysyo 4acmy, nepeMenus 8HAK HA

06 pammbii.
elicTBuTensHO, CKIANEIBasg cpaBHeHume a + b==c(modm)
C OYEBUIHHEIM cpaBHeHmeM — b=:—b(modm), monyunm

a==c— b(mod m).
K waowdoit wacmu cpasnenua MmomcHo npubasumv (uau’
omHamb Om HeE) aloboe WUCA0, KEpamHoe mo0yaa.
HeficTBUTeNIBHO, CcKIagbBag cpaBheHme ¢ = b (mod m)
¢ oueBHAHHM  cpaBHeHMeM mk=:0(mod m), - mojyumm
a + mk=b (mod m).
¢. CpasHenus MONCHO NOYAENHO NePeMHOMCAMD.
JeiicTBATeNILHO, PACcCMOTPEM CcHOBa cpaBHeHRA (1) -m BH-
TeKaomue w3 HEX papenctBa (2). Ilepemmokag mouyenHO
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paBeHCTRBa (2), moIydmM
83 ...8,=bby ... 0 +mN,
rge N — nenoe. Cuemosarenmsao (1, ¢, § 1),
aydy . .. a=b;b, ... b, (mod m).

Ob6e wacmu cpasHeHUus MOMCHO B03GHICUMY 6 00HY U MY dce
cmenens.
910 ciefyeT H3 TPeJHAYMEro yTBep:KIeHN.
OGe wacmu CDAGHEHUS MOMCHO YMHOMCUMDL Ha 00M0
u mo ace yedoe. ‘
HeficTBuTensHo, IepeMHOKHB cpaBHenme a=b (mod m)
¢ OUYCBHAHEIM  CDaBHEHHCM == [ (mod m), 1Oy IHM
ak == bk (mod m).
d. Ceoiictesa b m ¢ (closeHHe M YMHOKeHHE CpaBHe-
Huit) 0600manTea crenyomel TeopeMoil.
. Ecau ¢ swpancenuu yenoii payuonarvnoi gymkyuu ¢ ye-

astmn kodfpuyuenmann S = 3 Ay, ... 0 Tt ... Tk samenum

Ao, . apr 1y -oey Ty wucsaME Bo oy Y1, oo Yi cpas-
HUMBLMUE C I PEXCHULMIL 1O MOOYAI0 M, MO HOB0E GBLPANCEHUE
S 6ydem cpashumo ¢ npexcHuM no mo0yaiwo m. .
HeficteaTenbuno, us3
Aal, vees u-kE-:'Bu-l, a0 (mOd m)»
zy==y, (modm), ..., z,=y,(modm)

HaxoguM (c) '

==y (mod m), ..., zzk=1y3k (modm),

Aal, ,U-k 1

T .. T3k EBH’ evay Y3 Yok (mod m).
OTKYZAA, CyMMEpYS, OOILYIHM .
Do, g T T = 2B, 0, Y1 - Yok (mod m).
Ecau
a=b(modm), a;=b,(modm), ..., ap=b,(modm),

z =z, (mod m),



A
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mo
ar®+a; "+ ...+ ap=ba" 4+ ba~1 4 ... 4 b, (mod m).

I9T0 yTBepKUEeHHe ABJIAETCA 9ACTHHIM Clyd9aeM MpefH-
JyIIero.

e. O6e wacmu CcpasHeHUR MOMCHO pasdesumd Ha - UT
obwuil Oeaumens, ecau nocaeOHuir 63aUMHO npocm ¢ mody-
AEM.

Heiictearensno, m3 a=b(modm), a=a,d, b=2bd,
(d, m)=1 cuenyer, uro pasHocts a—b, pasraa (a;—b,)d,
nenmrcss na m. Llostomy (2, £, § 2, ron. I) a;-—b; menuTca
Ha m, T. e. a,=2b, (modm).

§ 3. Maubueiimme cBoiicTBa cpaBHeHmId.

a. Ob6e wacmu cpasnenus u MOOYLb MOMNCHO YMHONCUMD
Ha o0HO u mo e yenoe.
HeitcrBrTensEo, B3 a==b(mod m) cirexyer

a=>b+mt, ak=>bk-\mkt

H, ciexoBaTenbHo, ak==bk (mod mk).

b. O6e wacmu cpasnenus u modyav modcho pasdesumo
Ha w60l ur obwul deaumens.

JlelicTBuUTENIEHO, TyCTH

a=b(modm), a=ad, b=>bd, m=md.
Hmeem
a=b4+mt, ad=bd+mdt, a;=>b+myt

M, Clejl0BaTeIBHO, a;== b, (mod m,).

c. Ecau cpagrenue a=1>b umeem mMecmo no HeCKOALKUM
Mn00YyAAM, MO OHO uUMEEm MeCTO U no MOOYAI0, PAGHOMY
o6uieMy - HAUMEHDWEMY KEPAMHOMY IMuUx MOOYy.el.

B camom pene, m3 a=b(modm,), a=b(modm,), ...
..., a=b (mod m;) cnemyer, ato pasmOCTH a— b memuTes
Ha BCe MOAYJM M,, Mg, ..., m;. Ilostomy (c, § 3, ru. I)
ofia NOM)KHA MeMHTLCA W Ha ofmee HamMeHBIleeé KPATHOe M
aTmx Mopyaeit, T. e. a==b(modm).
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"~ d. Ecau cpagnenue umeem mecmo no modyaswo m, mo OHo
umeem mecmo u no modyaw d, pasHomy awbomy Odesumenio
wucia m.

B camom gpene, m3 a==b(modm) cuegyer, uro pasz-
HOCTh @ — b jmomkua penmrthess Ha m; mostoMy (1, b, § 1,
ra. 1) oma pmomwkea pfenuthca W Ha J00oit JenmuTensb d
ancna m, T. e. a=b(modd).

e. Ecau o0na wacme cpasnenus u -mo0yav Oeaames Ha
Kakoe-a6o wucao, mo u Opysas wacmdv CpasHeHus 00axcHa
deaumbscst HA MO dsce MUCAO.

IlefictouTenbHo, u3 a== b(mod m) cnexyer a= b mz,
ecnit @ ¥ m xparuel d, 10(2, b, § 1, rn. I) m b pmomxuo
OBITH KpPATHEM d, 9TO W YTBEpPIKIAJOCH.

f. Ecau a==b(modm), mo (a, m)=(b, m).

HeficrBurensto, BBupy 2, b, § 2, ra. I »sro pasencrso
HETMOCPeACTBEHHO ciiefyeT H3 a = b -+ mt.

§ 4. Tlonnan cmereMa BHIYETOB.

a. Ynmena paBroocTaTOwHEIe, WIH, UTO TO jKe CaAMOE, CpaB-
HEMBIC TIO MORYIIO M, 06pasyiT k.aacc wuces no MoOyaio m.

WNs raxoro onpenesnenns ciegyeT, 9TO BCeM UHCIAM
Kjacca oTBeYaeT OAPWH K TOT JKE OCTATOK 7, H MH IOJY-
UM Bce uYmCjga Kiacca, ecir B gopme mg +r 3acraBEM ¢
npoberate Bce IieNble 9HCIA.

CoOTBeTCTBEHHO M DA3WYHHKM 3HAYCHAAM I UMeeM m
KJACCOB 9HCeJI II0 MOIYIIO m.

b. Jlwboe umcno Kiacca HA3HBAGTCA 6ueMOM NO MO-
Jy40 m 1O OTHOHmIEHWIO KO BCEM WHCIAM TOTO jKe KJjacca.
Bower, nonygaemsiii npm ¢ =0, paBuHHH caMoMy OCTATKYy T,
HASHLIBACTCH HAUMEHBUIUM HEOM DULAIMEALHBLM  GbIYEINOM.

Bruer p, caMbli Manpil mo abcodIOTHOW BeJMYHMHE, HASH-
BAETCA A6COAIMHO HAUMEHBUILAM SIUEIOM.

Ouesngao mpn r < '% EMeeM p=r; OpATr > % HMeeM

. m
p=r—m; HaKOHeN, eCim M WETHO® W r=-, TO 3a p
m - m me= m
2 2 - 27
Baap or kamporo Kjiacca IO OXHOMY BEIeTy, HOJY4HM
noanyi cucmemy eviuemos no modyaw m. Yame Bcero B

MOKHO TPHHATH: A1000e U3 AByX 9YHCEN
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KaYecTBe MOJIHOM CHCTEME! BEHIYETOB YHOTPebnfnT HamMeHb-
mre HeoTpmmaTenbHEe BhueTe 0, 1, ..., m — 1 mam TakKe
abCcoNTHO HaMMOHBUIAE BHIYETH; NOCJIEJHHS, KAK 3TO Clle-
AyeT H3 BHINEH3IOKEeHHOro, B cllydae HEYETHOrO m upen-
CTABIIAKTCA DPANOM

-1

m m—1
— g e —1, 0, 1, R

a B ciaydae YETHOrO m KakOM-In6o U3 OBYX PANOB

m m
-+ ..., =101, e T

m m
-5 ’...,—1,0,1, ...,7——1.

c. Jlw6re m wucea, nonapHo wecpasHuMsle no modyaw m,
06 pasyiom noAHy CUCMeMY GBIYENMO8 NO IMOMY MOOYAI0.

Heiicteurensno, Oymydnm HecpaBHEMEL, 3TH 9HCJIA TeM
caMBIM OpPHWHAMAE:KAT K PA3NNYHBIM KJIaccaM, a TAK Kak
AX m, T. €. CTOJNBKO jKe, CKOJIBKO H KJIACCOB, TO B KAIKIBLA
Kl1acC HABEPHO IOOARET IO OJHOMY YHCIY.

d. Ecwu (a,m)=1 u x npobecaem noanyio cucmemy
swuenos no wmodyawo m, mo ar+b, 20e b—awboe yeaoe,
moxce npobezaem nNOAHYIO CUCTEMY GBINEMOE NO MmOdYAl0 m.

HeficrBarensuo, aucen ax + b 6ymer CTOIBKO 3Ke, CKOIBKO
u qucen z, T. e. m. CormacHo ¢ ocraéred, CleOBATENLHO,
TOIBKO HOKAa3aTh, 4TO JIoOBle JBa 49ucia ax,+ b | ax, + b,
OTBedamImume HecpaBHHMHM %y ¥ Zy, OYAYT caMm\ HeCpaBHHUMEL
oo Mopmyaw m.

Ho momyctuB, uro az,+ b=az,+ b(mod m), Mu npu-
M K CPaBHEHAIO 4%, ==ax,(mod m), OTKyHa, BCIeICTBHE
(a, m) =1, momyumM z,=u1,(modm), dUTO NPOTHBOPEUHT
Ope/iIOOKEHAI0 O HEeCPABHEMOCTH 9YHCEN Z; H Z,.

§ 5. IIpmBenénnas cmcreMa BBIYETOB.

. a. Cornacno f, § 3 umcsa omgHOrO W TOro e Kiacca
OO0 MOJAYJIC M HMET € MOAYyJeM OfWH H TOT Ke oOmmi
mapbonbmmit  menmrelb. OCOOEHHO BayKHBl  KAACCH, MUIA
KOTOPHIX 3TOT  [eAHWTellb paBeH e;mHume, T. €. KJacCHL.
COfiepiKamue 49mcjia, B3aEMHO IPOCTHE ¢ MOAYJeM.
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BssiB OT KasKIOro TaKOro Kjaacca IO OJHOMY BEIYETY,
OONYy9AM RNPUGeIERKYI0 Cucmemy 6bIMeMO8 no Modyalo m.
IlpuBenénnylo CHCTEMY BHYETOB, CJ1eI0BATEIBHO, MOKHO
COCTAaBUTDL M3 4UHCeJ HOJHOH CHCTeMBl, B3aHMHO IPOCTHIX
¢ mopyaeM. OOBKHOBeHHO OPHBCAEHHYIO CHCTEMY BHYETORB
BEAGASIOT W3 CHCTEMH HAMMEHBIIAX HEOTPHNATENHHEX
puueroB: 0, 1, ..., m—1. Tax war cpefm sTHX "ucesn 9HCIIO
B3aUMHO IIPOCTHX C M ecTh ¢(m), TO YHUCIO UHCe] IMpUBe-
OEHHOH CHCTeMH, PaBHO KaK M UACJO KJAcCOB, COIEPKaIIAx
9mcaa, B3aHMHO IPOCTHE ¢ MOAYyJieM, ecTh ¢ (m).

MMpamep. Hpnnenexmaﬂ CACTeMA BHIYETOB IO MOJY-
ao 42 6yner

1, % 11, 13, 17, 19, 23, 25, 29, 31, 37, 41.

b. Jw6ue ¢(m) uucer, nonapro wHecpasnumele no Mo-
dyaro m u e3aumHo npocmble ¢ Mmodytem, 06 pasyiom npu-
8edénnyI0 cucmemy 6vluemos no modyaio m.

Hefictarensno, 6yayun HeCcpaBHAMEIME H B3amMHO IpPO-
CTHIMH ¢ MOJyJieM, BT d9Huclia TeM CaMEM [IpRHA{JIesKaT
K pasjiMgHEM KJACCAM, COMEpKAMMUM YHCIa, B3aOMHO IIPO-
CTHIe ¢ MOIyJIeM, a TaK KaK BX §(m), T. e. CTOIBKO 3Ke,
CKOJBKO H KIIaCCOB YKa3aHHOIO BHAA, TO B Ka3KOBH KJAcC
HaBepHO IONAfiéT IO OJHOMY YHCIY.

c. Ecau (a, m)=1 u z npobezaem npusedénnyio cucmeny .
6vnemos no smodyaio m, mo ax modxce npobezaem npugeder-
HYIO cucmeMmy 6w4emos no Modyan m.

HeiictBaTensH0, 4YHCceN ar GyHeT CTONBKO K6, CKOJIBHO
m gmcen z, 1. e. ¢(m). Cormacuo b ocraéres, caenopa-
TeJIbHO, TOJBKO DOKAa3ark, YTO YHCJIA 4 HO MORYIID M
HecpaBHEMBl H B3aEMHO OpocTHl ¢ MonyiieM. Ho mepsoe
moraszano B d, § 4 nna ugmcen Gomee oGmero Buma az + b,
BTOpOG Ke caenyer u3 (a, m)=1, (z, m)=1.

" § 6. Teopemn Jiimepa m Mepma,
a. IlIpu m>1 u (a, m)=1 umeem (meopema Sirepa):
a?(M==1 (mod m).

Heiticteurensno, eciu x mpoberaer UPHBEACHHYIO CH-
CTeMY BEYOTOB
: =Ty, Ty ov., Ty C=9(m),
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COCTABJIGHEYI0 M3 HANMEHbMAX HEOTPHIATENbHHX BHUETOB,

TO HAWMEHBIIN® HEOTPROATENbHEE BBIYETHL pj, [g, .« » P

gmcest ax OymyT mpoberaTs Ty ke CHCTeMy, HO pacHoo-

JKeHHYy10, Boobme rosops, B mHOM mopsaxke (¢, § 9)
IlepeMHOKasA HOWIEHHO CpaBHEHHA

ar,=p, (mod m), ar;=zp;{modm), ..., ar,=p,(modm);
HOIy9nM

aryry .. r=1)s - - - Pe (mOd ),
OTKyfa, fedda obe wacTHm HA NPOW3IBEJIHHE Iify ... I¢=
= papg + o+ Py NOILYUHM

~a=1(mod m).

b. lpu p npocmom u a, He deaswjemcs Ha p, uMmeeM
(meopema Depma):
aP'==1 (nod p). 1)

Jra TeopeMa fABIAeTcA CIEACTBEEM TeOpeMH a OpH m = p.
Iocnennein TeopeMe MoxkHO Ipupath Gonee ynoGmyio ¢opmy.
Nmenno, ywmuoskas ofe wactm cpaBHenmsa (1) Ha a, momy-
9AM CcpaBHeHNe ,

aP =a(mod p),

CIIpaBeJTIABOE YKe IpH BCeX MeNHX ¢, TaKk KaK OHO BEPHO
o Opd @, KPaTHOM p.

Bonpocwu k raase III.

1, a. IpepcraBasga nesroe wACA0 B OGHYHOH NECATHYHOH CHCTEMeE
HCUNCJICHHsA, BHIBECFH NPHSHAKHW meammoctd HA 3, 9, 11.

b. Ilpepcrasnsasa mesoe 9HCIIO B CACTEME MCUYMCIeHAA C OCHOBa-
gneM 100, BuBecTH mpmsHak meammoctH Ha 101. )

c. llpeacTaBpnAa mejoe uWCNO B CHACTEME MCYHCIEHHA ¢ OCHOBA-
suem 1000, BHBecTH npwsHaku fgenmmocrd ma 37, 7, 11, 13.

2, a. Ilycre m > 0, (a, m)=1, b—unenoe, z npoberaer NOIHYI, -
a §—npHABeJfHHYI CHCTEMY BRIYETOB IO MOAYIK0 m. JoKasaTh, 4TO

o 3 {E ) =g m—,

x

B %) =From. —
: |
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‘b. Iyets m>0, (a, m)=1, b, N, t—nenwe, t>0,

/(1‘)=~‘M;:b , F(N)>0, f(N4+me)>0. JlokasaTs, uTO AAA Tpa-
NenuH, OrpaRAYeHnod wpamMumm z=N, r=N4mt, y=0, y=/f(z),
mMeeMm

S= Z 8, O]
rge S—mnowags, Tpafenud, a CyMMa, CTOAMAA COpaBa, pacIpo-
CTPAaHEeHA HA Bce meJIkle TOYKW Tpanemmu, mpuuéM &=1 JAJA BHYT-

1
PeHHHX TO4YeK, 6‘:—4— IS BepwidH, 3=-7—-D;JIH OCTAJBHHX TOYer
KOHTYpA.

1
c. Cuprasa, B ornmaue ot Bompoca b, 6=€ A7iA  BepmaAsd,

¢opmyny (1) moxkasaTh AMIA TPeyroJILHAKA C IIEJIMMH BEPIIMHAMA.
3, a. Ilyerb m > 0, (a,m)=1, k> 0, ¢—BemecTBenHoOE,

m~1 '
az + ¢ (x))
5= 3 (=),

rae ¢ (z) oA paccMaTPABaeMHEX BHAYCHHH z NPHHEAMAET BSHANEHNA
¢ yeqopueM ¢ <Y (z) < ¢+ h. Jorasars, uto

1 1

h. IIycre M —nence, m > 0, (a, m)=1, A u B —nemecTBeHne,

M+ m—t

a I
A=—t 1 S= 2 {4z + By.
. x=M
JllorasaTs, 9T0
, !S—-z—m,<|ll+7.

c. Mycrs M —uence, m > 0, (a, m)=1,

M+m=—=i

S= D @y
=M
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rae B murepBanie M Lz < M +m—1 Qyuruun f(z) mMeeT HeIpe-
puButle npousBofHue f’ (z) u /7 (£), IPHYEM BHINOJHANTCA YCIOBHA

] ' 1 . k
P =t @m=1 [0l <1, £ </ @I<7.

rape

Hokasartb, 4TO

4. TIlycThb B pasnoeHAN WPpANMOHAJABHOrO yucnaa A B Hempe-
puHBHYI0 Apofh Bce HenonHHE 4YacTHHE OTpaHudYeHH, M — meoe,
m—uenoe, m > 0, B—pemecrBendoe. [lorasats, yTO

M+m—1q
N {Ax—i—B}:—;-m—i—O(lnm).
x=M
5, a. Ilyecrs A > 2, k> 1uBunrepsane Q < z << R pynrnusa f(z)

mveeT BTOPYI HENPEPHIBHYI0 INPOESBOOHYI0. YAOBJIETBOPAIOILYIO
ycaoBIAM v

1 o k

Hokasatb, 4TO

3 @y =a (R—Q 01, 0] < 1.
Q<x<R '

A= (2% (R—Q)In A+ 8kA) 4 °,

b. IIyets 0 <o 1, Qv R—nenwe. Ipy ycaoBEAX BOmpoca a
AOKA3aTh, 4UTO UMCI0 ¢ (c) Apobed f(x)}; x=Q41, ..., R ¢ ycao-
BueM 0 < {/(z)} < ¢ BeIpa:kaerca QPopmynoh

P(a)=c(R—Q)+ 0" - 2); |0/ | < 1.

6, a. Tlyers T —umcno neasx Todex (z, y) obnactm
22 y? L r? (r 2> 2). Hokasats, urg

T=sr240(r Inr).
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b. Ilycts n—mnenoe, n > 2, E—mnocroannas Jiisyepa. [loxasars,
9T0 .

T 4T@+... tt()=nnn+2E—1)+0(n (lnn)’)

7. CAcTeMy n medsx HOJ‘IO}KHTGJILHLIXC‘IECBJI KajKI0e H3 KOTO-
PHX UPeJCTABJICHO B CHCTeME HCYACIACHUA ¢ OCHOBAHHEM 2, HA30BEM
HOPAaBAJILHOM, eclM [pPH BCAKOM I[eJI0M HEOTPHIATEILHOM § 9HCIO
qmucell, B NpefcTaBileHNe KOTOPHX BXxofgdT 2°, OymeT 9éTHHIM, W He-
IPaBHJIBHON, ecsM XOTA GEl TPW OXHOM § DTO YHCHIO OYIeT HEeUETHEHIM.

Jorasars, 9TO HeNPABANLHYIO CHCTEMY NyTEM YMEHLNICHHS WNH
NOJHOTO H3LATAA HEKOTOPOro ONHOrO eé WJeHa MOJKHO cHesaTh Ipa-
BUJIbHON, a TNpABUNBHAA CHCTEMa OT YMEHBIEHWS WM TNOJIROTO
HBBATHA JIOO0TO €€ WileHa [eJaeTca HelpaBMILHOM.

8, a. [Joxasars, uro fopma

M+ 3"tz + ...+ 32+ zo,

rAe Zp, Tp_j, ..., 1, Lo HEBABACHEMO APYT OT jpyra mpoberamnoT
sgawenna —1, 0, 1, mpeacraBageT Bce umcna

3rri—1
-H,...,—1,0,1, ..., HH H=—7—1—,
3—1
IpAYEM KajK0€ YACI0— eJHHCTBEHHLIM CHOcOGOM.
b. Ilyers m,, ms, ..., M} —NOJIOKUTEIbHEE ONAPHO IIPOCTHE.

IMounbsysce ¢, § 4, JOKasaTh, YTO NOJHYI CHCTEMY BHIYETOR
m0 MOAYAI mims ... My NOAYYHOM, 3acTaBAAA B opme

Ty -+ mxg-F mymarg - ...+ mumg ... ME_ 1T

qucaa &y, Za, -.., £x OpoberaTb MoJHBEIE CHCTEMEl BEIJeTOB 110 MOy~
AAM my, Mg, ..., M.
9. Ilycts my, my, ..., Mmy—TONAPHO NPOCTHE H

mmg ... mp=Mm =Mmy=...=Mpmp.

a. lIpamensaa c¢, § 4, moxasare, 4TO NOJHYI CHCTEMy BHIYETOB
00 MORYIIO mymg ... M) MONY4YHM, 8acTABIAA B (opme

M1x1+M2:c2+.. + Mk

9HCHA Ty, Z3, ..., T} UpoferaTb MONHEIE CHCTEMHl BEIETOB 1O MOJTY-
nAM my, Mg, ..., M.

b. Ilpuvennsa ¢, § 4, ra. I a b, § 5, [OKA3aTh, 910 NPHBelSH-
HYI0 CHCTEMY BHYETOB IO MOAYJIO M Mgy ... My TOIYUHM, BACTABIAA
B {opme

Mz + Moxy ... + My

4ACNA &, T, ..., £ ODpoleraTh UPHBEASHHNE CACTEME BHYETOB
00 MOAYIAM My, Mg, ..., My
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¢. JoxasareancTBO TeopeMn Bompoca b mpomectd ‘HesaBECHMO
OT TeopeMH ¢, § 4, ra. Il @ Torpa ye BHIBECTH HOC/ICKHION TeOpeMy,
KaK clIeICTBHe HepBoi.

d. Halttm s;ieMeHTapHWIM OyTEM BHpakeHme AnA ¢ (p®) H, NOJb-
3yACh DPaBEHCTBOM C, § 4 Ti. Il, BuBecTm wu3BecTHOE BHpa)KeHHe
A P (a).

10. Ilycre m,, mg, ..., mj —IOUAapHO MPOCTHeE, mpeBocxogAmmue 1,
m=myms..., My, m=Mm,.

a. Ilyers =z, g, ..., zg, = w0poGeraloT mOJHHE, a §&;,
€41 .., &k, E—TpHBEJEHHBIE CHCTEMEl BHYETOB 10 MOJYJIAM
my, Mma, ..., mg, m. Jlokasars, 4ro ppoGm

B o £
(ot}

cOBNafaloT ¢ ApoGAME { —:;l—} , a napobum { 3

) €x
771.-1+_rﬁ;+”'+ }

mg
£
COBHAfaloT ¢ apoSamm { Tn_} .

b. ITycTe 3agaBsl k meJHX panMOHAJBALX (QYHKOUH ¢ OeEJEMH
KoapPunMEeHRTaMA OT 7 NepeMeNHHX Z, ..., W (r > 1):

fe(@y ooy W= Z c&s’)”_’sa:“'...wa; s=1,..., k,

Gyuesd
u IOycTh
k
— ] 8. _ (s) .
f(z, ..., wy= Z Cap 3T cor W C,  a= Z Myc,’ &i
a0 8=1
Zgy - »., W, mpoGeraioT NonEHeE, a &, ..., w,—- NPEBeASHALIE CHCTEMH
BE[YETOB IO MOAYJII0 m; &, ..., W NpoGeralT moJHKe, a £, ..., w—

TUpUBENERHHE CHCTEMH BRIYETOB IO MOAy o m. JloKasaTb, 9T0 apoGm

fi(zi, -, Wy) fe(2p, oo, i)
{——————ml + .o+ my } cOBHANAIOT ¢ JpOGAMH

{f(.‘b, -”'l'rw)} , a JIPOGH {fl(gl'-"’(ol)+...+fk(gky ---r“’k)}

my mpg
COBIAfAlT ¢ ApobaMm { Z_(E,___m,m) } (oGoCmeHne TeopeM BONpocaa).

11, a. ITycts m— nenoe, m > 0, e —nesoe, z npoberaer HONHYI
CHCTeMY BRIY€TOB HO MOAYJO m. [lOKasaTh, UTO

GT
2ni— m, ecnm a KpaTHO m,
Qe "=
0 B upormBHOM cayuae.
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b. IIyctb a— BemecTBeHHOE, M — Henoe, P —nenoe, P > 0..06o-
8HAYasA CHMBOJIOM (a) YHC/leHHOe 3HAYeHHME PasHOCTH MeKny a u G-
RafiAM K a OelIkM YHejIoM (paccToAnme a o Gnmkaiimero ne.uoro)s
IOKa3aTb, 9TO

M{iP-1

l 2 e2™8% | min (P, Ty (1&) >; h> 2 weerna 1
TeM 3, npm (a)<—6— .
c. Ilyers m—menoe, m >4 u dynwnnn M (a) u P(a) ana 3ma-
qenuil a==1, 2, ..., m—1 NpAUHEMMAIOT NeJHE 3HAYCHAA ¢ YCJIOBHEM
P (a) > 0. [JoxrazaTs, 4TO
m m
m—t M@+P@)-1 mInm——51n (2 ['6-] +1>.
2 2 Zniz- x m
€ < mlnm———, npau m> 12,
a=1 z=M (a) 2

m Inm—m, npr m > 60.

12, a. Ilycte m—menoe, m > 0, £ wpoGeraeT TPEBeREHHYIO
cACTeMY BHHUETOB HO Moaynio /m. [lOoKasaTs, 4TO

. &
2ni—
p{m)= 2, e ™,
g

b. Ilomeayscs Teopemoil Bompoca a, JOKasaTh YepBylo U3 Teo-
pem ¢, § 3, ra. Il (cm. pemenne Bompoca 28, a, ri. II).

¢. Teopemy BONPOCa a BHBECTH, HOJIL3yACH TeopeMmoi sonpoca 17, a,
ra. II.

d. MycTs

.
f(z, ..., w)=2 cum.,bz“ . w
a,...,8

—mnenasg panuoHanbHasd QYEKOMA ¢ OeanMu KoadduomeHTaMm OT 7

NEPEeMEHHENX £, ..., W(r> 1), a—neaoce, m—ueaoe, m > 0; 2, ..., w
mpoGeralT MmOJHEE, a $, ..., o-—INpHBeJEHHHE CHCTEeMH BHYETOR
mo Monyaio m. BeogmMm 06o3paveHmsa
, zm.'af (z;'.l..,w) ) 2niaf (c;r.L..,u))
Sa,m=z...28 :Sa,m=z---23 .
x w £ w
Ilycts panee m=m, ... myg, rae my, ..., mg—NORaPHO MPOCTHE,
npesocxopamue 1, m mycts m=M,m,. Joxkasars, 4TO
Saly,m-l e Sak,mk=SM1a1+---+Mkak,m ?
’ 4 —
Sﬂ].ml e Sak,mk—SM;a!+-g: {-Mkak.m‘
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e. IIpm obozmauennax sonpoca d mojiaraeM

Am)=m" DSy A (m)=m" D) SG o,
a a

rge a npoGeraeT NPHBef€HAYI0 CHCTEMY BHII€TOB IO MORYIIO m.
JHokasaTs, 9TO

A(my) ... A(mp)=A(m), A (my)... A" (mp)=4'(m).

13, a. JlokasaTs, uTO
-1

a~1
1 omils
v@=3 [[(1-52 < 7).
ne=0 p x=0

rje p npoferaeT MpoCTHe AEIWUTENH YUCIA a@.

b. U3 rompmecTsa Bounpoca a BHBECTH H3BECTHOE BRIPAyKEHHE
ana ¢ (a).

14. [JokaszaTe, 49TO

2ni —

fe el
. e x
t{(a)=1im 2s Z 2 43
e—0 Jlte '
0<x<Va k=1
rpe 0=1 mau 6=0, B BaBUCHMOCTH OT TOTO, ABIAETCA JIA a KBajpa-
TOM HEJIOTO Yhcha Wil HeT.
15, a. Ilyecre p—umpoctoe u hy, hy, ..., hy—menne, JokasaTs,
910

(it ha+ ... +h)F =he+ R+ ... +hE(mod p).

b. s Teopemrl Bompoca a BeiBecTH TeopemMy (DepMa.
c. M3 Teopemn (Depma BHBecTH TeopeMy OJuiepa.

Yucnennnie npamepnt k raase III.

1, a. Hajitn ocraTor or genenmsa
(12 37156  34)% ma 111.

b. Hesnrca nu mva 10932 wucmo 2109327

2, a. IlpuMenad npH3HaKH AeAWMOCTH Bompoca 1, HafTH Kamo-
HUYEeCKOe pas3JojeHme umena 244 943 325. )

b. Hanru wamommueckoe passioyxenme gmeia 282 321 246 671 737.



TTTABA YETBEPTAA.
CPABHEHUA C OJHNM HEN3BECTHbLIM.

§ 1. OcHoBHPIE MOBATHA.

Hameit Onmunafimelt sanaveit Oyger wmayueHHme cpaBHe-
HOR Taxoro obmero BHma:

f(@)=0(mod m); f(z)=az"+ax"~t+ ... +a, (1)

Ecam a we pmenarea wa m, 1O 1 Ha3HBaeTCA CMeneHbIO
cpasHenus.

Pewumy cpasneniie — sHauAT HaliTw Bce 3HAYEHHA T, eMy
yZoBneTBopalmue. [iBa cpapHenms, KOTOPBIM YIOBIETBO-
PAIGT OFHA H T¢ >Ke 3HAUEHHA £, HABBIBAIOTCH PASHOCUAb-
HELMu. '

Ecnm cpasnenmo (1) ymosmeTsopser kawoe-nmfo x =z,
to (d, § 2, ra. III) Tomy sxe cpasHenmw OGymayT ymoBile-
TBOPATH M BCE YHCJA, CpPaBHEMBIE C %, L0 MOAYNIO m:
z==z,(modm). Becs sToT wWracc wumces cumTaeTca 3a 00HO
pewenue. Ilpm Taxkom cornamennn cpasuenue (1) 6ydem
uMeMb CMOABKO DeUleHUll, CKOALKO GLIYEMO8 ROMNOU CucmeMbl
emy ydosiemeopsem.

., Ipamep. Cpanuennio

28+ 2z +1=0(mod 7)

cpenm umcen: 0, 1, 2, 3, 4, 5, 6 monnoi cucTeMsl BEIYETOL
N0 MOAyJ0 7 YAOBJIETBOPAIOT JBa WHCNA: T =2 M T =14,
HosroMy yxasamnoe cpapuenme nMeeT ABA DPENICHWA:

=2(mod7), z=4(mod7).
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§ 2. Cpaenenna nepBoit cTenenn.

a. CpasHeHme mepBoil cTemeHH HmOpeHeceHHEM CBOGOTHOrO
uneHa (¢ oOpaTHHM 3HAKOM) B IpPaByl0 YacTh MOKHO HpH-
BeCTH K BHJIY

azr=:b(mod m). (1)

b. Ilpucrynas K mccmemoBaHHIO BOIpOCA O WHCIE pewie-
uAd, Mbl CHaYajla OTDaHEYEM CpaBHeHHe ycioBueM (a, m)=1.
Cormac#o § 1 Hame cpaBHeHMe HMEeT CTOJIBKO peIIEHH,
CROJIBKO BHIUETOB IIOJIHOH CHCTeMBI eMy ynosierBopaer. Ho
sorga z mpoferaeT HOJNHYIO CHCTEMY BHYETOB IO MORYJIIO M,
10 ax mpoberaer moyHylo cacTeMy BhderoB (d, § 4, ra. ITT).
CrmemoBaTelIbHO, B YaCTHOCTH, IpH ONHOM H TOJBKO OJHOM
3HAUEHMA I, B3ATOM N3 IIOMHOH CHCTEMH, ax OymeT
cpaummo ¢ b. Mrak, mpm (a, m)=1 cpasHenme (1) mmeer
ORHO pemHIeHHe.

¢. Ilycts renepp (a, m)=d > 1. Torna, 406 cpaBHe-
mme (1) mMeno pemenmsa, meobxommmo (e, § 3, ra. III),
4aro6u b penmnock Ha d, mHade cpasHenme (1) HeBo3MOKHO
HE Tpm KaxoM mnenoM z. Ilpeamomaras mosromy b kpat-
HEIM d, monommM a = a,d, b= b;d, m = myd. Torpa cpasue-
Hue (1) Gyner paBHOCRIBHO TakoMy (N0 cOKpameHHR Ha d):
a2 = b, (mod m,), B KRoTOpOM Yy3kKe (a;, m,)=1, ®m moTOMYy
0oHO OymeT HMeTH OJHO. pelleHHe 1O MOAYdl m,. Ilyctsb
&, — HAaHEMEeHBUINMH HEeOTPHIATEJLHEId BHYET JTOT0 pelleHHf
10 MORYJ0 m,, TOTAa BCe 4mciaa z, ofpasylomme 3TO pemie-
nae, maiayrca B gopme

z =1, (mod m,). (2)

Ilo mopynwo ke m umcna (2) obpasyloT He ofHO pemie-
Hge, a 0oJybIe, HMMEHHO CTOJBKO pelleHdld, CKOJLKO
amcen (2) naipérea B pame 0, 1, 2,..., m—1 HanMens-
MHAX HEOTPHNATENBHHX BHUYETOB IO MOAYLIO M. Ho ciofia
uonmagyT ciefynomuae dmcaa (2):

Zy, Ty+Mmy, T +2my, ..., o+ (d—1)my,

T. . Bcero d umcen (2), ciegoBaTeNLHO, cpaBHeHUe (D
uMeeT d pelnenni, .
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d. Co6mpaa Bcé mokasaHHOe, HOAYdAEM TeopeMy: v

ITyemv (a, m)=d. Cpasnenue axr==b(modm) reeos-
MoncHo, ecan b ne deaumca na d. Ipu b, xpamnom d,
cpagrerue umeem d pewienull.

e. OGpamanck k passicKaHmIO pelneHmA cpasuenns (1),
MBl YKa)KeM TOJBKO cIoco0, OCHOBaHHHIA Ha TeOpHA Hempe-
PHIBHEIX Jpofeil, mpEYEM AOCTATOYHO OrpPAaHMYATHCA JIMIND
cirygaeM (a, m)=1.

Pasnaras B HempephelBHyI0 Apo0b OTHOmeHHme m : a,

m 1
2t —

gs + Py

1

an
B paccMaTpHBag ABe HOOCheHHe HoaxoaAammue IIpO6EZ

Pn_y Pp _mn

CQn-1’ Qn a’
COTJIaCHO CBOWCTBAM HeIPepHBHEIX ppobei (e, § 4, ra. I)
nMeeM

mQn 1 —aP,_y = (—1)",
aP,_y=(— 1)*=! (mod m),
a-(—1)—1P,_1b=b(mod m).
Wrak, Hame cpaBHeHHEe HMeET DCLICHHE
z=(—1)""1P,_1b(mod m),
BN pasHICKaHAA KOTOPOTO JOCTaTOYHO BeUMCANTL P,

coryiacHo cmoco0y, yxasanmomy B d, § 4, ram. 1.
+ llpumep. Pewmm cpapuenme

1112 =175 (mod 321). (3)

3mece (111, 321)=3, mupmuém 75 xparmo 3. Ilosromy
CpaBHEHHE MMeeT TPH pelleHusd.

Hdena o6e wacTm cpaBHeHHss H MOLYJb Ha 3, HONydmM
CpaBHCHHO ’

37z = 25 (mod 107), (4)
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KOTOpO® HaM cJieflyeT CHAYajia PemHATh. Hmeem

107} 37
742
37] 33
33 1
33 4 .
328
a1
4’_4
>
g 2 ‘ 1 8 4
P, 1 2 ] 3 26 107

3uaunt, B JaHHOM ciayyac n=4, P,y =26, b=25,
O MBl HMeeM pelucHue cpasHeHusa (4) B ¢opme

= -26-25=99 (mod 107).
Orcioma pemrenns cpanreHHH (3) mpepcramiAOTCA TaK:

z=99; 994 107; 994 2. 107 (mod 321),
z=199; 206; 313 (mod 321).

§ 3. Cucrema cpasuennii nepgroii cremenn.

a. Mu paccMOTpEM JIMIIb HPOCTERINYIO CHCTEMY CpaBHe-
HOH

z=b,(mod m,), z=b,(modm,), ..., z=b; (modmy) (1)

¢ OJHAM HEH3BECTHHIM, 110 ¢ PASHEIMA M IIPATOM HOIapHO

DPOCTHIME MOJYJIAMH. :

“ b. Pemurs cucremy (1), T. e. HallTm Bce 3HaveHHA Z, ed

VIOBIETBOPAIONIHE, MOKHO IPHMCHSS CHCHYIOIMYI0 Teopemy:
Iycmv wucaa My u Mg onpedeaenst us ycaosui

mmy ... .m=Mm, MM;=1(modm,)



§ 8. CHCTEMA CPABHEHHNMH IIEPBON CTENEHH. 59

u nycmbu
:E0=M1Mib1+M2M;b2+ P +MAMII(bk

Toeda cosorynrocmd sHavenuil x, Y0064emMeo PRIOWUT CUucCmeMe
(1), onpedeasemcs cpasneruem

r =2z, (mod m;m, ...my). (2)

JeiicrBrTenrHO, BBANY JIelIOMOCTH Ha mg Beex M;, oramy-
Helx o1 M, opu mobom s=1, 2, ..., k nmeem

o= M M!b;=: b, (mod m,),

m, Taxum ofbpasoM, cmcreMe (1) ynomierBopAeT = ;.
Orcrona memocpepcTBenHO caiefyer, uro cucrema (1) pasmo-
CHJIBHA CHCTEME

Z=1x,(mod m,;), x==2x,(mod my), ..., r=:zy(mod m,) (3)

(. e. uro cmcremam (1) m (3) y/NOBHETBOPAIOT OJHA M TE i€
smauenns x). Cuncreme ke (3), BBEmLy Teopem ¢, § 3,
ra. III m d, § 3, ra. III, yROBIETBOPAIOT Te M TOJIBKO
Te 3HAYEHHA T, KOTOpHE VAOBIETBOPAIOT CpaBHeHHIO (2).

c. Ecau by, by, ... ,b, nesagucumo 0pye om Opyea npo-
Geeailom noAHBIE CUCIREMBL GBINEINOE NO MOOYARM My, My, . . . , My,
mo z, npobezaem nOAKYIO CUCEMY 6HYEMOE NO MOOYAWO
m1m2 LR mI<-
" [leiicTBuTesntHo, x, npoleraer m;ms...m; 3HAYCHHH,
peuny d, § 3, ru. III, wmecpapHEUMEX 1O = MOAYJIIO
mymg . . .My

d. llpumep. Pemnm cucremy

z=b, (mod 4), z=b,(mod5), z==bz(mod7).

Spmecb 4-5-7=35-4=28.5=20.7, npnuém
35 -3=1(mod4), 28.2=1(modd), 20.6=1(mod7).

Ioatomy
Zo=35 - 3by 28 -2by + 20 - 6bg = 105b, + 565, + 1205,

W, CJICOBATENIbHO, COBOKYIHOCTH 3HAYEHHA &, YHAOBIETEO-
pAOIMEX cucTeMe, MokeT OHTH DpefcTaBjeHa B Qopme

z == 105b, 4 56 by + 12053 (mod 140).
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Tak, HampmMep, COBOKYNHOCTh SHAUeHHH Z, YHOBJe-
TBOPAIOMHAX CHCTEMe
‘ rz=1(mod 4), r=:3(mod5), z=2(mod7),
6ynmer
=105 1456 - 3 + 120 - 2=93 (mod 140),
a COBOKYNHOCTH B3HAYEeHHHA &, Y/OBIETBODAIOMAX cHCTEMe
=3 (mod4), z==2(mod?5), z=06(mod7),

6yner , :
2=105.3+ 56 - 24 120 . 6 = 27 (mod 140).

§ 4. CpaBHenna m@0060ii cTemenE NHO MPOCTOMYy MOAYJIO.

a. Ilycts  p—mpocroe. [lokakeM ofmme Teopemsl,
oTHOCAMUECA K CPABHEHMIO BHJA

f(@z)=0(mod p); f(z)=ax"+awx™ 1+ ... +a, (1)
b. Cpasnenue suda (1) pasrocuavro cpasnenuro cmenenu

He goe p — 1.
HelictButensuo, mensa f(x) ma zP — z, mmeeM

(@)= (z?— ) Q () + R (z),
rge  cremeEb R (z) He Beme p—1. A Tark Kax
x? —z=0(mod p), To f (x) = R (x) (mod p), oryna mcienyer
yKasanHasg TeopeMa.
¢. Ecau cpasuenue (1) umeem Gosee wem n pewenuil,
mo ece roiuyuenmur f(x) wpammus p.

- [HeiicrBurenbHo, mycrs cpaBHenme (1) mmeer, mo kpaitreit
mepe, n + 1 pemenne. OGo3uadasa GyKBaMY Ty, T2, « . - , Tny Ln i1
BLIYCTEl 9THX pemleH:mil, MBL MomeM f(z) IpejcTaBUThE
B (opme

f@=a(z—z)(Z—2) ... (T—=2Zpn_2) (T — Zn_q) (z —za) +
+b(x—z)(xz—23) .. (T — Tpz) (T —2Zn_1)+
+e(@—z)(x—1x3) ... (T — Tn_z) + .

- + . .+
Fk(x—z,) (x — ) +
+l(x—z) +

+m, (2)
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Hast sroii menm, npeoGpasoBaB (packpurEeM CKOGOK)
¢iaraeMHe IpaBod 4YaCTM B MHOrOWIEHH, BhbepeM b Tak,
gro6n cymMa KoapdmmmenToB mpm ™! pgBYyX TepBHX
MHOTOWIEHOB COBIAJIa ¢ a,; 3HaA b, BrfepeM ¢ Tak, 4To6H
cymMmMa Kos(aumenToB Hpm z™ 2 TPEX NepBHX MHOTOWIe-
HOB COBOalla C 4y, M T. 1.

Ilosmaran B (2) mocitexoBaTeNIBHO L = L1, Ty, - - - , Ty Tnt1,
y6e:kaaemca B ToM, 49to BCe m, [, k, ..., ¢, b, a KpaTBH p.
dHaunT, ¥ Bce &, &y, ..., Gp KPATHH p (KAaK CYMMBI 4HCel,

KpaTHHIX p).
d. IIpu npocmom p cnpasedauso cpasnenue (meopema
Buavcona)

1.2...(p=1)+1=0(mod p). 3)

HeiictBrTensHO, e€cim p=2, TO TeopeMa OYEBHIHA.
Ecam e p > 2, To paccMOTpEM cpaBHeHHe

(z—1)(x—2)...(x—(p—1))— (zP~1 — 1) = 0 (mod p);

OHO cTeleHA He BHme p—2 W mMeeTr p—1 pemenne,
HMeHHO pemendd ¢ Buueramm 1, 2, ..., p—1. Cuenosa-
TeJIBHO, IO TeopeMe ¢ Bce ero KO3PQHUUHeHTH KpaTHH p;
B YACTHOCTH, HA p HmeadATcs u CBOGOAHEIA WileH, pPaBHHU
KaK pa3 neBoil yacrd cpaBHeHHA (3).

IIpamep. Umeem1 -2.3-4-5-6+1=721=0(mod 7).

§ 5. CpaBHenusa mo00o0if cTemeHH MO COCTABHOMY MO YJIO,

a. Ecau my, my, ..., m; nonapro npocmee, mo cpasre-
Hue
f(x)=0(modmm, ...my) (1)

DAGHOCUABHO CUCTeME
f(x) =0 (mod m,),
f(x)=0(mod my), ..., f(z)=0(modm,).
IIpu smom, obosnauasn wepes Ty, T,, ..., T, wucia pewe-
Huil omOerbHBT CpasHeHuil amoill cucmemsl TNO COOMEEM-

cmeenntim  mo0ysam u wepea T—wucao pewseHul cpagHeHus
(1), 6ydem umems

T=TTs...T,.
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HefictBaTeNIEHO, TepBasg YacTh TEOPEMH clIeflyeT H3 ¢
m d, § 3, rar IIl. Bropaa wacte ciegyer =3 TOro, dro
KayKHoe cpaBHEHHE

" f(x)=0(modm,) @

BBHIOJIHACTCA TOTHa H TOJBKO TOrJa, KOTJA BHIIOJIHAETCA
opgo m3 T cpaBHCHHiL Buja

z= b, (mod my),

rae b, mpoferaeT BEIYCTH pemeHud cpaBHeuA (2), mpm-

aéM BoaMmoskHO Beero I'\T, ... T, pasnmumselx KomGumna-
ugi BHAA
x = b, (mod m,), z==by(modm,), ...,x=">,(modm,),

npaBoAAmux (¢, § 3) K pasnMuHLIM KjIaccaM L0 MOKLYJI0
mymgy ... my.
Mpumep. Cpabrenne
f(z)=0(mod 35), f(2)=a*+223+82+9 3)
PABHOCHIIEHO CHCTEMe
f()=0(mod 5), f(z)=:0(mod7).

Jerko yGegmmea (§ 1), uro mepBoe cpaBHeHHmEe 9TOH
cmcTeME mMeeT 2 pemmeAmA: r==1; 4 (mod5), Bropoe ke
‘cpaBHeHHe WMeeT 3 pelmenusa: x=3; 5; 6 (mod 7).
Iloatomy cpaBmenme (3) umeer 2-3=6 pemennii. Yro-
Os. maWTm stEm 6 pemennil, Hago pemaTr 6 cucTeM
BHJA

z == b, (mod 5), .z =:by(mod 7), (4)
KOTOpBIe  DOJIy9mM, 3acrasdsa b, mpoleraTs ~ 3Haue-
Hita b =1; 4, a b, mpoberats 3mauenma by,=3; 5; 6. Ho,
BBALY :

35=7.5=5.7, 7.3z=1(mod5), 5-3=1(mod7),
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COBOKYNHOCTb 3HAYCHMH 2z, Y[OBIETBOpAlOmMEAX chcreMe (4),
ppexcrasurcd B gopme (b, § 3)

=21 b, + 15 b, (mod 35).
[losToMy pemrenust cpaBEeHHA (3) OymyT
z==31; 26; 6; 24; 19; 34 (mod 35).

b. Bemay TeopeMH a mccriefloBAaHMe U pelIeHHe CpaB-
HeHASA
f(z)=0 (mod pi'p2*. .. pp¥)
CBORATCSI K HCCIENOBAHWIC N pelleHHI0 CpaBHeHWi BHAA
f(z) =0 (mod p*); (5)

5T0 Ke WocIefHee CPaBHeHHe CBOXMTCA BOoOmE, Kak MEl
ceifuac: BEIACHEM, K CPAaBHEHHIO

f(z)=0 (mod p). (6)

JefictBATenEHO, BCAKOe I, YOOBIETBOPSIONEe CpaBHe-
g0 (5), HeoOX0oOMMO AO/DKHO YHOOBJETBOPATL H CpaBme-
a0 (6). Ilycrs

z =1z, (mod p)

~—-xkaxoe-1H60 pemenne cpasrenud (6). Torma "z =1z, 4+ pt,,
rge ¢, —nmnenoe. Bcerasnaa sro 3mauenme z B cpaBHeHme

f(2)=0(mod p?)

m pasnarasg JeByio wdacth no Qopmyne Teitmopa, maiigém

: 1 .
(npuHEMas BO BHHMAaHHE, HGTO T f®)(x,) —menoe,3'm  or-
OpachiBasg WICHH, KpaTHEE p?)

/

f@x) + ptaf () =0(mod p?), L4 1,1 (2)==0(mod p).

OrpaamumBasnck 3pech cliydaeM, KOTHA ° f (x,) Be pemmtca
HA p, HMeeM OIHO pellcHHe:

N tLest (mod p); ¢y =1t] + pt,.
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Bupasxenne ana x OpPHHAMAET BAJ
=2, + pti+ pPla=2, + p2ly;
BCTABJIAAl €r0 B CPaBHeHHe
(2)==0 (mod p*),

Oy IaM

- (22) + PPL2 [ (%2) = 0 (mod p?),
F8) 4ty 1" (@) =20 (mod p).

3nmecs f’(z,) He menuTcA HA P, TAK Kak

zy =z, (mod p),

I (@) =1’ (2,) (mod p),

H DOTOMY IOCjefHee CpaBHEHHE HMeeT ORHO PeIIeHHe:

1=t} (mod p);

ty =15+ pls.
BfipasxeHne [y T DPUHAMAeT BUJ

T =2+ pPty+ pPly=x5+ pPls;

a r. 1. Takem nyréM mo nanmoMmy pemenmio cpapHeHHsa (6)
MOCTEeNeHHO HaHIéM cpaBHEMOe C HHM pellieHHe cpaBHe-
una (5). Wrax, ecaxoe pewenue x= x, (mod p) cpasnenus (6)
npu ycaosuu, wmo f'(x,) He Oeaumcs na p, Oacm odno
pewenue cpasrenus (95):

T=2Za+ p*i,;
T =22, (mod p*).

[Ipumep. Pemnmm cpaBuerme '
f(z)=0(mod27); )
- f()=2*+Tx+4. j

CpaBHeHne f(z)=0(mod 3) mMeer ONHO  pOIICHH®
=1 (mod 3); mpm srom ' ({)=2(mod 3) m, cnenose-

(M)
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tensuo, He mendrca Ha 3. Haxommm:
r=143t,,
L) +3,7(1)=0(mod 9), 3+ 3¢, - 2=0(mod 9),
2t +1=0(mod 3), ¢;=1(mod 3), ¢,=1+32,,
x =44 9¢,,
F(4)+ 9% 1 (4)=0(mod 27), 18+ 9¢, - 2=0 (mod 27),
2ty +2=0(mod 3), t,==2(mod3), t,=2+4 3¢,
x =22 + 27¢;.
TakuMm obpasoMm cpaBHeHue (7) HMeeT ONHO pemeHde:
x == 22 (mod 27).

Bompocut k raape IV.

1, a. Ilycte m —nemnoe, m >0, f(z, ..., w)—nenad pamHoOHAJb-
Has (I)yrmmzm ¢ IelsMH Koa(I)(I)uuueH’raMn OT r mepeMeHHHX
z, ..., w (r>1). Ecau cpapaennio

f(z, ..., w) =0 (mod m) )

YIOBIETBOPAET CHCTEMA X =19, ..., W==W,, TO0 (oGobmeHne ompe-
ne;enns § 1) cmCTeMy KJIaccoB YHCEN HO MORYIIO m:
z =z (mod m), ..., w= w, (mod m)

6yjgeM cumTaTh 8a OfHO pemeHHMe cpaBHeHHA (1).
IIyeres T —vumesno pemenuii cpapnenmAa (1). Jorasars, arto

m-1m—1 af(x,...,w)
rm=23 3 - E "
Q= =0 w=0

b. Ilpa oGosmauemmax Bompoca a u Bompoca 12, e, ri. III goka-
3aTh, 9TO

! Tm=m" Z A (my).
mo\m

c. PaBeHCTBO Bonpoca a npmuerm'rb ) 14 nonaaarenncmy TeQpeMul
0 qgucjie pememm CPaBHCHHA nepBou CTCIICHH.

d. IIycrs m-—mnenoe, m>0; a, ..., f, g—oenase, HX 4H-
cio paspEo r+1 (r>0): d=(a, ..., f,m); T —vuameno pemenni
CpPaBHEHHS ‘

ax+ ...+ fw + g = 0(mod m).
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Tosmb3ysacs paBeHECTBOM BONPOCA A, AOKA3aTb, 4TO

. m'"1d, ecid g KpaTHO d,
10 B MPOTHBHOM CJTy4ae.

e. TeopeMy Bompoca d moKasaTh, HCXOAA M3 TEOPeMEl O YHCIE
pemmenuit cpapueHHEA ax = b (mod m).

2, a. Iyete m>1, (a, m)=1. [loxasaTs, dTO cpaBHeHMe
ez = b(mod m) mmeer pemenme z = ba® (™~1 (mod m).

b. Ilycts p—mnpoctoe, 0 <a < p. [JokasaTs, uTO CDaBHeHHE
az = b (mod p) mMeeT pemeHue .

- aa(P—=D(p—=2) ... (p—ai )
z=b(—=1)"" 1-2 ... a

(mod p).

¢, ¢) YKasaTb BOBMOMKHO {onee mpocToii cnocoG pemieHMs cpas-
HeHAA BHJA

2§x = b (mod m); 2, m)y=1.

B) YrasaTp Bo3MosxHO Gonee IpocToil cnocol pemieHHs cPaBHEHAA
BHAA

3z =b(modm); (3, m)=1.

1) ITyers (a, m)=1, 1 < a < m. PaspuBasa cnocoGn, yKasaHHEIe
B Bompocax a) m B), MOKasaTh, 94TO pashHCKAHME DeIneHHA CPaBHEHU
az = b(mod m) MosxeT O6HIT, NpHBEJEHO K PA3HCKAHHMIO pemeHni
cpapEeHmi BEAa b+ mt=0(mod p), rie p—TpocTOlt AenHTENH
wHACTA 4.

3. llyeTs m —neaoce, m > 1, 1<t < m, (¢, m)=1. Tloassysuack
Teopmell cpaBmeHUH, AOKA3aTh CYIIECTBOBAHME HENBIX & @ y C YCIIO-
BMAMH

az=y(modm), 0<zKr, 0<[y|<¥?.

4, a. IIpu (a, m)=1 GyAeM paccMATPHBATL CHMBOJIHYECKYI0 Npo0EH
~ 1o Monyaw m, ofosHagawmyo JT060# BHYeT pelleHnsA cpaBHe-
Had az = b (nod m). [loxkasats, uTo (cpaBECHAA 6epyTCA 10 MOAYJIIO m):

1

a) Ilpm a = a,, bsblmaeeM;bEE.

B) UncauTensr b CHMBOJIHYECKO# gpobm —; MOHO 3aMeHUTH CPasB-

b
~HEMEM b,, KpaTHEM a. Torma cmmBosmueckas ppobb 5 cpapHEMa

. . . b
C. IEeJINM 9HUCJIOM, NpelCTABIAEMEM OCHYHOH JpoGLI0 ;“.

b d betad
T)—;-{-—E .

c arc
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b & _bd

)_...._..__._._

& ¢ ac
b, @) Hycts p—mpocroe, p > 2, a—mnenoe, 0.< ¢ < p—1. JloKa-

8aTh, 4TO .
(": )E(-—i)“(modp).

8) TMycrs p mpocroe, p > 2. [okasath, 4TO

2—2 _, 1.1 1
_..p__=1__7+§—...—p—_—_—1(modp).

5, a. Ilycrs d—pennTenp 9Mciia @, He JeJAIAHCA HA DPOCTHe,
MeHBIINE N, M *—9ACI0 pPA3JIAYHHEIX NPOCTHX JAejnTesned wgmciaa d.
J/lokasate, 4T0 B pAjie

1.2...n, 2.3...(n4+1),..., a(ea+...(a+n—1) (1)

n’a

ynces, KpaTEHX d, OymgerT T

b. IIyctek py, pa, ..., Px— PA3JHYHKEE HPOCTHE JEIHTENM YHCIA 4,

npEuéM HE ONUH M3 HAX He MeAbmme 4eM n. JJoKasaTs, d9TO dHCIO
unces paAxa (1), B3amMHO LpOCTHX ¢ @, Oyzer

(=) (=3 - (-2

6. Ilycte my, o, ..., y—o0lee HamMeHbLNIee KpPaTHOE HUACE]
m,, mg, ..., Mmg.

a. Ilyete d=(m;, mg). JJokasaTh, uTO cucTeMa
z = b;(mod m,), z = by(mod my)

paspemmnMa TOTJa H TOJBKO TOTAa, KOrga bs—b, kparmo d, npmiém
B cJIydae DaspemMMOCTH COBOKYNHOCTh 3HA4YeHHAH x, YNORJIETBOPA-
IOHM[EX 3TOM CHCTEMe, ONpeleifAeTCsi CpaBHEHWEM BHA

z =3, o (Mod my, 2).
b. /lorkasaTe, 4T0O B cJydae PaspelIEMOCTH CHCTEMEl
z = b, (mod my), = = by (mod my), ..., z = by (mod m)

COBOKYDHOCTh BHAYEHHH x, el YA0BJIeTBOPAIMAX, ONpeeIAeTCA CpaB-
HeBHeM BHAA

.I =g,k (mod m, a ---,k)'

7. IIycte m—nmemoe, m > 1, a u b— nenwe,

.ax+ bx’

a, b 2ni -
()=%- ’
x
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rae z npoferaer NpuBeJEHHYI0 CHCTEMY BHYETOB IO MOAYIIO m, LpH-
uém z’ Ef?f(mod m) (B cMucyie vonpoca 4, a). [lorasath cieXylomue

()
cBojicTBa cMMBOJIA ( —— )
m
(%)
a) —— ] BemeCTBeHHoe.
m
a,b b,a
v (5 )=C)
a,’bh ah, b
1 (h —_ 2 Y 2T
y) Ipu (k, m)=1 nMeem ( — ) (m )

¢) Hpu my, Mg, ..., Mg TIOTIaPHO NIPOCTHIX, nonarasn
mmsy ... mrp=m, m=>»Mnm, nMeeM

(al, ><a2, > (ak, >=<Mfa1+M§a2+...+M§ak,1>
— :

8. Iycth cpaBHeHme

agx™ +a 2"+ ... +ap=0(mod p)

nMeeT n peulenwii
T = x4, Zg, ..., xp(mod p).
[lokasaTh, 9TO
a; =—aySy (mod p),
4= ayS;(mod p),
ay = —aeS; (mod p),
an = (—1)"apS, (mod p),

rie §; ecTh CyMMa BCeX Z,; Sp-—CcyMMa IpousBejeHmli mo nBa,
S3—CcyMMa OPOM3BeJEHMit O TPH H T. [
9, a. JlorasaTbk TeopeMy Bunncona, paccMarpuBas MApH , z'
wmcesn paga 2, 3, ..., p—2, ynonnemopamnme YCAOBHIO x2’ = 1(mod p).
b. Hyers P memoe, P >1, 1. (P—=1)+1 —O(modP)
Moxasars, uTo P —mpocToe.
< 10, a. Ilyctb (a,, m)==1. YKa3ars cpaBHeHme n-it cTemenm (n > 0)
co crapmuM kospdmomenToM 1; PaBHOCHJILHOE CPABHEHHIO

a2+ a2 14 ... +ap = 0(mod m).

b. Jlokasatb, 4T0 HEO0XOLUMOe B IOCTATOYHOE ycnonne TOT0, 9TO
cpapgenme f(z) = 0(mod p); f(z)=z"+ a4 ... +ap; n<Kp



YHCJIIEHHLIE IIPUMEPH K [UIABE 1V - 89

EMeeT n pelennil, ecTh AeMMOCTH Ha p BeeX KOdPPHUHEHTOB OCTATKA
or penendAd z’—zx Ha f(z).

¢. Nyete n—penmrens p—1; 7 > 1; (4, p)=1. Joxasarn, dTO

HeoOXOoAMOe "M  JOCTATOYHOE YCNOBHe pas3pelmMMOCTH  CpaBHeHHA
p—1

" = A (mod p) ecthb A ™ = 1(mod p), npruéM B cydae paspemIAMO-

CTH YKA3aHHOE CpPAaBHCHHE HMeeT n Permenmil.

11. Ilycts n—mestoe, n > 0, (4, m)=1, 1 H3BECTHO OfHO peme-
HEe z = x,(mod m) cpaBuenus z" = A (mod m). [lorasark, uTO BCe
pemeHuA DTOTO CPABHEHAS NPEACTaBITCA ; IPOM3BEeJCHNEM x, Ha BH-
9eTH pelrennit cpaBaeHnd ¥ = 1 (mod m).

Yacaennple upumepnsl K raase 1V.

1, a. Pemurh cpasrHenme 256z = 179 (mod 337).

b. Pemurs cpaBmenwe 1215z == 560 (mod 2755).

2, a. Cpapmennms npmMepoB 1, a mw 1, b pemmnrs mo ciuocoby
Bompoca 2, €.

b. Cpasmense 1296z = 1105 (mod 2413) pemuts no cnocoly
BOIIPOCA 2, C. ‘

3. Hafltu Bce mapm z, y, YAOBJIETBOPAIONE HeOUDEJCNEHHOMY
ypasrerno 47r— {11y =289,

4, a. Ykazath ofInee pemesnue JJiA CHCTEMBL

z = b; (mod 13), z = by (mod 17).

Honpsysace aram obmuM pemleHHeM, Jajlee HafiTH TPH 9YHCHA
KOTODHe npy Aenennd HA 13 m 17 pasasim OB COOTBETCTBEHHO OCTATKM
1mi2,6u8 11u4

b. VYkazarh ofumee permenue Ajsf CHCIEMH

= by (mod 25), z = by(mod 27), z = by(mod 59).
5, a. Pemure cucteMy cpaBHeHmiA (Bompoc 6, a)
z=3(mod8), z=11(mod 20}, =z =1 (mod15).
b. Pemmurh cmcreMy cpasHeHmit
z=1(mod3), z=4(nod5), z=2(mod7),
z =9 (mod 11), =z = 3(mod 13)
6. PemmaTr cucreMy cpaBHEHHH
3z + 4y~ 29 = 0 (mod 143), 2x-—9y + 84 = 0 (mod 143).
7, a. Haromy cpaBHeHuIO CreHeHm HFKe 5 PaBHOCHIIBHO CPABHCHH®
31 4 4a1® 4 3212 2211 20 4 228 4 ha? 4 a8 -} 3t 4 28 4 bat -+ 22 =
= 0 (mod 5
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b. .Raxouy OPBBBOBEIO CTemeHn nmree 7 PABHOCH/ILEO CPABHOHHE
2717 -+ Bz + zl4 + 5x12 + 311 + 2z10 | x| 5z8 +
+ 227 4 328 -+ 4at + 6% + 4o + z 4 4 =D (med 7)?

8. Haromy cpapHeHmI0 cO cTapmaM Ko3PPunaeHTOM { paBHOCHIBLEO
cpasaenme (Bonpoc 10, a)

70z + 7825 + 2524 -- 6823 + 522 -+ 4z + 3 = 0 (mod 101)?
9, a. PemuTs cpaBHEHHE
f(z) =0 (mod 27), [ (z)="Tz*+ 192+ 25,
Haliifd cHa9asja IDOMOUILE0 1IPOS BCe PEIIeHAS CPAaBHEeHH:
/(z) = 0(mod 3).

b. Pemnre cpaBnenme 9z2 -+ 29z + 62 = 0 (mod 64).

10, a. Pemnts cpaBaenme z3-}- 2z + 2 = 0 (mod 125).

b. Pemurs cpaBmennme zt + 423 - 222 - 22+ 12 = 0 (mod 825).
11, a. PemnThs cpaprenne 6x8 + 2724 172 - 20 = 0 (mod 30).
b. Pemnrs cpasuerme 31x? + 578 + 96z 4 191 = 0 (mod 225).



I'JIABA TIATAS
CPABHEHNMSA BTOPOII CTENEHM.

§ 1. O6mue Teopemn.

a. W3 cpabmennit cremenu n > 1 8 panbneiimem GymyT
paccMaTpHBaThCH  JIMIb npocu*enmne a WMEHHO — JgyHaeH-
Hble CDAgHEHU: o

t=a(mod m); -(e,m)=1. - (1)

Ec.rm cpasHenme (1) mMeer - pelnenns, TO a Ha3HBaeTCH
GblNEMoM CMenen N, B TNPOTHBHOM CJydae @ HAa3HIBAeTCH
Heepuemos cmenenu n. B wacTHOCTH, mpEm N =2 BHYETH
AW HEBHIYeTH HA3KBAIOTCS neaapamuwu,uu opu n =3 — Ky-
6udeckumu, pH n =4 — 6ukead pamuyrsimi .

b. B srofi rimaBe MH WoApo6HO paccMOTPUM citydai 7 = 2
# B DePBYI0 Od9epefh DPaccMOTPAM [BYY/IEHHHE CpaBHEHHAA
BTOpPO#i CTENEHH MO IPOCTOMY HEYETHOMY MOXYIIO p:

. e=a(modp); (a p)=1. ©®

c. Ecan a—realpamuunsyi evluert no Mmodyaw p, mo
¢pasrenue (2) umeem 0ea pewierus.

HelicTBATENIBHO, 6CIH @ —HBanpaanHmﬁ BHIYOT, TO' cpan-
Henme (2) mmeer, mo KpailHeH Mepe, OJHO pemIeHHe
&'==z, (mod p). Ho Torga, BBmay (—z,)?=2{, T0 e cpas-
HOHHe §MeeT W BTOpOe pemueHme I ==—z,;(mod p). 3STo
BTOpOE pelleHMe OTAMYHO OT I6PBOro, TAK ' Kak - W3
Zy=-—x,(mod p) MH mMmemm OH 2r,==0(mod p) ‘10 Ho-
‘BOBMOKEHD, BBAAY. (2, p)=/{(x;, p)=1. : N

"YKasAHHKMA JByMA = pemeHHAMZ. T - ncwepnnmm'mn
BCP peleHFA. cpaBHEHAA (2), .TaK. .RaK .NOCJaERHED,. Oymysn
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CpaBHGHHEM BTODOH cTemeHH, Gojlee [BYX peINeHER HMOThH
He MoxkeT (¢, § 4, ra. IV).
d. ITpusedénras cucmema euivemos no Modyarw p Ccocmo-

—1
um us 1—1—2—— neaapamuuuux eblHemoe, CPAGHUMBIY ¢ YUCAAMU

2,2, (B (3)

-1
u (pT> nea@pamuwbzx HEBBIYEIM06.

JeiicTBATEIPHO, cpefu BHUETOB NOPHBEZEHHOH CHMCTEMH
OO0 MOJYMI0O p KBaJpaTHYHHIMH BHYETAMH HABJIAIOTCA Te
¥ TOJNBKO T, KOTOPHE CpPABHEMH ¢ KBaJpaTaMu| dwuced
(npuBegéHAEAn cucTeMa BEIYETOB)

p—1

; —1
=2t 2 B0 9

1. o. ¢ uncaamu (3). Ilpm sroM umema (3) mo wmomynm p
He CPaBHUMEI, Tax Kak U3 £?=:/?(mod p), 0 < & <! <£:__i

caefosano Ow, 9To cpasHeHno z?==/%(mod p), Bonpelm ¢,
cpemu gmcey (4) YROBJIETBOPAIOT 4eTHpe: ¢ = — I, —k, Fk,
e. Ecau a— xeadpamuursui eviuem no modyarw p, mo

p—t
a 2 =1 (mod p); (5)
ecAu a — K6a0pamuyHulil Hegsluem no Modyaio p, mo
p—1
a ? =—1(mod p). (6)

HeiicrBarensno, mo teopeme Pepma,

p~1 p—1

ap—.i ==1 (modp)' (@ 2% —1)(@? + 1)::0(m0d D).

Onay . i TONEKO ONMH U3 COMHOMHTeNell I6BOH 9acTH MO~
- cNeHEro CpaBHEHHA Jenurca Ha p (00a COMHOKHTENA He
MOryT OJHOBpEMEHHO NEJHTHCA Ha p, B IPOTEBHOM Cliydae
X pasEocTh 2 ROJuKHA Ouna 6u pgemmrbes ua p). [lostomy
¥MeeT \MeCTO ONHO M TONBKO OgHO M3 cpaBHeHmA (5) ¥ (6).
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Ho secarmii wBampaTHunHil BHMCT G - YHOBIGTEOpHCT
IpA HEKOTOPOM I CPAaBHEHHIO S s

a=z%(mod p) (7)

u, cJaeAoBaTesbHO, YNOBJIETBOpAET TaKke W CPaBHEHHIO (9),
KOTOPO€ MOMKHO IIOJIyYHTh IIOYICHHEIM Bo3BefeHneM (7)

—1
B CTEIEeHb B——Q— . Hpﬂ 9TOM KBaJpaTUYHBIMA  BLIY€TaMu

A WCUepPIEIBAIOTCA BCe pellleHWA CpaBHeHHA (D), TAK Kak,
—~1
Oynyqu cpaBHeHneM CTeHeHH 5-2—, OHO He MOMeT HMeTh
p—2
2

HosroMy KBajgpaTHYHEIe HEBHYETH  yHOBJIETBOPSIOT
cpasuenuio (6).

Gomee weM pememm

§ 2. Cameoa Jlemangpa,

a a
a. BeenéM B paccMorpenme cumeonr JlescanOpa ( -)

(dmTaercda cHMBOJI @ TNO OTHOINEHMIO K p). OTOT CUMBOI

ompenensfercsi AAA BceX @, He JENAMEXCA HA. p; OH pa-

BoH 1, ecim a— KBajpartuuEHi BHuer, m—1, ecnm a—

KBaApaTHdHHi HeBHdeT. UMCIO @ HA3HBAETCH YACIETEIEM,
p — 3HAMEHATEeJCM CHMBOJIA.

b. Beuny e, § 1, ouenmguo, mMeeM
—1
2N =

=qa

= (mod p).

¢. 3mech MH BHBefeM IVIaBHedInNWe CBOMCTBA CHMBOJA
Jlexkarnmpa m B clenylomeM mnaparpade — cBoiicrBa, 0606-
IieHAA 3TOTO CHMBOJIA — CHMBOJIA fIKOOM, KOTOpHe MO3RO-
AT OHCTPO BHYHCIATH ITOT CHMBOM, ~ @ CJEIOBATONBHO,
pemaTh BOIPOC O BO3MOKHOCTH CpPABHEHES

z2e=q (mod p)."

d. Ecou a=a;(mod p), mo <%>:<EPI—)
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310 CBOMCTBG ' ClleAyeT .HM3 -TOrO, YTO 9HCIA OJHOrO
H Toro e Kiacca OyayT ORHOBPeMEHHO KBaJpATHYHBIME
BEI9TaMH HMJIH HEBHIYeTaMH.

1
e. (——) =1.
P .
Hedcreurensno, 1=1%2 wu, caegosareasno, 1 — kba-
ApaTHYHEI BEIYET.

1\ _ (1)
L(F)=(-n7F.
9ro cBoiicTBO cleayer u3 b mpu a= — 1.

—1 .

Tax wxax p_z yétHoe, ecam p Jopmel 4m + 1, m me-
uétHOe, ecix p GopMel 4m-+3, TO OTCIOHA CJeHyeT, YTO
—1 saBnsgercA KBajpATHYHEIM BHYETOM NPOCTHIX 9HCEN
¢opMel 4m 41 ¥ KBagpaTWIHBIM HEBHIUETOM HPOCTHIX M-

cet ¢opMH 4m + 3.

o (P5L)=(2)(2) - ().

JelicTBRTENBHO, HMeeM
ab 1 p—1 p—1 p—1 p—1
(——'P;>E(ab...l) 2=a?2b?2 ... 12 =

=(2)(3) - (ot

OTKYZJa W BHITEKaeT Halle YTBEp)K[eHHe. OTCIOJIa clienacTaue:

(F)=()
2 p/’
T. €. B UHCJHTeJe CAMBOJIA MOMKHO OTOpOCETL nr00oi

KBafipATHYHHI MHOKHATENb. ) .
h. lna BHBoja namsHeHmEX CBOHCTB CEMBOJA Jlekam-
Ipa MH CHaYaxa pagmM eMy japyroe mcrojkosanme. [lo-

-1
saras plazg—é-—, PACCMOTPEM CPABHOHEA

a-1=1¢r, (modp),
a - 2==zyry (modp),

R (1)
@ py=pry (mod p); ) |
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rie e;r,—a0CONMOTHO HAMMOHBINIHM BHEYET 4T, 7r—€ro
MOIYNb, TaK 9TO 2r== + 1.

Yncma a -4, —a-1,a-2, —a- 2~...,a P, —G- Py
06pa3ym'r OpABEIEHHYI0 CHCTEMY BHYeTOB IO MOAYII0 p
(c, 5, ra. III); mx aGcoNMIOTHO HAEMEHbINHE BBHIYETHl

CyTL &y T &, %l —8Te, ..., Eplpy T Ep[Tp.
IlonomxnaTensusle ©W3 NOCHENHHX, T. C. Fy, Fy ..., Tp,»
AOJKHEL coBmajate ¢ wmepamum 1, 2, ..., p (b § 4

ra. III).
Ilepemuoxan Temepn cpaBuenua (1) u coxpamas Ha
1-2...pi=rre...rp,

ot :
moiydmm o 2 =e&;e ... sp (mod p), orkyna (b) mmeem

<-%> =18 ... 3p . (2)

i. Haiinennomy smpakenmio cmmsona Jlemamppa Dpu-
pagmMm Oosee sawondeHHHIT Buj. MmeeM

[(Fl=l[F] 2 {51 =251+ [2{51)

yTo Oymer WETHEM WA HeuéTHHIM, B 3aBUCEMOCTH OT
TOro, Pyner Ad HauMeHBIIW HEOTPUUATENLHHN BHYET YHC-

1 ;
7a .ar MeHbIe WA Godbime zp T e Oynmer nm ;=1

S

wad 3, = — 1. Ortciona, ouerEAHO,

=1

K ¢z—(-——-1)[

n moroMy m3 (2) HaxopuM

<%>=(~"l)z2’[ e
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j- Ilpemmonaraa e mBewSTHEIM, npeoGpasyem mociiefHe®
paBeHcTBO. MMeeM (a - p —uérHOE) :

-c2)-(F)-T)-

S 3k

= (=1 = (=1

OTKYZa

IO R LI

@opmyna (3) mo3BONUT HAM BHIBECTH JBa BechbMa BaKHBIX
cBojicTBa cmMBona Jlemmawnmpa.

k. ( ) —1)

Cnenyer u3 ¢opmyuan (3) mpz a=1.
Tax xak, gadee,

(8m J_r81)“‘—1 = 8m? 4- 2m gbTHOe,
a
(8”‘_%;);1 8m? -4 6m 4 1 neudTHOE,

TO OTCIOfla cJenyeT, 9ro 2 OyneT KBaJpaTHYHBEIM BEIYETOM
opocThix wmeen. gopmu 8m.4 1 (8m+1, 8m+47) m xsa-
MPaTHYHEIM HEBEIYETOM IIPOCTHIX dmces (POPMEI

8m +3 (8m + 3, 8m+5).

l. Ecau p u g —npocmue neuémuvie, mo (3aKoH 63aum-
HoCMU K6ad pamuuHsy euuemoe)

() =07 (4.

—1 —_—
Tar kak p_2_ q 1 Oymer He4STHHIM JHIIbL B cjyu4ae,

korna o6a wmcaa p m g Oynyt ¢opMbel 4m + 3, W UETHEIM,
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ec/IA XOTh ofHO ®W3 3tmx wumcen Oymer ¢opMu 4m .+ 1, 10
YKa3aHHOE CBOHCTBO MOKHO (ODMyTHPOBATH TaK:
Ecam o6a amcna p m q¢ dopMel 4m 3, 10

($--();
eCJH e XOTh ogHO m3 Hux Popmul 4m + 1, ToO
(D-()

Jna pokasarenncTBa 3aMermM, uro BBELY k  dop-
Myna (3) TpHHEMaeT BHJ

S [%)

(5)=(=p= (4)
Ilonaraa remepn ‘1;21 = g1, PacCMOTpHM p¢; HAp 4ucel,

OOJIy9aeMBIX, KOrjJa B BHIpaKeHUAX ¢z, py 4Hcaa T H Y
He3aBUHCAMO [PYT oT [pyra mpoberamoT cucTeMbl 3HAYeHHIH

z=1,2, ..., p, y=1,2, ..., q.

Hnkorna He Mosxer GHITH ¢ == py, IOTOMY 9TO M3 3TOTO
paBeHCTBA CJIefoBajo Gil, 4YTO py KPAaTHO ¢, 9TO BBHAY
(p, 9) =(y, ¢) =1 (1ax war 0 < y < ¢) meBoaMosxHO. [loaTo-
My MEl MOMKeM OOTOKHATh pi¢q =S5, + Ss The §;-— arcio
map ¢ gz < py m S;—umcno map ¢ py << gz.

OueBmpno, §; ecrtb Tamke wuumenao map ¢ = < gy.
N
dnecs npm pammom y MoxkHOo Gpate =1, 2, ..., [7‘; y} .

(BBHle —;1 yg—f} a1 <% nMeeM [5 y] <p1.> Crnepto-
BaTEJIbHO,
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ABajmorausbtM EYTéM yGegaMca, aro

Ho torma paseHcrBo (4) naér Ham

(5)=Cm ()=
(2) (3) =t pesemiip,

OTKYJa B CJIefyeT OTMEYCeHHOE CBOICTBO.

n03TOMY

§ 3. Cameoa fAxrobm

a. Uro6m cpemaTs BHYHCIeHHme CHMBojla Jleskamppa
Gonmee GHICTPHIM, paccMaTpuBalT 6ollee OOmMEA  CUMEOA
Arobu. Ilycre P —mneuérroe, OGonbmmee enmEANH, @I
P=pp, ... pr— pasnoskenue ero Ha HPOCTHO COMHEOKATETH
(cpemm mmx wMoryr Omrte u paseme). Ilycts, padee,

(a, P)=1. Torma cumBon fIxobu (%) ompefieIAeTCA pa-

BEHCTBOM
(F)=GGED) -G
P D1 . e/ TN p /T
Wapectnrre CcBoficTBa cEMBosIa JleaHApa [AlOT BO3MOMK-

HOCTh YCTAHOBHTH aHAJOTMYHEE CBOMCTBA M A CHMBOJA
fAxobm.

b. Eciu a==a,(modP), mo ( ) (a‘>
HeficTBATENBHO,

(%)=(i9(i9~-6£)=
=G G)=(%

notroMy uro a, Oymyam cpaBEAMO ¢ @; mo Moayiaw P,



§ 8. CHMBOX RROBYM - "

6yner cpaBHEMO ¢ @; H IO MORYJSM Dy, Ps, ..., Pp KOTO
PHe ABIAKICA Aejmreaamn P.

(%):—_—1.

B camMom pese,

(#)=G G- G-t
d. (%):(4)13_2_1

Urobu ybGegaTrbcsd B 9TOM, 3aMeTHM, 4TO

( ) (m)(pz) <—>_

—1 Py—
+—5 +..+———

25 )

(1)

HO

-1 P2 pr——i

(1+2”1 1)(1+2”2 ! <1+2”—-1>.-

_nty pet +---+%—'+2N’

BBEAY wero m3 Qopmymu (1) BRBOTEM
=7
D@ G
_ JleficrBATenBHO,
(abl.u..l) (abp1 l) (ab )
N O OROMOIOMON
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cofupafd CHMBOJH ¢ OJHHAKOBHEIMA YHCJIHTENAMHA, MH . H
HOJydumM yTBepjgaemoe cBoiicTBo. OTciona ClefcTBHE:

($)-G)

(B
HeicTerTENBHO,
ONOICHB G,

PP—1 _piph...pr—t_
8 8 =

(1+8"’1 >(1+8P2 1) (1+8’" 1)—1 ‘

P1’—1+P2—1+“' _{_Prs—i_*_ZN’

BBHAY 4Yero M3 (opMyasl (2) BHIBOTHM

(B0

g. Ecau P u Q—noaoscumenvisie Heuémmuble 63aUMHO

npocmase, mo
(-7 7 (P).

- MelicTBATENBHO, WYCTh Q= ¢,¢3 ... g4 €CTH pasiokeHme Q
HA TPOCTHE COMHOKHTENH (CPeid HAX OMATH-TAKA MOTYT




§ 3. CUMBOJI AKOBA . ". 84

6ute paBmme). Mmeem

( ) (m)(m) >=a[']ilili(%>=

«if=
Er.‘l épa; '%21 e
=(—1)s=16=t ﬂ H (Z_;‘)_
a=1f=1
(3 ") (3 %)

Ho, mopo6uo ToMy, Kak B d, Haxommm

r 8
P—1 p,—1 .
5 = 2 0~2 + 2N y 2 + 2N 1r
BBHJY 4Yero noclegHAsa Qopmyna paér

(2)=-v7 ().

IIpamep. B xavecTBe mpmmepa HA BHYACIICHH® CHM-
sona Jle;xannpa (npm aTom OyneM paccMaTpEBATBH €O . KaK
YacTHHE caydaid cmMBoia flkoGm) Hcciegyem, mMeeT id
pellleHAe cpaBHeHHAE

2?=219 (mod 383).

Wmeem (mpumeBsAsA Noc/TeHOBAaTeIBHO CBOMCTBA g, b, caen-
creme e, g, b, e, f, g, b, d):

219 383 164 (
219) =

(D) (-
-~ --

CJIeNOBATENBHO, paccmo'rpennoe cpaBHeHHe  HMeeT ~ [Ba
pelleHns, : :
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§ 4. Cayuaii cocrasEOrO0 Mopmyas.

a. CpaBHeHMA BTOpO#l CTeDEHM MO COCTABHOMY MOAYJII0
ACCeNyIOTCA W = peImaloTcsl coriacHo ofmmM  yKasamuaM
§ 5, rn. IV,

b. Hayrém co cpaBHenwns Bupia

P=a(modp); a>0, (ap)=1, (1)

rge p —mpocToe HeddTHOe. :
Ilomaras  f(z)=2%—a, Oyaem mmers [ (z)=2z,
H eclii =z, (nod p) ecThb peurenne cpaBHEHHA

z%==a (mod p), (2)

to BBEAY (4, p)=1 rarmke (x;, p)=1, a Tak wKak p meuér-
Hoe, 10 (2z;, p)=1, T. e. f'(x,) me pmenmrca Ha p. Ilooro-
My K Da3hCKanmio pemieHmil cpasdHenma (1) MokHoO mpmme-
HATh paccy:xpenua b, § 5, ru. 1V, npuuém waskgoe peinenme
cpasHenma (2) mact ogsO pemenme cpasHeHua (1). s cra-
3aHHOTO BEIBORUM, 9TO

Cpasnenne (1) umeem 0sa pewenus uau oce nu 001020,
€ sasucuMocmit om moeo, 6ydem au wucao a kead pamuy-
HBLM GBLUCINOM UL dfCe HEGBIYEMOM NO MODYAI0 p.

c. Teneps paccMOTpEM cpaBHeHHe

2=a(mod2%; «>0, (a, 2)=1. (3)

3necs f'(x1) = 2x; menurcA Ba 2, W TOTOMY paCCYHICHHA
b, § 5, ra. IV HenpuMennMsl; OHE HOJIKHE OHTH BHJO-
H3MeHEHH ciefyiomuM obpazom: :

d. Ecim cpapuenme (3) paspemumo, To BBHERY (@, 2) =1
ameeM (r, 2)=1, 1. e. =1+4+2t, rne t—uenoe. Cpas-
HeHne (3) npmHEMAaeT Buj

144t (¢4 1)=a(mod?2%).

- Ho ommo us umcenm ¢, ¢+ 1—ubruoe, nosromy 4t(t+1)
kpatHo 8. CiemoBaTesqbHO, IIA pPa3peUIAMOCTH IOCIEIHETO
‘CpaBHOHHA, a BMECTe ¢ TeM H cpaBHeHHA (3) HeoOxoAmMO

a=1(mod4) mpr a=2; a==1(mod8) upa a>3.- (4)
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e. B cayuaax, worma ycmosma (4) me mapymenw,
pACCMOTDHM BODDOC O DA3HICKAHWE pEIIeHAA H MX dmCJIe.

HAna cnyuaeB a <3 BeERy d CpaBHEHHIO YHOBIETBO-
pAloT Bco HewéTHHe wdcna. Iloaromy cpasnenne 2?==a (mod 2)
mMeeT OfHO pemenme: z == 1 (mod 2), cpanrenue z*= a (mod 4)
mMeeT 1Ba pemerns: z== 1; 3(mod 4), cpaBrenne z%=a (mod 8)
nMeeT veTHpe pemenma: r=1; 3; 5; 7 (mod 8).

Jna paccmoTpenus ciaywaeB a=4, 5, ... Bce HeuBTHHIE

Yypcaa 00/Ie3H0 OOLeNUWHHTE B JABe apuPMeTHIECKRO Mpo-
rpeccam:

T =1 (14 4t5) (5)
(1 4 4t3=1(mod 4); —1—4ty== —1=3(mod4)).

IlocMorpum, kaxme w3 umcen (D) YHOBJETBOPAT CcpaBHE-
Bp0 z?=a(mod 16). Haxonmm

(1 +4to)* =0 (mod 16), t,=2""(mod 2),

ty=ty+2t,, x=4(1+45+8t) == (244 8y).

IlocMoTpnM, Kakme H3 TIOCAENHAX YHCEN YIOBJIETBOPHIOT
cpaprenni x?:=a (mod 32). Haxomnm

(26 + 8t =a (mod 32), t,=1t+2t;, ==k (z;+162,),

7 1. . Takum nyréMm yGemamcsa, dro npm moboM a > 3
3HAYEHHA ¥, YHAOBAeTBopAKMue cpaBHeHHI0 (3), Tpen-
craBATca B fopme .

z =4 (x, + 2°7'2,).

Jrr 3HayeHHA I 06pa3yloT UeTHIpe pad3ny "WX pelleHMA
cpaBuenma (3)

, T=%s, Zo+2°7Y —zi; —2,— 2% (mod 2%)

(mo Monymo 4 fABa mepsBHx cpaBHWMH ¢ 1, a mBa moCien-
HAX cpaBHAMH ¢— 1).
Ilpumep. Cpapuenne
z?== 57 (mod 64) (6)

ppunxy 57 ==1 (mod 8) mmeer wernpe pemenma. IIpeacrasuss
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% B (bopme z =7 (14 43), maxommm ;
(1+425)? =57 (mod 16), 8ty3=156 (mod 16),
tg==1(mod2), f3=142t; z=3(5+8¢, ),

(5+ 8t4)2==57 (mod 32), 5 - 16¢,= 32 (mod 32),
ty=0(mod2), ¢,=2t;, z=-4 (54 16¢;),
(5 + 1615)2=57 (mod 64), 5 - 32¢5=:32 (mod 64),
t;:=1(mod2),  t3=1+42t, x=4 (214 32¢,).
[lostomy pemenns cpasmenns (6) Gymyt:
x =+ 21; i53(mod6’)
f. I/Is ¢, d n e caenyer:
Has cpagrenus
r?=qa(mod2%); (a,2)=1
HeobxodumuLMu  YcaosuAMUu  paspewunmocmu  6ydym, a==
=1 (mod 4) npu a=2, a=1 (mod8) npu a >3. Eciu smu
YcAosus He HAPYWLeHbl, 4ucao peweruli 6ydem: 1 npu o=1;
2 npu e=2; 4 npu a>3.
g. Ma b, f n a, § 5, ra. IV cuenyer:;
Han cpasrenus o6ujeeo suda
z?z=a (modm); m=2%p{1p;2... prk; (a, m)=1
Heo6:v06u./ubwu YerosuaMIL pazpewiumocny 6y6ym

a==1(mcd4) npu a=2, a=1(mod 8) npu a> 3,

= )=1, (E)#J’ H):i.

Ecau nu 00no us smux YcA06UIL He HAPYWIEHO, HUCAO. Deude-
1
naii 6ydem: 2¥ npu a—O uwnpe a=1; 28" npu a=2:
2"+2 npu a > 3.
Bompocel k raaee V.
Byksoio p sieck Beerja o6osnagaeM. npocToe HEUYGTHOS- Y@ENO.
1. [lokasats, 4TO pPasHICKAHHE pemenmji CPaBEEHHA BHMa
az?+ bzt c=0(modm),  (2a, m)=1
CHOJIUTCA 'K PABHICKAHEI. DOmenuil .cpaBHen#s BEAA z* =g (mod m)..
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2, a. lonmeayacs e, § 1; uai7Td - pemenus cpapAcHRA: (1. ciydae
ero noauomnocm)

z’—a(modp) p—-’4m—]~‘

b. HOJIb:-Jy}](:b b n k, § 2, ykasaTh cH0CO0 PABRICRAHHA peme-
HA# CPaBHeHWH BHJA

z? = a (mod p); p=28m +5.

¢. YKasarh BO3MOKHO 0onee 1IpocToil ¢mocol pasHcKaHUA pelile-
HAH CPaBHERWIl BHJA

z® = a (mod p); p=8m-1

B cJiyd4ae, KOTAa HM3BECTEH HeHOTOPHH RBBJI])RTH‘-IHLIH deseuer N 1o

MONYJIo p.
d. Iloxmpsysick TeopemMoi BmlchHa, ROKA3aTh, 4T0 -PelleHud

cpaBHeHHA
k z? +1 = 0 (mod p); p=dm {1

Oynyt
z=4+1-2...2m(mod p)

3, a. llokasarp, 4TO cpaBHeHHe
z2 +1 =0 (mod p) )

paspenimMo TOCAA M TOJLKO TOTAA, KOIJa p mymeer Bl 4m+41;
cpaBHeHHe :

2 12 =0 (mod p) (2)

paspemmMo TOTJAa M TOJIBKO TOTja, KOTZA p HUMeer BUjx fm -1 umm
8m + 3; cpaBHeHnme

2%+ 3 = 0(mod p) 3)

paspemmMo T0TJa M TOJNBLKO TOTNA, KOTJga p mmeer B .6m H
b.. Jorasarh GecKOHEWHOCTH WHCIA MPOCTHX gmced BAAA 4m + 1
c. JlokasaTth GecKOHEUHOCTH WHCIA NMPOCTHIX uHcen Buja 6m 1
4. ITycts, pasGupaa umcaa 1, 2, , p—1 Ha pBe COBOKYIHO-
CTH, BTOpas M3 KOTOPHX COJEPIKHUT He MoHee OHOro YHcJIa, HMEeeM:
UpoN3BefeHAe JBYX UMCeN OJHOH COBOKYIHOCTH CPABHMMO IO MO:
AYMO p' ¢ MUCIOM NEPBOH COBOKYIHOCTH, a MPOHSBE/leHHe JIBYX ancey
pasiHIHHX COBOKYNHOCTEH CPABHHEMO 110 MOAYIUO p ¢ WHCIOM BTOPOH
COBOKYIHOCTH. J[OKa3aTk, 4TO 3T0 0yAeT TOTAAa H TOJBKO TOTJA, KOT/A
nepBasg COBOKYIHOCTH COCTOMT M3 KBajpaTHYHHX BEYETOB, & BTODAH —
A3 KBaJPaTAYHKIX HEBHIYETOB II0 MOAYJIO p.
D, a. BHBeCTH Teopuio ¢paBHEHWM BHUjA

xzsd(mpd ) (a, p) =1,

"PeIICTaBJIHH a U r B cUCTEeMe HCYACNIeHHA ¢ OCHOBaHWwey N
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b, BepectE TeOP'EN cpaREeHEE BHIR
H=a(mod2®); (a, 2)=1,

UPelCTaB/AAA @ B Z B CACTEMe MCYHCIICHHWA ¢ OCHOBAHHEM 2.
6. JloxasaTs, 4T0 PermeHHA CPaBHEHUA

z* =a(mod p*);  (a, p)=1
Gynyr z = + PQ’ (mod p*), rge
pGrVar+eVao*  @+Va)—G—Va)y
= 5 2, Q= ——rz)
2V a
22 =a(mod p), QQ’ =1 (mnod p*).

7. YrasaTh cnoco0 pemends cpaBHerds z®= 1(modm), ocHo-
BAHHEIA HA TOM OGCTOATENILCTBE, WTO YKA3aHHOe CpABHEHHWe PABHO-
CRIIBHO TAROMY: (z~—1) (z+ 1) = 0 (mod m).

8. Hycrs (E-)=0 npz (e, p)=p.

a. IIpm (k, p)=1 poxrasars, aro
p—1
2 (m(x-#—'k))_’__1 .
5 .
=0

b. Ilycts KasKpoe W3 9YmMceNd ¢ U Y MMeeT OHO W3 sHaueHmHd + 1,
T—uueno map =z, z-+1, rae z=1, 2, ..., p—2, ¢ ycaosuem

z 1+ 1
= Y=g, =7. MOKA34Th, 4TO
(F)= (5=

1 —1

e. Oyers (k, p)=1,
zy + k
S=ZZ< 2 )
£

rge x B y npoberalor BospacTaloniie IOCIENOBATENBHOCTH, COCTA-
BIIeHAHE COOTBETCTBeHHO M3 X H Y BHYeTOB NONHOH CHCTOMH IO
mopymo p. [lokasath, 4To

|$| < V2X¥p.

Jlna  poKasaTenbCcTBA clliefyeT BOCIIOJIBSOBATBCA HEPaBeHCTBOM

ner3[3(5
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A

§
.d. Ilycre Q—meioe, 1 <Q < p,

p—1 Q-1
R
. S=ZS§;; Sx:Z(-P ).
x=0 z=0

a) HNorasars, uto S=(p—Q)Q.
§) Oycte A—mpocroarnoe; 0 <A< 1. [oxasare, 4910 9Hcio T
gucen paja r=0, 1, ..., p—1, g4 KOTOPHX He BHIIONXHACTCA YCJIO-

BOE S < QO’HO’5 A YIOBIETBOPHET YCJIOBHIO T<pQ"".
1) Oycrs p > 25, M —mpenoe. [lokasate, 9T0 B pAne

M, M+1, ..., M+3[Vpl—1

AMeeTcs KBaJPATHYHHE HeBHYET IO MOXYIIO p.
9, a. JlokasaTh, 4TO WHCJIO HpejcTaBleHEH memoro m > 1 B BAfe

m=z+y?, (z,y)=1, z>0,y>0 (1)

PaBHO UHCIY pemeHHH cpaBHEHHA
2%+ 1 = 0(mod m). 2)
Jlna gowasaTeNsCTEA, MNOMOMKHAE t==V m, BOCTIONE30BATACA Tped-
z
cTaBTemuen a=-- cOrvIacuo Teopeve pompoca 4, b, rr. I, m pacemo-

TPeTh CpPaBHEHHe, NOJydaeMoe MOWIeHHHM yMHOkeHmeM (2) Ha Q2
b. IIycts a—oppo m3 umcen 2 m 3. [lokasaTh, 9YTO YHCIO Tpej-
CTaBJICHHA HPOCTOrO p C YCJIOBHEM p > a B BHUMAE

p=2%+ay’, x>0, y>0 3)

[ABHO NOJIOBHHE YKCJIA PeUIeHHE CpaBHERHA
22+ a = 0 (mod p). (4)

¢. Hycts p umeer sug 4m+1, (k, p)=1.

x=0

Horasats, uro ([I. C. I'opmxos)
a) & (k)—ugérHOE WHCIIO.

8) S (kz%:(%) S (k).

1) pm (%):1, (%): —1 mMeem (cp. Bompoc a)

p=<%s (r)>2+<—%—5(n)>z.

+
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10. Mycrs D—nenoe MONOMATENLHOS, He HBAAIOIEECA KBajpa-
TOM nmenoro gwdcaa. JloxkasaTts, 9TO!
a. Ecam npm namsoM nmesiom k ypasHeHMIO
) 22— Dyt =k
YAOBIETBOPAIOT jBe NApH HeJHX I==z,, Y=Y, WU Tz==Zy, Y==Y.
TO YPaBHEHHIO
: X2—DY2=k?
yAoOBIeTBOPAIOT uedkle X, Y, ompegensemule pPaBeHCTBOM (3HAK +
BRIOEpaeTCA NPOUSBOJILHO)

X+YVD=(2:4% VD) (x» + uV D).
b. Vpasrenne (ypaseenne ITersa)
: o Dyr=1 @)
paspemiEMo B HEJHX ITOJIOMUTENEHHEX T, Y.
¢. Ecnm 2y, yy—Napa NONOMKHUTEIRHKX , ¥ ¢ HAUMEHLIIEM T

(mnm, wro pasmocmabEO, ¢ HammempmuMm z-+y V D),  yaoBmeTsopa-
omas ypaprermio (1), To Bee NADH NONOKWTENHHHEX 2, Y, Y/IOBIe-
TBOpAIOL[AE 3TOMY YDPABHEHMIO, ONPEJEIATCH PABEHCTBOM

z+yVD=(zy4+ 4V D); r=1,2 ... (2)
11, a. Tlyers a—nemnoe.

p—1 L ax
2ni —
= z 14
Ua,p=2 (7)8 :
x=1

) IIpm (a, p)=1 jokasats, wro ]Ua,p{_—_[/;,
Nnsi joxasaTenscTsa ciexyer cymmy U, , YMEOKHTE Ha CONDH-

JREHHYI0, IONydaeMylo 3aMeHodl [ ma —i. (OGos@auan GyxBaME z,
A Z NepeMeHHHE CYMMHDOBAHNA OCHOBHOH M COUDAMEHHOH cymMm,
ciefyer co0paTh BMecTe Te WIeHH NPOM3BENEHHA, T'/le OPH AAHHOM |

z; = at (mod p),
ANH e
2, = x4t (mod p).

()=
p/) Uy,

b. Myery m > 2, (a, m)=1,

8) Howaasars, uro
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a) Jlorasars, 9r0 S, = U,, p (sompoc a).

B) U3 Teopem BONpOCOB a) M &, a) ciaeqyeT, 4TO So, p= Vor.
Jlokasatb ciepyommi Gosiee oGmui pesysbrar:

lSa'm|=]/';;, eciim m = 1(mod 2),
| Sg, m1=0, ecim m = 2 (mod 4),
| Sg, m\=]/"27n-, eciir m = 0 (mod 4).

7) Oycrs m > 1, (24, m)=1, e=mwboe neisoe u9mcao. JLoka-
3aTh, 4TO

m—1 L Ax?4ax

2m——m— e
DI
x=0

12, a. Ilyets m—nuesoe, npesocxofsamee 1, M u Q—memwe,
0K M < M+Q< m, Y 0603HATACT CYMMy, pACIPOCTPANEHHYIO IO

z

14
2 Ha BaJAHAYI0 COBOKYNHOCTH HEJHX WHCET, a ) 0603HAUACT CYMMY,
z

pacnpocTpaHEHHYIO NO 2z JIANIL HA 9YACHA HTOH COBOKYIHOCTH, CPABHH-
MEe IO MORYJII m C YHCIAMU

M, M+1, ..., M+Q—1.

IIycrs, mamee, ¢pynxnua @ (z) takopa, 4TO NPH HEKOTOPOM A H ITio-
6oM a=1, 2, ..., m—1 AmMeeM

Az
1 Yew e2“7"! <a
z

Horasarts, 4to

2' @(z):% D) @ (2)+ 03 (In m—3),

!

rae |6} < 1, 8 > 0 Bcerna, 6>% mpu m>12, 8 > 1 upn m = 60.

b. Mycre M u Q—mnenste, 0 < M < M +Q < p.
a) [lokasaTsp, 4TO
M+Q-—-1

3 Gy
=M
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8) Iyets R—v9@c0 KBaZPaTHIHKX BHYeTOB H [N ~-9ACIO0 KBa-
ApaTHYHRIX HeBH4ueToB B pAfme M, M 41, ..., M +Q—1. J[lokasars,
910

1 | - BRI
=§Q+7VP1HP, N=7Q——2—1/plnp; [8] < 1.

1) ®opMyIIEl BONpoca B) BEBecTH, mOsB3YACH TeopeMoil BOmpoca
11, b, ) u Teopemoil Bompoca a.

8) Hycte m > 60, (24, m)=1, M, u Q, —ueante, 0 < My < M,+
+Qp & m. I[oxaaa'rr, 9TO0
Mo+ Qo—1 9ri Ax?

[Apiand
m |

e ’ <V minm,
x:Mo
e) lycte p > 60, (A, p)=1, My u Qy—nensie, 0 < My < My+

+Qy<p u T obosmagaer umcao umcen paAga Az? z=DM,,
My+1,...,My+ Qy—1, CPABHEMEIX II0 MOJYJI0 p ¢ UUCJAMH pAAA

M, M+1, ..., M +Q—1. lorasars, 910

T=Q—;Q +6Vp(n p).

¢. ®opmyns ponpoca b, B) BHBecTH, paccMarpmBas CyMMY

p—1p—1M+Q—-t M+Q~-1 2“an(ac oY)
33 3 3 ()
a=0a=1 ==

Ymcaennpie NpEMepsl K riase V.

1, a. Cpegu BHYETOB HPHBEIEHHOH CHCTEMEl 110 MOAYIK 23 yxa-

BaTh KBAJpATU9HEIE BHIYETHL.
b. Cpepn Briueros mpmBenEHHON cmcTeME o Moaytano 37 yxa-

8aTh KBaJlpATHYHEE HEBHIYETHL.
2, a. Tlpumenas e, § 1, yxasaTe umucio pemmeHnmd cpaBHeHHH
a) xz? = 3 (mod 31); B) 22 = 2(mod 31).
b. VkasaTth yHclI0 pemeHHMH cpaBHeHWI:
a) % = 5(mod 73); B) 2?= 3 (mod 73).

3, a. Brumensin camBon flko6H, ykasaTh 9HMCIIO pemeHAA cpas-

peHuil
a) x? =226 (mod 563);  3) 2* = 429 (mod 563).
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»

b. YkasaTe 9HCI0 pemeBdi cpapHeHHi

a) z® = 3766 (mod 5987); §) z* = 3149 (mod 5987).

4, a. Ilpamemaa cmoco6m BompocoB 2, a; 2, b; 2, ¢, penmrts
CpaBHEEHHA:

a) z? = 5(mod 19); B) 2% = 5(mod 29); 7) z*= 2(mod 97).
b. PemuTs cpaBHeHHA:
a) z? = 2(mod 311); 8) z® = 3 (mod 277); 7y) z? = 11 (mod 353).
5, a. Pemnrs cpasHenme z? = 59 (mod 125) cmocobamu
a) b, § 4 B) Bompoca 5, a; y) Bompoca 6.

b. Pemuts cpaBHeHne z® = 91 (mod 243).
6, a. PemuTs cpaBHeHHe x2 = 41 (mod 64) cocobamn:

a) e, § 4; B) Bompoca 5, b

b. Pewuth cpasEeHEe z® = 145 (mod 256).



I'JIABA HMECTAfL. -
INEPBOOBPASHBIE KOPHU N WHAEKCBI.

§ 1. OGmue Teopemsl,

a. Ilpa (a, m) =1 cymecTByloT HOROKUTEILHEE Y
¢ ycaosueMm a¥==1(modm), manpumep (Teopema Siinepa)
Y=¢(m). Haummenbmee u3 HuX HaskBaeTCA: nOKA3amedd,
komopomy a npuradaexncum no modyaw m.

b. Ecau a no mpdyaw m npunadaescum nokasame-

a0 5, mo wucaa 1§, al, ..., a1 no modymo m me-
CPABHUMBL.

HeiicrpaTenbro, u3 al=da*(modm), 0Kk < I <?¥ cae-
mopaito Gul al~¥==1(modm); 0 <!—& < 3, uro mpotusope-

YUT OIPEICIICHUI0 5.

c. Ecau a no modyao m npunadaecum noxasamearo &, mo
a¥==aY (mod m) mozda u moavko moada, koeda ==y’ (mod 3);
¢ wacmuocmu (npu Y =0), a¥=1 (mod m) moeda u moavkro
moz0a, koz0a y Oesumcsa na 6.

[lelicTBuTeBHO, IyCTh 7 W 7y — HaWMeHBUINE HEOTpU-
[aTeJabHLE BBIYETHl 4mcesl Y M Yy’ 10 MOAYJI0 &; TOIjla OIpH
HEKOTOPHX g M ¢, umeeM Y=28q¢+7, ' =38¢, + . Orcozna
1 u3 a®=1 (modm) caenyer

a¥ = (a%)%™ =a" (modm),
a¥ = (a®)1an = q" (mod m).
Tlosromy a¥==a"1(modm) Torma ® TOMBKO TOrHAA, KOIfa
ar= a’l (modm), . e. (b), worua r=r,.
Uz as (=1 (modm) mw 3 ¢ (y =0) caegyer, d9ro

cp(m) genntca Ha 5. Taxum obpasoM nokasameau, komo-
s yucaa npunadsexncam no molyao m, cymbv desumen



§ 2. REPBOQBPASHEIE HOPHU 110 MOIVIAM p% i 2p* 93.

@(m). HamGompmmii W3 3THX jemmTeNeil écTh caMo @ (m).

qncna NpEEAJIe/KAmKUe HOKasaTelmlo @ (m) (ecium TaKme
cymeCTBymT) Ha3HBATCA  nepeo0l pasHELMU KODHAMU TO
Modyio m,

§ 2. llepBooGpasebie KOPHE 1O MOXYIAM p* U 2p*.

a. Ilyers p—mupocroe weuéraoe m a>1. [loxamem
CYImeCTBOBaHAe MepBo0GpasHREIX KopHell o Moy naM p* u 2p*.

b. Ecau x no modyaw m npunadescum nokadametio
ab, mo xz* npanadaescum norasamenio b.

HeficTBaTensno, OycTh z° TPHHAMISHKHT MOKA3aTeII0 5.
Torma (2%)®==1 (modm), orxyna z?*=1 (modm); caeno-
BaTeNBHO (¢, § 1) a’ menmrca Ha ab, 1. e. & penutca Ha b.
C ngpyroit  cropomsl, z%®=1 (modm) OTKyfA (%)=
=1 (mod m); caerosarensuo (c, 1) b nenmrca Ha 4. IloaTomy

'
Q_

ce. Ecau x no modysio m npuHa@JLeo;‘cum noKa3amenio
a, a y—noxasamesro b, npuuwém (a, b)=1, mo zy npu-
nadaeocum. norasameiio ab.

HeficTBATILHO, MHYCTh XYy IPUHAJIIEIKAT MOKA3ATENIO O,
Torma (zy)>=1 (modm). Orcooma z»y**=1 (modm) u
(¢, § 1) 2¥=1 (modm). Iloaromy - (e, § 1) b3 pemurcs
HA @, H BBERY (b, a)y=1 & menmrca na a. Tax me HaxO-
IEM, 9TO § AeJHTCcA Ha b. I_[eJIHCL e Ha a u Ha b, BBURY
(a, b)=1 3 pemmrea m Ha ab. C pmpyroif cTopomH, n3
(zy)? = 1 (mod m) cuepyet (¢, § 1), uT0 ab pemmres Ha 3.
[Tosromy & = ab.

d. Cywecmeyiom nepeoo6pasnsie rKopnu no wmodyrio p.

HeiicTBATe b0, OycTh < — 00mee HAHMOHBINEE KpAT-
HOe BceX TeX HOKaszaTeilell

N 617 62: LIRS arv ) (1)
KasKJIOMY H3 KOTOPHIX 110 MOAYII ' p IPHHANIEKAT XOTA OHI
oxmHo 4mciao paga 1, 2, ..., p—1, muycrs T = gilgs? . .. gpk —

KAaHOHMYCCKOE pa3ioikeHme 4YAcja T; TOTAA IpH KaMKAOM §
cpe;m gncen (1) cymecTByer HeKoTopoe 3, uenﬂmeeCH

HA. qse H TeM CaMEM Ope;IcTABAMOE B q)opue & =aqr. Ecau
X — 9UCIO, npuHaunemamee HOKasaTell §, 10, COIJIACHO b,

Xy =z° IpAdafJIe AT HOI\a3aTeJIIO qs . CKa3aHHOe OTHOCHTCH
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ks=1, 2, ..., k; COTIacHO © UHCAO g=T;%; ... Z, UPH-
HAJUIEXKAT TIOKA3aTed0 q;lg5s ... gpk = 1.

Ho mockomeky mnoxkasarens (1) cyTs aemarenm umcina <,
t0o Bce wumcna 1, 2, ..., p—1 ynosnersopsawor (¢, § 1)
cpapEeRmi0  z° = 1 (mod p). 3mauwmr (¢, § 4, ra. IV),
p—1<r. Ho t— menmrens wmcina p—1. [lostomy 1 =p ~1,
T. €. g — mepBooOpa3HKil KOpeHs.

e. [lycms g —nepeoobpasubili Kopens no modyaio p.
Mooxcro  yrasamv t ¢ ycaosuem, wmo u, onpedessemoe
pasercmeosm (g+ pt)?~L=1+ pu, ne deaumcs na p. Coom-
eemcmeyioujee g + pt 6ydem nepeoob pasHuM KopHeM TO
MoByaro p* npu awbom a > 1.

JeiicTouTensHo, mMeem

gr-i=1+ PTo’
@+ pt)y-t=14p(To—gr~%+ pl)=14pu, (2)
T1e, ONHOBPEMEHHO ¢ £, u mpoeraer MOJHYI0 CHCTEMY BEIYCTOB
no Moxymwo p. lloaToMy MoHO yKasaThb ¢ ¢ yCJa0BHEM, 4TO U
He penurca Ha p. llpm ykasanmoM ¢ m3 (2) BHBOAMM TaKiKe
(g+ pt)r =1 = (1 + pu)? = 1 + pu,, }

(8 + py" == (1 + pur)p =1 + pus,

.....................

3)

rae 4y, Us, ... He JEIATCA Ha p.
Ilycts g+ pt mo MoAylio p* OPHHAIEIKHT TOKA3A-
tesmio 5. Torxda
(g + pt)*=1(mod p*). (4)
Orcioma (g + pt)*=1 (mod p); caenoBaTensHO, 3 KpaTHO
p—1, a rTak =wak ¢ pemnt ¢(p*)=p*~l(p—1), TO
f=p~(p—1), rme r—omno w3 umeceax 1, 2, ..., a.
daMeHAA NeByl dacTh CDaBHeHMA (4) e& BHpameHHeM U3
COOTBETCTBYIOIEro M3 paBeHCTB (2) m (3), momydmM (u = u,)

1+ pru,=1 (mod p*), p"= 0(mod p*), r =a, 3=9(p*),

1. . g + pt~mepBO0GpABHRI KOPEHE MO MOXYMIO p°*.

f. IIyemv a>1 u g, —nepgoobpasnsti xopenv no
Modyao p*. Hewémnoe us wucer g, u g, + p* 6ydem nepgo-
06 pasrbim KOpHeM NO ModYalo 2p*.
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HeficTBATENbHO, BCAKOE HOYETHO® Z, YMOBJIETBOPAMIIES
ofHOMY m3 cpaBHeHEE zT=:1 (mod p*) m z¥z= 1 (mod 2p%),
OYeBAJHO, YHoBIeTBopAeT u mapyromy. Ilostomy BsBBEOY
9 (p*) =9 (2p*) Bcaxoe HedbTHOe z, ABIAKINEecA HepBO-
06pa3HmM KOpDHEM @0 ONHOMYy mM3 Monymeid p* m 2p%,
ABiAeTcA uepBooOpasHEIM KopHeM m mo apyromy. Ho m3
OBYX mepBooOpasHHIX KOpPHeH g, ®m g;-+ p* L0 MONYdio p*
OIIMH — HEMPEeMEHHO HEYETHHIA; OH, CJefoBaTeNbHO, Oyner
HepBoo0pasHEIM KOpHEM H IO MOZYJR 2p®.

§ 3. Paspickanne mepBooGpasHBIX KOpHei
no MonyusaM p* m 2p°.

IlepBooOpasHEle KOPHH IO MORYAAM p* W 2p%, rhe
p —IpocToe HedeTHOE W @ > 1, MOMKHO pa3BICKHBATh, HOJb-
3ysch ciaepyfonieil obmell TeopeMoii:

Hycmys c=9¢(m) u ¢, G, ..., ¢ — pasiuvHsie NpPoO-
cmule Jeaumean wucaa c. [as mozo «mobGel wucA0 g, 63AUMHO
npocmoe ¢ m, OO0 Nepeoos Pa3HwlM KOpHeM NO MOOYyrio m,
Heobzodumo u docmamoyro, wmobul smo g He YO0081emeopano
HU 00noMYy U3 CpasHenuil

c C [

g% =1 (modm), g% =1 (modm), ...,g% =1 (modm). (1)

HelicTBETEABHO, eclm g — nepBoo6pa3HH  KOPEHb,
TO TeM CaMHM OHO HPHHAJIEIRUT MTOKA3aTeNl0 ¢ H, Cie-
IOBATEeJBHO, HH OJHOMY m3 cpaBHenwil (1) ynoBieTBOpATH
HE MOMeT.

O6patHo, momycTHM, 9TO g He YIOBIETBOPSET HHU OJNHOMY
3 cpapuennid (1). Ecim 6m Dokasarens §, KOTOpoMy HpH-
HaJJICIKAT g, OKasalcd MeHbIne ¢, To, o6ozHadag OyKBOWO ¢

OAMH m3 npoca‘mx menuTesien %, ME uMenn 6H -;—=qu,
£
q
MeHA0. JHAYMT, & = ¢ H g — MepBo0Gpa3HEI KOpeHb.
Mpamep 1. Hycrs m=41. Umeem ¢ (41)=40==23 . 5,

=8, ———20 CremoBaTesIpHO, mJIA TOro 9YTOOH YHCIO g,

= {u, gq 1 (mod p), d9TOo HpOTHBOpeUAT HallleMy HOIY-

40
5
HE JIG.TIHI]leeCH Ha 41, OHZO HepBOOGpasHEIM KOpDHEM NO
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mopymo 41, mHeobGxomjmMo m HocraTodHO, 4YToOH B8TO g
HO YAOBJIETBODAJIO HE ONHOMY M3 CpDaBHOHHI

gé==1 (mod 41); g¥=1 (mod41). (2)

Ho, ncomrtmBas uwmeaa 2, 3, 4, ..., HaxoguM (o Mopyao 41)
28=10, 3%=1, 48=18, 5%=18, 6%=10,
220 =1, 40 =1, 5%0=1, 620=40,

Orcroma BHpnmM, wro d9meaa 2, 3, 4, 5—mHe mepsBooOpas-
HEHle KOPHH, TaK KaK KaKA0e U3 HHX YJOBIETBOpSET,
oo KpaiiHeidl Mepe, OfHOMY u3 cpaBHeHmit (2). Umcao 6 — mep-
BoOOpa3HEIA KOpeHb, TAaK KAaK OHO He YAOBIETBOpHET
HH OHOMY B3 cpaBHeHmil (2)..

Mpumep 2. Ilyete m=1681=141%. IlepBooGpasuniit
KOpeHb M 31eck MOKHO OO OH HajiTh, HONBL3yACH obineil
teopemoit. Ho MEL maliném ero mpome, mpumensa Teopemy
e, § 2. 3maa ymxe (upmmep 1), duro mepBoOGpadHBIA
Kopensr mo Momyaie 41 ecte 6, Haxommm

640 =1 4 41 (3 +41),
(6 +412)%0 =1 1 41 (3417 — 6% + 41T) =1 + 41u.

Yrobul u mHe pmeamioch Ha 41 pocrarounmo B3ste £=0.
[TosToMy B nauecTBe mnepBooOpa3HOrc KOpHA HO MOAYII0
1681 ‘mosxuo B3aATH uucio 6 441 - 0 =6.

Mpumep 3. Ilycrs m=3362=2.1681. IlepsooG-
pasH®RI KOpPeHh H 37lech MOKHO OBLIO OH HAHTH, IONB3YSICH
o6meil Teopemoil. Ho Mn HaiinéM ero mpome, mpumeHas
treopemy f, § 2. 3mas y:xe (upmmep 2), 4ro mepBooOpasHEL
KopeHb mo Mopnyiao 1681 ects 6, B ragecTBe mepBoOGpas-
HOTO KOpPHA m0 Momyio 3362 MoKHO B3ATH HEYETHOE W3
gncen 6, 6 + 1681, t. e. umeao 1687.

§ 4. Unpexcsl no mMoxyasamM p* u 2p-*.

a. Ilycte p—mpocroe mewérnoe, a>1; m—opHo wu3
gncen p* um 2p*; ¢ = ¢ (m), §— nepBoolGpasHbi KOPeHb IO Mo-

Iy m. «
b. Ecau § npobezaecm wnaumervuinie Heom puyamenbHbie
eitvemer ¥ =0, 1, ..., c—1 no modyso ¢, mo- g¥ npooezaem

npusedénnyI0 cucmemy 6uNemog no modyao m.
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JeiicTBrTensHO, gY mpoberaer ¢ wmces, B3aMMHO Opo-
CTHX ¢ m H®, BBEAY b, § 1, He cpaBHmMEHX DO MoAymio m.

¢. [lna uncen a, B3aWMHO NPOCTHX C M, BBEAEM IO-
BATEe 060 HHAEKce, HpeACTaBJIAIIIee AHAJOTHIO IOHATHIO
0o JorapmMe; Ipm 5TOM N0EepBOOOPA3HEI KOpeHb WIrpaer
Poyb, AHAJNOTMYHYI0 POJNH OCHOBAHHA JIOrapuMoB.

Ecan

a=g"(modm)

(cumraem ¢3>0), To Y Ha3zEBaeTcA unOeKkCOM wUCAQ @ RO
#M00yal0 m npu ocnosanuu g W oGo3HavaeTcd CHMBOJIOM
Y=inda (Tounee y=ind,a).

Bouny b Beskoe @, BsamMHO IpocTOe € M, HMeeT He-
KOTOPHIH €IMHCTBEHHHIN HHIEKC |’ Cpeal dhcell paga

y=0,1, ..., c—1.

3Hag y', MH MO)KeM YKa3aTh W BCe HHACKCH WUHCIA a;
cormacio ¢, § 1 sro Oyzyr Bce HeoTpHERATeJBLHEE YHCAA
Kjacca

Y=17v' (modc).

HenocpeacTsenno ®3 JaHHOTO 31¢Ch ONIpenelieHHd HH-
ZeKca clieflyeT, 9ro 9YHC/Ia ¢ JAaHHBIM HHIEKCOM Y oOpasyior
K7acc 9uces IO MOLYdio m.

d. Hmeem

indab.../=inde 4-ind b+ ... 4 ind/ (mod ¢)
u, 8 wacmHocmu,
inde"=nind a (modc).
HeiicrsrTensno,
a=girde(modm), b=gindd(modm), ...
' ' : .., {=gimdi(modm),
OTKYQa, IepeMHOKasg, HaXOLUM

ab ... [Egind a+ind b+...+ind 1 (mod m)

Caeposarensno, inde +ind b4 ...+ ind /—ogma n3 wuB-
lexcoB mpomaBeseHms ab ... ..
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e. Beuny- npamnqecnon HOJ’IBE}BI AHIEKCOB T Kamoro
IPOCTOro MOAYJIA p (pasyMmeercs, He CIMIIKOM GoJBIIOro)
“cocTaBIeHH mabauysl uﬂaencoe dro aBe Tabimm; omAa —
A7 HaXOJKNeHHA HMHAEKCA HO YHCIy, Apyrasa— Jjifd Haxo-
JKIeHuA dYAcjaa mo wWHAeKcy. Tabnmmel cojepsiaT HaMMeHb-
Iige HEOTPHIATeJbHBe BBHIYETH ducels (IpUBelHHAA CHCTEMA)
A WX HAMMEHBUIMX UHJEKCOB (MOJIHAS CHCTEMAa) COOTBET-

CTBEHHO IO MOAYJIAM p M c=¢(p)=p—1.
. HNpuwmep. IloctpouM yrasauHEHE Ta6nnu51 A7A Monydid
‘p=41. Bume Gbu0 IOKa3aHO (nppmep 1, § 3), wuro

nepBooGpasusiM kopHeM mo Mopyalo 41 Gynper g =6; ero
MBl mpuMeM 3a ocHoBanme wuupexcoB. Haxommm (cpaBnenus
Gepyrca mo Momymio 41):
60==1 68=10 6%=18 62==16 632=237
6l=6 6°=19 6175:-26 625 =14 633=17
62== 36' 610=32 618= 626= 2 63=20
6= 61 =28 6= 34 627 =12 6% =38
64 = 25 612= 4 6¥=40 6%=31 6%=123
65=27 63=24 621=30 6¥=22 6=15
=39 614=21 62= 5 6= 9 63¥= 8§
67=29 65= 3 68=30 631=<13 6= 7

MO9TOMY YHKa3daHIble Ta6JII/II.IBI OleyT

nlo|1|2]sl4|sl6|7]8]e tloft|2|3]4|5(6]7 |89
ol | ol26l15|12| 22| 1|39|38/30] | 0| 1| 6|36|11|25]27(39| 20| 10] 19
1| 8| 3l27|31/25| 37|24/ 33| 16| 9| | 1 [32028] 4l24l21] 318] 26 | 33|34
2 (34l14l2036(13| 4l17] 5|11| 7| | 2 |40(35 5|30|16]14] 2| 12|31 |22
3 |123)28/10[18119] 21| 2/ 32 | 35| 6 | 3 | 9[13/37)17|20138]23 15| 8] 7
alpol | ] 1]

3aech HOMEp CTPOKH YKashBaeT HHCJIO JEeCATKOB, HOMep
CTonﬁua—tmcno enuEmn wdmcaa (mHpekca). B rpade, obmen
YKa3aHHEIM CTpOKe © uro.rl6uy, noMemaercs COOTBeTCTBy-
oMUl MHACKC (dmciio).
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Hanpmmep, ind 25 pafiném B rpa(be nepBoit - Tabumuel,
o0meii cTpoke ¢ HomepoM 2 cronbny ¢ HOMEPOM 5,
1. e. ind25=4. Umeno, mumexc KoToporo 33, Halgém
B rpade Bropoil Tabamum, ofmeil cTpoke ¢ BHoMepoM 3
u cronbuny ¢ HomepoMm 3, T. e. 33=ind 17.

§ 3. CaepcrBua npenbmymeﬁ TeopuH.

a. llyers p —opoctoe meuértHoe; a>1, m-—omHo wus3
amucen p*, 2p*, Haromell, = g (m).

b. ITycms (n, ¢)=d; moeda:

1. C pasnenue

2t = a (mod m) (1)

paspewumo (4 meMm camblm @ ecmb gbluem CMENEHU N RO

M00yalo m) mozda u moavko mozda, roeda inda pamen d.
B cayuae paspewumocmu cpasmnenue umeem d pewieHul.
2. B npusedénnoii cucmeMe 6uinemog no MOOYAID M wUCAO

4
ébvlyemos cmeneHu n ecmbs rk

HeticTBaTensuo, cpaBnenne (1) paBHOCHIBHO TakoMy:
nind x = ind a (mod c), (2)

KOTOpOe pa3pellAMO TOrAa M TOJBKO TOTAA, Korga ind a
xpaten d (d, § 2, ra. IV).

B cayvae paspeummoctu cpasmeHus (2) naiaém d me-
CPaBHEMHX II0 MOAYN0 ¢ 3BauweHmil Aaa ind x; uM oTBe-
9gaerT d HeCPaBHAMEIX [0 MOAYJIO rm 3HAYeHWH Aja Z.

TaknM o6pasoM BepHO yTBepskmenme 1.

Cpeau wumcenr O, 1, ..., c—1, aABIAIOMEAXCA HAUMEHb~
IIAME RHAEKCAMH BHYETOB IPUBEJEHHOH CHCTEMHl 1O MO-

Y0 M, AMeeTcA di KpaTHex d. IlosTomy BepHo yTBep=
< peHme 2.
Ipumep 1. [Ina cpaBrenmn
z8 =23 (mod 41) (3)

nmeeM (8, 40) =8, ppmuém ind 23 =236 we pemmrca Ha 8.
" [losTomy cpaBHeHMe (3) Hepa3pemmMo.



i00 f'i1. V1. HEPBOOEPASRLIE KOPHIT 1 MHIOEKCH

lMprmep 2. [Ina cpasmennms
x12=37 (mod 41) (4)
nmeeM (12, 40) =4, npmuém ind 37 =32 peamrea mna 4.

IlosTromy cpaBHenme (4) paspemmMo, NpPHYEM 5TO CPABHEHHE
uMeeT 4 pelleHud. YKalaHHHE pelleHus HaUAEM ciaemy-

romum obpasom.
CpasHenre (4) paBHOCHIBHO TaKHM!:
12 ind z =:32 (mod 40), ind x=:6 (mod 10).

Orciopa ana indz mnaiiném 4 HecpaBHEMEBIX IO MOAyJ0 40
3HAYEHNST:
indx =6, 16, 26, 36,
COOTBETCTBEHHO ¥eMy HalgéM 4 pemenus cpasaenns (4)
x==39; 18; 2; 23 (mod 41).
Ilpumep 3. Yucia
1, 4, 10, 16, 18, 23, 25, 31, 37, 40, )]

HHAGKCH KOTOPHIX KpaTHBL 4, cyTh Bce OMKBagpaTHUNbLIe
BHUCTH (MM TarKke BbYeTsl 000l cremenm n =12, 28,
36, ..., rme (n, 40)=4), wMeomueca CpegM HAMMCHBIINX
HOJIOJKATENBHEIX BHIYeTOB no Momysio 41. Umesno w[mcen

pama (5) ecrs 10:—&49.
¢. OnmoBpemenno c yrsepsknenueM b, 1 momesso cae-

nyromee:
Yucae a ecmd evluem cmenenn R no modyaw m mozda

u moavko mozda, koz2da

- a? =1 (mod m). (6)
HesicrButennno, ycaoBme inda=:0(modd) paBHOCHIBEHO

c
-TaKoMy: — inda==0(mod ¢). Ilocnegnee e paBHOCHIILHO

ycaosmio (6).
IIpumep. B reopeme § 3 HeBO3MOIKIOCTH CpaBHEHHEA

g—=1 (mod m) paBHOCHWIBHA YCJIOBHIO, HTO g — HeBHIYET
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CTemeHNM ¢ IO MOAYJII0O M. B YaCTHOCTH, HEBO3MOHHOCTL
¢

cpaBHeHOSA g% =1 (mod m) paBHOCWIbHA YCIOBHIO, YTO
g — KBajpaTAYHEI HEBEUET HO MOnyJo m (cp. e, § 1, ra. V).
d. 1. Ilokasameadv 8, kKomopomy a npunadiexcum ro

. c
smodyaro  m, onpedeasemcs  pasencmsonm (ind a, ¢)= =

8 WACMHOCIUL, N PUHAOAEHCHOCID & K YUCALY Nepsood pasHule
Ko preid no modyaio m on pedeasemces pasercmeonm (ind a, ¢)==1.
2. B npueedénnoii cucmeme 6vuemog RO MOOYAI0 M HUCAO
Yuces, nPUHAOLCHCAUUT NOEA3AmMenio o, ecmbdb ¢ (5); 6 4acmmuo-
cMu, 4uCA0 nepeool pasHuLL Ko pHel ecmdv @ (c).
HefictBuTensno, & ecTh HANMEHBITHH JEJHTENHb ¢ C YCIO-
BueM a’==1 (mod /m). 9ro ycioBme paBHOCHIBLHO

¢ ind a==0(mod ¢),
BN
ind a=0 (mod »Z—

- o [
3naunT, -~ HaUMEHBIIWH JEJATeddb c, OpH  KOTOPOM —

. C w
mennt ind a, oTciona —(?——HaI/I6OJII:H_I]?II/I meJnTensL ¢, meiif-

mai ind @, T. e. = (ind a, ¢). IloaToMy BepHO yTBep-

02‘ o

wmpenne 1.
Cpegn =mcen 0, 1, ..., ¢ — 1, ABIAIIHXCA HAUMEHB-
IIEMH HHJEKcaMH BEYETOB HPUBENCHHOH CHCTEMEI IO MoO-

c c
AymIio m, HKpaTHHMHA F ABJIAIOTCA 4YHpcjda BHJa -&—y, rae

y=0,1, ..., §—1. Venosnme (—;— Y, c)s% PaBHOCAJIBHO

yenosmo (y, 5) =1; mocimenmemy ymomserBopser ¢ () 3Ha-
wenuii y. Iloatomy BepHo yrBepmenue 2.
IDpumep 1. B npuseméumoil cmcreme BHIYETOB IO

Momymio 41 wumcaamm, npumamne;kamumm morasateso 10,
- .o 40
ABIAIOTCA 4mella ¢ ¢ ycraosueM (ind a, 40):—1—(—)= » T. €,

gnacJa

4, 23, 25, 31.
Yucno armx wmeen ects 4 = ¢ (10). R
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Ilpmmep 2. B upmeeaiuHOil cmCTeMe BHI9eTOB IO
Monymio 41 1mepBoo6pasHHIME KODHAME HABJIAIOTCA €HCIA 4
¢ ycnosweM (ind a, 40) =1, T. e. umcma
6, 7, 11, 12, 13, 15, 17, 19, 22, 24, 26, 28, 29, 30, 34, 35.
Yneno srax uep3006pasﬂmx KopHell ects 16 = ¢ (40).

§ 6. Hugexest no momymio 2%,

a. OIna wmomyns 2° mpepsimymas Teopus 3aMEHAETCH
HECKOIIBPKO (0J1€€e CIIOMKHOM. o
b. Iyers a==1. Torga 2*=2. Umeem ¢(2)=1. Hepso-
o0pasHEIM KOpHeM 1II0 Moxgyno 2 Gymer, HaIpHMep,
1=—1 (mod 2). UYmemro 1°=(—1)°=1 obpasyer mupuse-
JEHHYIO CHCTeMy BBI96TOB IO MOAYJI0 2.
c. llyers a=2. Torpa 2°=4. Umeem ¢(4)= 2. Ilep-
BooOpas3HEIM KOpHeM Io Moxyaw 4 Oypger, Hanpumep,
= —1 (mod 4). Umena (—1)°=1, (—1)'==3 (mod 4)
00pasyloT IpUBEIEHHYI0 CHCTEMYy BEIYETOB HO MOZYJIIO 4.
d. Tlyers «>3. Torma 2°>8. Hmeem ¢(27)=2""".
Herpynmuo BumpeTs, uTO IlepBOOGpPA3HEX KODHe B BTOM
cayuae merT; Oojlee TOUHO: IIOKa3aTelb, KOTOPOMY IpHHAJ-

MEKUT TO MOJYT0 2° HEYETHOE 4YHCIO £, HE HPEBOCXOJUT

22 ; 9 (2%). lIeHCTBHTenLHo nMeeM

=11+ 8¢,
= 1 + 16t2,

22 =14 2",_5=1 (mod 2%).

—32

Ipn sroM wumciaa, NpHHAJJIeKampe IokasaTemo 2° -,
CymeCTBYIOT. TaKWM YHCIOM 6yneT unanpumep, o. [ei-
CTBUTEJIBHO,

, 5=1+4,
) 52=1+8 416,
' 54— 1+ 16 + 32u,,

............

5 ._1+2“ 1—1—2u¢-3,
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OTKy/la BHANM, 4TO HM OfHA U3 c'reneneﬁ o, 5%, 54, ..., 52*-3
He cpaBemMa ¢ 1 mo monymn'
Herpynuo BmpeTs, 9TO uMcnia nByx CIIey IOuX c'rporc.
50, Bl - 5ETEA
—5°, —51, ..., — 5%t .
o6pasyioT NpHBEIEHHYIO CHCTEMY BHIYETOB 1O Mopymio 2%,

w . -~2
JeiicTBrTensro, wucao atux gmcen OGymer 2. 2% ==¢(2%);
upella KKRION OTJeNbHO B3ATOW CTPORA  MEELY coGol
mo w™oxymio 2* HecpaBumMet (b, §. 1); mHakoseuw, umcja
BepxXHell CTPOKHM HECPABHHMEL C UHCJIaMp HIDKHEH, TaK Kak
mepBee 0 MOAyNao 4 cpaBHuME ¢ 1, a BTOpRe ¢ — 1.

e. [lna ynoGersa janbHelIMX HColelOBaHWE MEHl BHIpA-
auM peayasratsl b, ¢, d B Gonee epmmooGpasmoit dopwme,
KoTopasa Oy[eT UpUroJHa U B cnyqae a=0.

ITyemo . v

c=1, c¢;=1, econ a=0, wm a=1;,

i —2
c=2, ¢,=2""" ecau a>2

(makum o6 pazon eceeda- ccy = (2%)) u nyems Y u 7y, Heaa-
gucumo Opyz om. -dpyea npo6eeaiom HaUMeHbUe Heom pu-
yamenbHble GblUembl B

1=0, ..., c—=1;7,=0,..., ¢g—1

no modyasm ¢ u c,. Toeda (—1)' 5" npoGecaem n pusedén-

HYI0 cucmemy ebluemos no modyaio 2°.
f. Cpasnenue

(—1)¥5% = (—1)" 5" (mod 2*) )
uMmeem Mecmo moe(?a u moasko mozda, rozda

o’ =y (mOd ¢), ‘o‘——Yo(m.Od Co)-
HeiicTeurenpro, npm- a.=(0 Teopema oueBmHA. Iloaromy
mpepnonoxuM, uro a > (0. Ilycre HawMenslume HeoTpmna:
TONBHES BHYCTH 10 MONYJNAM ¢ M ¢, JWif <THCRE Y H Y,
OynyTr r m ry, a pus umecen Y. m Yo Oymyr r' @ rg. Baupy
0;.§ 1.(—1 mpamapieRuT HOKA3ATEN ¢, a O HpHHAAJE-
FKAT IIOKasaTenlo: -¢y),; cpapHenme (1) mmeer .Mecro TOT.A

Y EEE . 4 - T .
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m TonbKo TorAa, Kora (—1)'5==(—~1)"5%(mod 27), 1. e.
(BEOY €) worma r=r', ry=r|.
- g. Ecnm _
a=(—1)"5"(mod 2%,

TO CHCTeMa Y, Y, HAa3HBACTCA cucmeMoll undercos wucia @
no modyao 2%,

Beuny e Beawoe a, Bsammuo mpocroe ¢ 2 (T. e. Heuér-
HOE), MMEeT eJMHCTBeHHYI) CHCTeMYy HHMIEKCOB y', Y, Cpein
¢y = ®(2") map sHaueHwii y, y,, yKa3aHHHX B e.

3Haa cuereMy Y'7,, Mbl MOKEM yKaszaTh H BCE CHCTEMSI
HHIEKCOB uHCAa @; corsgacHo f ato 6ymyT Bee mapsl Y, Y.
COCTaBJIeHHEIE M3 HEOTPHIATEIbHBIX YHCed KIIacCcOB

y=1"(modc), y,=1;(mod c,).
HenmocpencreesHo M3 [AaHHOTO 37ech ONpeHeseHusa CH-

CTeMBl MHJEKCOB CcCJleayeTr, 4YTo Yucijia ¢ HaHHOfI CcHCTEMOT

HHJIEKCOB Y, Y, 00pasywT Kiacc dmcen mo Mmopyiro 2°.
h. Hudexcrr npoussedeniia cpasHumbl no moOyaam ¢ u ¢,
€ cymMMaMu UHOEKECO8 COMHOMCUMEAEH.

Heiicrurensro, mycts Y(a), 7To(a); ...; Y({), Yo(l)—
CACTEMEl MHAEKCOB 4mcel ¢, ..., . Nmeem
a... ZE(‘— 1)T(a)+...+ T(l)SYo(aH“"‘“To(l).

CnepoBatensso, y(a) + ... +¥()), 1o(a) + ... +¥, () —mm-
JeKchl IpoMsBefeHusd a . . . [

§ 7. Mapgexcnl no. amo0oMy cocTaBHOMY MOAY.IIO.

a a1 _as o ’
a. HyCTL m=2 P p2 ... P — KRaHOHHYECKOE pa3yo-
JHeHREe 4ucjia m. HyCTL aanee ¢ H Cd  AMEIOT 3HaYeHUA,

yxasanuile B e, § 6; ¢, = ¢ (p:’); §,— HaNMEHLIIWI HepBO-
o0pasHH KOpeHL [0 MOJYJLIO . :
b. Ecan

| a==(—1)7"5%(mod 2°%), ) "
a=gh (mod p‘;l), vy @=g¥k (mod Pik), j B
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TO CHCTEMA Y, Yo Y1, --:» Tx HASHBAeTCHA cucmemoli unde-
KC08 YUCAA G RO MoOYaio m.

Ws rarora ompepeneHus ciefyer, 9To Y, Y, CHCTeMA
MHJOKCOB WHCIA @ N0 MOAYJIO 2%, a Y1, ..., Yx— HHIEKCH

ypclda @ MO MOAYIsAM  pil, ..., pkk. Iosromy (g, § 6; e,
§ 4) Beaxoe @, B3amMHO WpocTOe ¢ M (TeM CaMBIM QHO
B3aHMHO TpocToe M co Beem: 2%, pil, ..., p.k), HMeeT
eIMHCTBEHHYI0 CHCTEMY WHAEKCOB Y', Yo, Y1, - .., Yx CPeAH
€CoCy - -+ Ck =9 (M) cHcTeM ¥, Yo, Y1, +«+» {g» HKOTOpHE TMO-
JdyduM, 3acTaBAAA Y, Yq, Y1, ---» Yr HE3ABUCHMO HApYT OT
mapyra upoleraTs HaWMEHBIIUE HEOTPUIATENbHEIE BHIUETH!
0O MOIyaaM ¢, Cy, C;, ..., Cki, @ BCE CHCTGMEl HHIEKCOB
4ncia @ CyTh BCE CHCTeMHI Y, Yo, Y1, + -+, s COCTABJICHHEIE
N3 TEOTPHIATENIbHBIX YHCes HKIIACCOB

Y=’ (mod ), Yo==1} (mod c,),

fi=1;(mod ¢;), ..., 7 ==Y (mod c;).

Yucra ¢ ¢ maHHOI CHCTEMOH HHIEKCOB Y, Yo, Y1, «++1 Tk
MoryT OWITH HaiifeHEl myTéM peilenus cucTeMh (1), a ciae-
mosarenbno (b, § 3, ra. IV), obpasymoT knacc dmcen IO
MOJYJII0 m.

c. Tax war WHAEKCH Y, Yo, Y15 - - «» T YHCAA @ [0 MORY-
J0 M ABIAIOTCA WHIEKCAMA ero COOTBETCTBeHHO IO MOXYJIAM
2%, pit, ..., ppk, 10 BepHa TeopeMa:

Hndercer n poussedenus ¢ pasHiLMbL RO MOOYAAM C, Cy, Cq\. ., €
¢ cymmamu urOercos comromcumenct.

d. Oycrs t=¢(2%) npu a<2 u 1=%(p(2“) mpu a > 2

n nycth h—ofmee HauMeHbpDIee KpaTHOE dHCEN T, ¢, ...
y++s Ci llpm BeAKOM @, B3aMMHO IPOCTOM C /M, CpPABHE-
mue a"=1 Bepno mo Becem MouyaaM 2%, pf1, ..., prk, 3Ha-
9AT, TO CpaBHeHHWe BepHo H 10 Moxyaw m. Ilostomy a
He MOeT ORITE IepBOOGpasHEIM KOPHEM IO MOIYJIO 1
B Tex cIydaAax, Korga A < ¢(m). Ho mocnemmee mmeer
MecTOo npH o> 2, mpu k> 1, a Tamwke npm a=2, k=1.
IloaToMy naa m > 1 mepBooGpasHBIC KOPHA MOTYT CyMIECTBO-

BaTh Wb B CIydasx m =2, 4; pyl, 2pyt. Ho wax pas.nis
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9THX Clly4aeB CYOIeCTBOBaHME NEPROOCDPa3HBIX Ropneﬁ 6e110
mokaszago Boime (§ 6, § 2). ITosromy

Bee cayvau, x020a cywecmeylom  nepeoob pasisie xopnu
no modyaio m, [ pesocrodsujeny 1; cymo

mo=2, 4, p* 2p*.

Bonpocer k raase VI,

Byksowo -p smeck Bcerna ofosHauaeM HPOCTOe HEYETHOE YHCIIO, a
B Bonpoce” 11, b Tarike m. umcao 2.

1, a. HyOTB a-—nmneinoe, a > 1. [lokasarb, 4T0 IpPOCTHE ‘HEUSTHHE
JeanTenu uuesaad af — 1 peadar a— 1 -wim- nmMmeor Bup 2pzx o1

b. IIycte a—nenoe, a > 1. Jlokazatb, 9TO NpPOCTHE HEUYETHLIE
neaurtean gucyaa af + 1 gensar ¢4 1 uny mmewT BuR 2pz 4+ 1.

¢. JlokasaTh GecKOHEYHOCTH YWcia NPOCTHX dYmcesl BHAa 2px + 1.

d. HyCTb n—neaoe, n > 0, Jlortasa'rb, 9TO NPOCTHIC NCJIMTeNH
yneaa 22" + 1 umeror BHJ 2""1z+ 1.

2. Ilyers a—mneqoe, @ > 1, n—mnenoe, n > 0. [lorasars, 410
¢ (a"—1) KpaTHO n.

3, a. Ilycts n—mnenoe, n > 1, W3 wucesn 1, 2, ..., n npa Heuér-
HOM n obpa3syeMm LepecTAHOBKA

1, 3,5, ..., n—=2,n, n—1, n—3, ..., 4 2;
a 1,59, ..., 7,3
4 T. O., a npa uétHOM n o0padyeM NepeCcTaHOBKH
1,3, 5 ...pn—=1, n, n—2, ..., 4. 2;
: 1,509, ...,7 3,

u 1. 0. JlokasaTe, uTo k-1 omepamms HaéT MCXOJHEIA pPAN TOTHA M
TOJILKO TOrga, Korga 2¢= 4 1 (mod 2n—1).

b. l'chTL n—nemnoe, n > 1, m—uenoe, m > 1. Bynem cunrarh
gucaa 1, 2, ..., » B npaMoM mopaake or 1 1o R, pasee B obpaTHOM
mopAfKe OT n N[O 2, 33TeM OOATH B OPAMOM mopagke oT 1 o n,
Rajiee OOATH B oﬁpamom nopsnke or n oo 2 u T. A. llpm TaKOM
cuére BHNUcHBaeM wumcia 1-e, (m + 1)-e, (2m + 1)-e u. T. 4., NOKa He
nonyunM n qucedl. C s1uM HOBHIM pAfioM n unCel] NOBTODHM Ty iKe
onepanuio ¥ T. K. Jokasars, 4T0 k-A omepanuA [AET HCXONHEIH pHJI
TOT/Ia ¥ TONBKO TOTja, KOTIAA . ) .

mk= 4+ 1 (mod 2n—1).

N CymecTBOBaHne ¢ (0) ‘wmcel, IpHHANIEKAIMHEX ‘oKABaTEMO 8,
OKa3aTh, -paccMaTPHBad = cpaBHeHHe b= 1 (mod p) (BOHpO(‘ 10 - c,
rx IV) p npovenan &, § 3, ra, IL 0 0 R
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5, a. HorasaTb, 4TO NepBOOOPA3HHIH KOPeHL MNPOCTOFO WHCJIA
BEga 2*+1, n > 1 ecthb 3. .

b. Jioka3aTb, 9T0 meprooOpasHBIH KOpeHb TPOCTOTO- 9MC/A BHIAA
2p+ 1 upm p Bupa 4n+ 1 exTh 2, a Opu p BUAA 4n + 3 ecThb —2.
. ¢. JloKasaTh, 4TO NepBOOGPA3HKIA KOpPEHbL IIPOCTOTO 9YHCIA BHAA
4p+1 ecTh 2 ’ .

d. [ora3aTb, 4T0 mepBOOOpAasHEI KOpPeHb OPOCTOIO HHCJIA BHIA

Jn-1
2"

6, a a) Ilycte n—mneaoe, n>0, S=1"4+2"+... 4+ (p—1)".
Horasats, uTO :

2"p+1mopn n>1m p > ecTnb 3.

=1 (mod p), ecam n KpaTHO p—1,
§ = 0 (mod p) B IPOTHBHOM CjIyuae.

B) IIpu oGosmauenuax pompoca 9, ¢, ra. V 1oKasark, 910
2
p—1
4

S)=— (mod p).

b. Teopemy Bunbcoma goxasaTth, mpuMmessist b, § 4.

7. Ilycte g m gy —nepBoo0pasHile KOPHE MO MOAYNW p, aind, g, =
=1 (mod p-—-1). . -

a. Ilyers (e, p)=1. Jorasars, ytO

indg, ¢ = aind; ¢ (mod p—1).

b. Ilycte n—peauresns p—1, 1 <n < p—1. Yucma, BzauMuo
TUpOCTHIE € p, MOMKHO pPa30UTL Ha n COBOKYNHOCTeH, OTHOCA K s-if
coporymHoctH (s=0,1, ..., n—1) ancna ¢ ycnosueM ind a = s (mod n).
JoKa3aTh, 9T0 COBOKYIHOCTb, HMEIOWIAs IPH OCHOBAHHU g HOMEp s,
TOKIECTBEHHA COBOKYIIHOCTH, HMeIoLIell HpH OCHOBAHHM £, HOMEp s,
rae s, = as (mod n). .

8. YxasaTh BO3MOKHO Gollee mpocTodl crmoco0 pemeHHA cpaBHe
gug z" = ¢ (mod p) (ymoGHELA, ecim (n, p—1) HeBelIMKO) B cIydae,
KOTJ]A W3BecTeH HEKOTOPHIH NepsoofpasHEdl KOpeHb g II0 MOAY/II p.

9. Tlyere m, a, ¢, ¢4, €15 ..y Cky Yy Yos Tps v+ -» Jk HMEIOT 3HA-
ueHHAA, YKasaHHHe B § 7. Baas Kaxue—@ﬁo wopRE R, Ry, R,, ..., Ry
YpaBHeHHi o

Rt=1, R3°=1, R°11=1, R Rf{k:l,v
nojaraem

' .()=RY R R ... RIK.

Eciw (2, m)'> 1, 10 nonaraem y (@) =0.
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OnpefienéHRyI0 TakWM ofpasoM IJIA BceX NeJHX & QYHKOHP
Ha3oBeM zaparxmepom. Ilpp R=R,=R,=...= R} =1 xapaKrep Ha30-
BEM eaaeHbli; - OH WMeeT sHavenwe 1 npm (¢, m)=1 m sHaveHme 0
npu (a, m) > 1.

a. [forkasars, 9T0 YKAa3aHHHM IIYTEM MEL IIOIyuUM ¢ (m) paanmy-
HEIX XapaKTepoB (ABa XapaKTepa HA3HIBAIOTCA PA3/IMTHEIMH, eciH
OHM, TIO Kpaliedl Mepe, NpH OJHOM B3HAWEHWH a He PAaBHB MEMIY
cofo10).

b. Brmecrtm ciegyfoigue cBolicTBa XapaKTepoOB:

o) (D=1,
B) 1(a18) =7 (a1) ¢ (a2),
1) 7 (a1) =y (ay), eclin a; = a, (nod m).

¢. /lokasarth, 4TO

m—1
? (m) IJISI TJIABHOTO XapaKTepa,
S x@= { (m) pakTep

o 0 1A OpYrHX XapaKTepoB.
a=

d. [loxazars, 49TO, CyMMHDYs [PH AaHHOM a IO BCeM P (m) Xapak-
TepaM, MMeeM

2 ¥ (a)= ¢ (m), ecia a = 1 (mod m),
T 0 B DpOTHBHOM ciryuae

e. PaccMarpuBana cymMmy

rge a npoferaer NPHBENEHHYIO CHCTEMY BBIY€TOB IO MOAYJIKR m, 10-
KaszaTh, 9T0 QYHKUIWA ¢ (a), ompepenéHmas [iid BceX IeJHIX a, YHO-
BIIETBODPAIINAA YCILOBAAM :

Y (a)=0, ecnn (a, m) > 1,
¢ (¢) me paBHa TORAecTBeHHO 0,
b (a1g2)=1 (ay) ¥ (ad), ,
Y (a1) =1 (az), ecnm ay = a, (mod m),
- eCTh Xapakrep. = - = '
f. JlokasaTh caemyiomue TeOpeMLI
a) Ecam ¥, (a) & h(a)—xapamepm TO %1 (a) Y2 (a)——-'ramﬂe xa-
paKTep.
B) Eean %1 (a)—xapakTep # 3} (a) upoﬁerae'r Bce xapamepm, TO
Y1 (a) ¥ (a) TAKKe #poberaer Bee XapaKTepHl
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1) Npar (1, m)=1 mmeem
y(a) { ¢ (m), ecit a =1 (mod m),

(- 0 B DPOTHBHOM Ciyuae.

10, a. l'chTL n—penarens p—1, 1 <nLp—1, l—uenoe, me

N
21‘5‘Ln— .
pensmeecsa uwa n. Ymeno R, =e ABIAETCA KODHEM YPaBHEEHSA
oni lindzx 5
R =1 u, caepoBarennHo, cTeMEHb ¢ R, kKoropod npm =z,

KpaTHOM p, ciefyer npunmchiBaTe sHauenme 0, ecTe XapakTep mo
Monyiio p. .
a) Ilpm (%, p)=1 norasars, 4T0

p—1 omi tind (x+#%)-1ind =

Ze e =—1.

x=1

§) Iyers Q—mnenoe, 1 < Q < p,

0-1 21‘:il ind (z+2)

p—1
O n
S=2_| lSl.n,x\Z; SlY n,x=E e
x 0 z=0

/Jokazats, 910 S =(p—Q)Q.
‘ v) HMyets p > 4n?, n > 2, M—uenoe. [orasars, 49T0 B pAje

M, M+1, ..., M+ 2[n V pl—1 nmeerca smemo s-it COBOKYNMHOCTH
Bompoca 7, b

b. Mycrs p > 4 (q;—(———ij) 2°%, k—uHCIO PABTHYAHX MPOCTHIX

p—

nenmreneit p—1, M —uenoe. [Jokasats, uro B page M, M+ 1,

, M+ 2 [‘P_(_P— 2k Vp] —1 mmeerca meprooOpasHEil KOpeHh
0o MOXYII0 n.

11, a. Iyers e—uemoe, n—pgexntens p—1, txnLp—1,
k —mesioe, me pessieecd HA 7, ~

p—-1 2mik ind = 2ﬂi25_l:
n 4

: \ \
/ Uap:z:"

a) TIpu (a, p)=1 nokrasaTs, 4TO an p]_]/p_

3) Hoxazars, 9To

.—kinda
Ami ——— a,p
e

n -—
=0,

P
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y) IIyets p mmeer Bmp 4m 41,

— (a2
p=2 axi ind (;2: +x)
S=2 e
x=1

TokasaTs, 4To (Cp. BOmpocH 9, a m 9, ¢, 1. V) p=A2 4 B2 rme A
1 B-—muenne, onpejiesnsieMuie papencTBoM S=A4 + Bi.
b. Iycrs n—mnexoe, n > 2, m > 1, (a, m)=1,

. axh .azh
2m—;1——- ’ 21“7
— ’ P
Sa, mT 2 € ’ S,
x

rjge x mpoberaeT MOJHYI0, a §— INPUBEIEHHYI CHCTEeMY BEIYETOB IO
Moayan m (cp. Bompoc 12, d, ra. III m Bompoc 11, b, ra. V).
1) Ilyers 6=(n, p-—1). Jlokasats, uto

I‘Sa,p\<(6—1) 1/;’

) Iycrs (n, p)=1, s—uenoe, 1 < s< n. Jokasats, 410

Sy, po=p"" Sl pe=0.

v) lIycts s—menoe, s > n. Jorasats, uro

o n—1 ’ o
Sa, ps_‘p Sa,bps"nr Sa, pﬂ"’O' -
¢) Jowrasatk, 910 .

n
’

185, ml <Cm
rae C 8apHUCHT TOJIBKO OT n,
12. Myecte M u Q—uensle, 0 <« M < M +Q < p.
a. Ilycts n—pemmrens p—1, 1< n< p—1, k
aameeca Ha n. /JokasaTe, 9TO

M+Q-1

—mesoe, He fe-
omi k ir:ld z _ o
2 e ) ) <Vplp.
E=M .
b. Ilyers T—unucao 4ucen s-if cOBOKYIHOCTH Bompoca 7, b, aa-
KIIOYéHHHX cpead wnmcen M, M +1, ..., M + Q—1. [lokasars, 91O
T.——..%-Hi Vplup, [8]<1.

c. IlycTs k~vHCI0 MPOCTHX fesATenNed p—-1, H—umeao mep-
B0O0pasHEX KOPHe# MO MOXYN0 p, BaKMOYEHHEX cpeAm umcen M,
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Mo, Lo, M4+ Q—1. [oxkazaTe ato - : -
, —1 —
H=QF—IEE:1—)Q+62"‘Vp1np; 16l <1
d. Mycte M, u Ql;—nemﬂe, OLM, < M, +Q, < p~1, J—unmc-

10 umces pana ind M, ind (M + 1), ..., ind (M + Q—1), sariouén-
HHX cpeuu uucen paga M,, M,+1, ..., M, + Q,—1. /lokasats, 410

QQ‘ [FOVPnp)® o)< 1.

13. JorasaTb cyniecTBOBAHHE IOCTOAHHOTO p, C YCIOBHEM: eCln
p > po, n—ueanrent p—1, 1 < n < p—1, TO HAUMEHBIIEH H3 MOJ0-
JKUTCIBHEIX HeBHYETOB cTeHeHH n mo Monynio p Gyper

1 1
< h; h=p_c (In p)?% c¢=2e va.
14, a. lycre m > 1, (a, m)=1,
m—1 m—-1 27 25Y m-1q
s=3 Nv@ewe T D) Iv@P=X
z=0 y=0 z=0

Memq .
Mlewp=y
y=0

[Jowasars, uro | S| VX¥m. .
b, o) Hycrs m > 1, (@, m)=1, n—mnemnoe, n > 0, K-—umcio
pemenuii cpaBHeHHA z" = 1 (mod m),

m—1 oo, ax”

S=2x(x}e .

x=1

I[or:asan;, aro |S | <KV m
B) TIycTh =—npOH3BOJIbHOE IOJIOMATENIFHOe WocTOAHHOe. IIpm

TOCTOAHHOM n A umcia K Bompoca a) AoKasaTh, 910 K =0 (mf).
+ 15, a. lIyers (e, p)=(b, p)=1, n—muenoe, |n|=n;, 0 < n; < p,

p-1 2m.aa:"+ bx

S=2e p
r=1

3 i 3
ISl<2n2pll

JokazaTe, 910
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b. IIyete (A, p)=1, n—negoe, |n|=n;, 0<n, < M
Qu—mento, 0 < My 2 Mo '+ Qo< possR fed

a) Iyets ) ,
Mo+Qo—1 omi Az"
§= 2 e P
==
1 3

~ 3 3.1
.lorasare, uto {S| < Snp In p.
5) Oyers M m Q—menste, 0 < M < M +Q < p, T—udcao um-

- cea pama Az"; x=M,, M,+1, ..., Mg+ Q,—1, cpaBHMMHX 10
Mopymio p ¢ umcjaMd pama M, M+1, ..., M +Q—1.
/lorasarn, “ro
1 3
QsQ 3 2

T= Jr'ﬂg'"lpz(lnp)z: 18] <1

p
¢. yere (a, p)=1, b u c—nenwe, (b*—iae, p)=1.
a) Iyctes y— memnoe, .

p—1
2
S=2 (az +bx+c>e
i P
x=0

. Tx
2'.«:1.Y—

3 i
Jokazars, uto |S| < 5P
8) Myeres M n Q—uneane, 0 < M < M +Q < p,

R
S— <az z c)
2 T
x=M

3
3 —
Jorasate, uto | S| < 5 P'In p.

Yucnennble npaMepsl k riaase VI.

1, a. Hailtm (wyTéM BoaMoskHO Gosiee NPOCTHIX BHYHCIIEHMIL)
~NMOKA3aTeNb, KOTOPOMY IIPUHAJICKUT 7 1O MOTYINIO 43. '
b. HaitTu noxasaTens, KOTOPOMY NpuHaMIesKaT 5 mo Mouyiw 108,
2, a. Haitu mepmooOpasuile wOpH# mo Momymam 17, 289, 578
b. HaiiTe TeppooGpasHee KOpHE mo Momyaam 23, 529, 1058.
c. HaiiTh HamMEHbIINH MepBOOGPAsHLI KOpeHL MO MOMYMIO 242.
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3, a. CoctaBuTh TaGnUMOH HHAEKCOB 110 MOy 17.
b. CocTaBATs TaGAROE HHEEKCOB IO MORYII0 23.
4, a. Halitm mepBooGpas3HHi#l KOpeHh N0 MOAYmMo 71, mpmMeHas
yKazaHEe npmMmepa ¢, § 5. )
b. Hailte nepsooGpasHui#d xopenb mo Mopynw 191.
5, a. Ilonesysace TabnAmel HHOEKCOB. yKa3aTs 4YHACAO pelIeHMA
cpaBHeHnii:
a) 28 =79 (mod 97), B) 55 = 17 (mod 97), 7) 215 =46 (mod 97).
b. YkasaTe uMcio pemeHHH cpaBHeHHI
a) 3z = 31 (mod 41), B) 727 = 11 (mod 41), ) 523° = 37 (mod 41).
6, a. Ilonpaysacs Tabnuuelt MHIEKCOB, PeIIMTH CPABHEHMA
a) 22 = 59 (mod 67), B) 3> = 17 (mod 67), {) 2%*°= 14 (mod 67).
b. Pemurs cpaBHeHHs
a) 23z% = 15 (mod 73), B) 37z% = 69 (mod 73), 7) 44z** = 53 (mod 73).

7, a. Tloupaysacek TeopeMoit ¢, § 5, ONpeNeNHTh UYHCJIO permeHHH
cpaBHeuHit

a) 2% =2 (mod 37), @) z'® = 10 (mod 37).
b. OnpefenuTs 9uC/IO pereHAN CpaBHEHHH
a) 28 = 3 (mod 71), 3) 2** =5 (mod 71).

8, a. Ilpumenas cmoco6 Bompoca 8, pemmuTh CpaBHeHHA (HpH
peilleHHH BTOPOTO CpaBHEHHMs BOCHO/B30BaTHCA Tabnmued mepsoolpaa-
HEIX KOpHeHl B KOHIle KHUTH)

a) 27 = 37 (mod 101), B) x® = 44 (mod 101).
b. Pewnts cpaBHeHHe
2% = 23 (mod 109).

9, a. Ilompaydcsy Tabammeil MHJAEKCOB, CpefN BHIYETOB NPHBE}EH-
HO# CHCTEMH N0 Momymo 19 yKaaaTh: &) KBaJpAaTHYHEIe BHYETH,
8) KyOMYecKHe BRITOTHL

b. Cpenu BrIYeToB mMpHBEJEHHOH CHCTEMEl IO MONYJIO 37 yKasaTh:
@) BBHYETH CcTeNeHE 15, p) BHYETH cTemeHm 8.

10, a. Cpenu BrMeTOB NpHBEAEHHOH CHCTEMH MO MOLYMKO 43
yKaszaTh: @) 4HCIA, NPEBajjie;kampue HoKasatenw 6, §) mepBooGpas-
Hble KODEH.

' b. Cpeau BHYETOB LpEBESHHON cHCTEME mo Mopymio 61 yxasaTs:
o) wdciaa, NpEHAAJe;KamAe NoKaszaremo 10, B) mepBooOpasHEle KODHH. .
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Pemenna k raase L.

1. Ocratok or jgesienua azx + by ua d, uMmes sufaz’ + by’ u Gyxyun
MeHbme ¢, HenpeMeHHO paBeH Hyno. lloaromMy d-— jenureibs Deex
umcesnl BAjA ax+by WM, B 9acTHocTH, OOIMII JeJMTIENb YKCel
a-1+b.0=a 1 a-0+4+b-1=5b C papyroil CTOPOHH, BLIpAKEHHE
I7A d TOKa3uBReT, YTO BCAKWA OOIMM HAeJnTeJlhb unced a W b
nennt d. Iloaromy d==(a, b), n Bepua teopema 1, d, § 2. Teopemntr e,
§ 2 BuBojATcss TAK: HAUMEeHBIlee IIOJIOKETENBbHOE 4ICI0 BHIA
amz 4- bmy ecTb amaz, 4 bmy,; HauMeHbOIee ITOJORATE/bHOE YHCIIO

nnaa -}—b1e a +b
§if 61 aJCTB—a-Z'D 6y°'

O6o6uieHne PTHX pPe3yALTATOB TPHBHAJIBHO.
2. [IlpegBapuTeqBHO 3aMeTHM, 4YTO PA3HOCTh JBYX HEDaBHEIX

- k
Mejly co6oo pammoHANBHHX Jpodeit T H —'g (>0, n>0) gam-

1 .
CJIEHHO >7;' OrpanuumMcAa TpepmonomendeM 4§, < 8,,q. IlycTsb

%-—HGCOKpaTPIMaH Apofb, He paBHag &, ¢ ycuosmem 0 <b<Q,.

a »

He wmomer G6HT &, < —< 0

7 < 8541} B TIPOTABHOM ciyuae GuuTo G

a 1
_b'—os>b_Q—;,

. a 1
1= 2 b
>\ LY 1‘
T R

a a
ToaToMy 5 < 8, mam Ke fg4q < B ofonx ciygaax 8, 6nume K 4,

eu)a
9 ik
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3. Mpu n < 6 TeopeMa oveBU[HA; HOITOMY. npeANOiaraeM n > 6,
Numeem ' '
= 1—+2L/—5-—1618 . logieé=0,2...;

Q> 1 =g, =1
Qs> Qa+1 > gr=22>3%,

Q=20+ >€a-——€2+é’1>€+l=ey
Qn /Qn_1 Qn— 2>’€,1~1—b,,,.2 + 83> g +§n_‘ =gt ~2,
Orcona

N2 ,  logu V. —+2< 0k+2; n<L5k+1.
10g,0
0

1
4, a. Jdns gpoGeit T § T uMeeM 0:.4—1«1=—1. BeraBusn

A C - A+C
MeMRRy Apobamu 5 ¥ ygnoxmeM AD — BC=-—1 npoﬁ_th 5
umeeM A (B+ D) — B (A +C)=(A+C) D — (B + D) C=—1. lloatomy
BEPHO yTBep:EIeHHe, oTMedeHHoe B KoHINe Bompoca. CymecTpoBanue

a k c
Apobu 7 € YOMOBIAME - < - < ! < = neposmoxkuo B nporus-

HOM cJIy4ae MH HMedH Okt

k e 1. e k1. o a brd 1
T TR R I A A 7> R * A
b. Oqenn;mo, NOCTATOYHO paccMaTpmBaTh caygaft O0<Ca < 1.

MTycrs L<act

a c

TS d ) TAe — U -r—cocepune apo6m paza Dapes,
OTBEYalomero t. BosMOKHHE ABa CJAyYas:
at+c a-te
rd’ brd S°<y d
IloaToMy BepHO OZHO U3 JABYX HEDABEHCTB
N

1 Ce
b+d)’

L

¢ )
— e —_—
d| ~d®4d)’
OTKyAa BBHAY & +d >t YyKasaHHaA Teopema caegyer Herocped-
CTBEHHO.
c. Ilpa a wppaumonanbuoM - Teopema' cilepyer ‘md h, § 4, ecam

Q —— < o —

a
b

P P —1
UpRHATL 34 T moaxoasmyio Apobs —_t='  rre Q, ; LT<Q,.
) s—1
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B cnygae e panEOHAIBHOTO a=—Z~ IpABeEHHOE paccysKAeHAe ocyme-
creaMo jJums npE b >t Ho npm b<{<t TeopeMa BepHa, TaK Kak
ToTAa 3a % MOKHO NIPHHATH caMoé Apobb % , ToJlaras npH 3TOM
4=0.

5, a. HeudTHHe mpocTHe uHCia NPA fAeJeHHM HA 4 JaOT OCTa-
tok 1 mam sxe 3. llpoumspenenme 9mcenm Bupa 4m -1 uMeer BHJ

4m +1. Hoatomy wmcno 4py...p,—1, rtoe py, ..., pk—HPOCTHG
BHAA 4m + 3, HABEPHO MMeeT NPOCTOR AeauTenb ¢ BAga 4m+ 3
Ilpn aTOM ¢ He COBIAJAeT HU C OTHHUM M3 YHCEN pi, ..., Pj. -

b. IIpoctrie umeda, npeBocxofsmume 3, nMeT Bux 6m 41 wmm
we 6m+ 5. Hmeno 6py ... p,—1, THe py, ..., p, ~TPOCTHE BHIA
tm + 5, HaBepHO HMeeT IIPOCTON AeNHTent ¢ BHAa 6m 4 5. Ilpu arom

q He COBNANaeT HH ¢ OJHNM W3 MHCON Py, ..., P,

6. Oycts py, ..., pp—Kagne-imGo k npocTHX umces I H N — rnesoe
¢ yenosaamu 2 < N, (31n N): < N. Uncso uncen a pﬂna 1,2,..., N,
KAHOHHIECKO® PABNIOKEHHe KOTOPHX HMeeT Bujf a==p{' ... ppk, BRALY

ln
g << STV Oyner
In N k
Ll =—5+1 < (BInN)k < N.
] In2

ITosToMy B psige 1, 2, ..., N HalifyTca uMcia, B KAaHOHHYECKOe pas-
T07KEHHE KOTOPHX BXOJAT NPOCTHE, OTIHMYHKEE OT Py, ..., Py,

7. HampuMep, Takde HOCIe0BaTeBHOCTH NMOTYYHM NpH
M=2-3...(K+1)t+2; t=1, 2,

8. BaaB memoe x, ¢ ycioBHeM, 4TO NpH x>, f(z)>1mn
1 () > 0, nonoxnaM [ (xy)=2X. CocraBHEHMU (KpaTHH\IP[ X) 6ynyr

Bce gmcaa f (x, + Xt); t=1, 2,
9, a. Ilpg panmumm (1) OJIHO H3 uHcen x, ¥y, NYycTh HMEHHO I,

6ymer 46THEIM; B3

&N'_ 2ty z—y
2 - 2 2 ’

2+ —_
rge, OYeBHIHO, ( 5 L , 2 5 L >= 1, yGexpaeMcA B Cy(IeCTBOBAHM L

- MOJIOKUTENIBHEX OEeJIKX ¥ U ¥ ¢ YCHIOBUAMH

z z+Y 2=y
g = T =R, T

= 92,

Orciona cnenyer Heoﬁxommoc'rb yCHOBHE, yxaaaﬂnmx B Bompoce.
l],ocra'roqnoc'rb I9THX yCHOBHE OYeBHHA.
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b. YcnosaMca 3neck 0Go3HadaTh OYKBaM# JIMMb IeJKE MOJIO-
HUTeJNBHBE 4YHcaa. JonycTds ‘CymecTBOBaHAe CHCTEM Z, ¥, 3, C YCIIO-
BuAMB 24 + yi=2%, >0, ¥y > 0, 2 > 0, (z, y, 2)=1, BubepeM u3 uux
cucreMy ¢ HammensmuM z. Ilpeamonaras z uérawM, malgém 2= 2uv,
yYv=u?—?, u>v>1, (4, v)==1, rge v—uérHoe (nNpu uwETHOM u
6o 68 YEP=4N + 1, u?=4N,, v¥=4N;+1, 4N v 1 =4N,~4N;—1,
4T0 HeBO3MOMHO) Orclofa u==:z}, v=2w?, ¥*+4w'*=1z}, 2w?=2u,v,,
w,=z%, v,=y3, xt + yl=232, 4TO BBHAY z, < 2 HEBOIMOKHO,

s HepaspemraMocTR ypaBHeHHA x* - y*= 22 KaK 4aCTHHI clry9ai,
OYEBHIHO, CJIeAyeT I HepPa3pelnuMOCTh YpaBHEHHA x* -+ y* =% B IeNHX
NIOJIOMHUTEIBHHEX «, Y, L.

—/ii; (k, 1)=1, HAXOMUM

M pa V4 et =0.

IToaTomy k" wpatno I u, exegoparensHo, I=1. ]
i1, a. Iyecrs k—mnaubonbizee Tesoe ¢ yciaoBueM 2¢{n m P—
npoM3BeJeHNe BCEX HEUETHHIX YMCeJd, He NpeBOCXOIAUmHX n. YHCHIO

2¥=1pS mpepcrapurca cymmomo, Bee cmaraemele  KOTOpOH, Kpome

10. Moaarag x=

. 1
ok 1P.—c , CYTh HEIHe WHela,

b. Ilycrs k—uau6oapmee 1esoe ¢ ycaoBHeMm 3k\<2n +1u P—
npouspeieHue BCeX B3AUMHO MPOCTHIX ¢ 6 wHcel, He TPEBOCXOMAINUX

2n 41, Yucmo 3¥-1pS MPeRCTABUTCA CYMMOI0, BCe C/aTaeMule KOTOpoit,
- 1
KpoMe k=t p | CYTh IIeJIhle Uucha.
3.{

12, Tlpn n < 8 Teopema mpoBepsieTcss HemocpegersenHo. [loaromy
JMOCTATOYHO, CUYMTAsg NPH n > 8 TeOpeMy BepHONX MiuA GHHOMOB
a+b, (a+b)? ..., (¢a+b)"?, KoKazarh COPABEJIHBOCTbL TEOPEMHBI
u i 6usoma (a -+ b)". Ho roadpdrumenTtsl pasinomxeHnsa 3Toro GuHoOMA
3a ACKRIIOYEHHEeM KpPallEAX, PaBHHX 1, cyTh 4HCIA

7 n(n—1) n(n—1)...2
17 1.2 "7 1.2 (a1

JInA HeuéTHOCTH e BCeX HTHX YHcesi HeOGXOXUMO M JOCTATOYHO,
9TO6H HewéTHHIMU GHIM KpalHMe W3 HAX, Kak pa3 paBHbIe n, M 9TOGH
TagIKe HeYSTHRIMA GRUIH 9Hcia, TOTY9aeMEle BHIApKUBaHAeM HeY8THRIX
COMHOKUTe el U3 ynciiuTenelf W 3HaMeHaTeJell OCTaBIIMXCA YMCeJL.
Ho, nonaras n==2n,+ 1, 3TH YmCJIa MOKHO NPeJCTABAT, WICHAME PANA

n, g (m—1) ng(ny—1)...2

1’ 1.2 77 1.2. . (ny—1)°
Iocnegame Ke BBHAY ny < n 6yAyT Bce HAYSTHHIMH TOTAA ® TOJBKO
TOrla, KOrma n,; HMeeT Bujg 2°—1, T. e KOrRa n HAMeeT Rl
2(2k—1)+1=2k+1_1
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Pemienus k raase II.

1, a. Ha opamrare Toukm Kpmsofi y=/(z) ¢ aGcomecom z ACIKAT
[f(z)] menwix Touex ywasamuoi ofmacTa.

b. Yxazannoe pasescTBo cienyeT us T+ To=T, a2 Ty, Ts, T
06038HAYA0T YHCIa Nednx ToueK ofnacred :

O<z <, 0<y<%z,
0<y<%, 0<x<—}QTy,
0<,"<%’ O<y<—121.

¢. YKasaHHOe pﬁBem:TBo cileflyer H3
- IT=14+4(T1+Ty+Ts—T,),

e Ty, Ty, T,, T, 0603naua0oT wnucia HeJHX TOYeR objacTed

z=0, o<y
O<zg ’j__, 0<yLVri—as
V2
O<y<—=, 0<z<VP—
O<a<—C 0<y<—s

d. Yxasanxoe pasenctso ciepyer ua T=T,+ T9—Ts, rac Ty,
T2, Ts 0008HAUAWT wmeia HedHIX ToweK obmacTed
H

O<aVr, 0<y<

n
x

0<z<Vn, 0<y<Vn.

2. Ydeso menslx NOJIOKHUTEIBHEX 4YHCe, He IPeBOCXOAAINEX n,
pasuo {n}. Kamaoe M3 HUX eJAMHCTBEHREIM cNOCOOOM TPEgCTaBNAETCA
B opme 2k, rae k— menoe MOMOKATENbHOE, IpH 2TOM JAHHOMY &

m - -
oTBEvaART [ l/ _'f.] amcen Taroll QopMEL

x

3. Jlokamem HeoGXofEMOCT: yKasanAHX ycnopmid. ITyers N —me-
moe, N > 1. Uneao snauenuit z ¢ yenoswem [az] < N mownO TIpEn -
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N . : . '
craBaTte B fopme — +A; 0 A C, a umejao sHaueHHH -y ¢ ycixo-
a . .

sueM [Zy] < N moxuo npexcraBaTs B {opMe 1—;+)§1; 0L L0,
rae C m C; me sapmeAT oT N. Ha%’-{-)\ﬁ-‘%’-—l—)\l:N, genst Ha - N
7 mepexoia K mpegeny npn N — co, moayduM —E+—B~=1. Mocnen-

Hee PAaBeHCTBO NPH PamUMOHANBHOM a:% (a > b >0) nano 6u [ab]=

=[B(a—D)].

I'ch'rb yhadaHHme yeaopua prumnoaHens. ITycrs ¢—nemnoe, ¢ > 0,

zy = ; +& u yp= —lﬂ_ + % — HauMeHBMINe HeNHe ¢  YCIOBHAMH

z, >‘—§-—, F OueBujHO, [az])Z=c npu 2=Z2, B [fy] =c¢ npm

Y=Y, 0<i<1, 0<n<1, of B By—HOppanuonayibEKe. Bauay
. . B
Zy+Yo=c+n+E numeem £ + 'q=1,% I —plz 1; noaToMy ONHO M TOJIBKO
OHO W3 umceN of M Pv MeHbme 1. CrefoBaTelIbHO, OAHO H TOJBKO
0aHO U3 uwmcend [az,] ® [3Y;] pamHO c.
4, a. YrasaHHLIe DasHOCTH PABHBL .

{oz,}, {a(xz—'zl)}v ceey {a (xt—xt—l)}s {—'axf}r

OHH HeOTpHOATENbHHE, MX cyMMa paBHa 1, HX wumcio paBHO &+ 1;
N03TOMY, IO KpaiiHeil Mepe, Ofua W3 HTHX pasHOCTEH He NPeBOCXONUT

< — M, TAKHM 0GPasoM, CYyulecTBYeT 9YUCJI0, MeHbIIee — » BEmA-
T

t+1
(jT: aQ, THe 0< Q=S M3 4 aQ=[1 aQ] +{+ aQ}, moJjiaras
+ [ + oQ] =P, naxonmm | aQ — Pl< a—a <Q—

b. HMomaraa X,= [X], YO—:[Y], .o, Z,=[Z], paccMOTpUM

pAn. o0pasoBaHHEBIA PacHoNOMEHHKIMA B HeyOHBamIneM HOPAAKE 4Hc--
JaME BHRA {ax LBy ... 7ys* ® wucaoM 1, mnpegmosarad, YTo
z, Y, ..., 2 NpoberaloT BHAYEHHUA:

=0, 1, ..., Xy; y=0, 1, ..., Yo, ...; 2=0, 1, ..+, Zg.
Honyunm (X, + 1) (Yo +1) ... (Zg+D+1 YHCe), U3 ROTOPHX €OCTa-
BuM (X + 1)(Y,+1) . (Zo-l—1) pasuocteii. Ilo kpaiineit Mepe, oftna
U3 HTHX pasHocTedl He npenocxonm

L 1 . .
(T Dot D). ZFT D XY ... Z°

Orciofia ye JIeTKO TIONYYaeTed YKAasaHHAA TenpeMa.

=)
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5. Umeem a=cg+r+{a}; 0Lr<g,

[-[re2]e []-r2 e
6, a. Mmeem  [a+B + ... +A=[a] +[B] + ... 4 [}] +

+ ey E By + ... 4AY)
b. IIpoctoe p BxoAnT Bnl, al, ..., !l ¢ norkasaTemAMU

el L3l )

ITpu sTOM
n l-
)= L]+ 5]

7. [lonyckad, 4TO 4mMed0 @ ¢ YHASAHHHIME CBOMCTBAME  CYlie-
CTBYyeT, HpeicTaBAM ero B (opme

a=q,p* 4 q, Pk ..+ g, qp+ 9%
0<qk< D, 0<91‘ <p o 0Lg <p, 0Lg, < ps 09 < p.
Cornacuo b, § 1 JLOTKHO \651'1‘5
h=qu +a, ey T o U T ey
Hanee npm snoGoM s=1, 2, ..., m uMeeM
v G Mya T % ot - H0u g < U

ITosToMy moOcleqHee BEIDaKeHAe ANA A HOMKHO MOJHOCTHI0 COBOACTH
¢ YKa3aHHHIM B BOIIPOCE.

8, a. Hycrs z;—mnenoce, Q<La<BLKR, f<a<P<ry+1;
MHTETPUPOBAHMEM O 9YACTAM HAXORHM

g g
—S/<z)dz=8 o (2) 1 (2) de =

=B fB)=e @ f(@—=s B)F B)+e () (1) + S (z) 17 (z)d=.

B uactaoetn, npn Q < &y, +1 < R, nepexopig K npefieny, uMeeM i

- x, +1 x+1
- t@a=—gr@+v—gr@+ | c@r @ar.
xl x

VRasanraa ¢gopMyna temepr nonysaercAa ea BeAKoro Tpyaa.
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b. Iepenucas gopmyny Bompoca a B BHJie

D 1=

Q
#(2) de— S /(=) dz+ ¢ (R) £.(R)—p (Q) / (Q)—

[ 3.

Q<x<R
—~ B B+ @F @+ \ e @~ s@r @,
3 P

yOesaeMca B CIPABESIABOCTH YRA3AHHOH (opPMYSIHL.
c. IlpaMensna pesyanTat Bompoca b, Haxomum

Int4In2+ ... +Inn=C-+nlnn—n —;-—12—111” - \ c(f)dw:
)z

n
=nlnn—n+0(Inn).
9, a. a) Umeem (b, § 1)

1n([n]z)=2‘J ([%]+[—;‘E]+...>lnp. N

3pech mpaBasg uacTh npen('TaBJLqu cyMMy 3Hadenmii QyHnomm inp,
pacnpocTPaRSHHYIO HA Desble TOYKH (p, S, &) C NPOCTHIME p obnacta

n
p>0,s>0, 0 <u< —. YacTs o10#l CyMMH, OTBEUAIOMIAN NAHHBIM

s W u, paBHa O \‘/ ); 4acTh, OTBeYAKmAasg JAHHOMY u, paBHA

()

8) MpumeHsa npH n > 2 pesylbTaT BOIpoca ), MMeeM

1n([n]!)—2'ln<[%]s ): _
=4m—o( -g—)m(g_)_/%) s em—o(5)-

Honaraﬂ [i] m, oTcioa HaXOXUM ([n]_2m ama [n]=2m+1)

+(n)—{< ><1n(2m;21)‘ 1<2,,. (2m+n>
<1n@m3™) < n,

4(n)=1 <n>—¢(—)+¢(—)—--,u(i)+
#(——)-—-y( >+ R e
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1) MMeem (pemenme Bdnpoca B) m peaynsTar Bompoca 8,'(:“:)

wo=p(5) +e(5)—s ()4 o= m L
‘ ([z]v)
=[n]1n[n]—[n]—2[ ]ln [%]42[ ] +0(lnn)=

=nln2+0(lnn).
HManee, npa s > 2 Haxogum (ponpoc f))

8 (Vr)—9 (i/—9+ .
o (B S

n 2
Tloaromy

o<em—¢(5)+ up(%)—-;»(%)%
. -(@ (n)—8 <l>+@<—f‘—>-—(~) (l>+> <

<21/n—142]7-n+2/n+ .. n<2(l/n+m]/n) O(l/n)

b. Cnegyer u3 paBeHcrna (1), HEpaBeHCTBA BoOMpoca a, Q)
u paseHcTBAa BOUpoca 8, c.
¢. PapencrBo BOmpoca b npm gocrarouno Goasmmx m  madT

2 Inp =Inm+0)> mm, 2 __15_>1.}‘
. P 2 g P
mlpsm m<psm

n+1

Ecam pna Beex map p,, P, CYycaoBmem m < p, < p < m? nmeno
6EI MeCTO HepaBeHCTBO Py > Py (1+¢), ro Oruio Gm ’

P B
m(l+s) '
r=0

410 OpPH AOCTATOYHO GONBMUX M HeBOIMOKHO.
d. OueBHIHO MOCTATOYHO paccMATpPHBarTh JIHMIL cayvaid, Korga
n—menoe.

Ilonaras '{(r)=h:—r ope r npocToM @y (r)=0 npm r=1, nam
pH F COCTABHOM, mMeeMm (Bompoc b)

1) +1@)+ ... +y@=lar+a(r) |a(r)| <Oy,
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rae Cl-fnocronnnoe. Orciona mpu r > 1 (cudraeM a (1)==1)
1(r)=Inr—=ln(r—1) +a(r)—a(r—1),

1 o Inr—In (r—1)
2 > =Ti+Ts Ty= > A==

Inr
0<p in t<r<n
_ a(ry—a(r—1)
h= X e
i<r<n

Hueem (8, b)

Ty= 2 rlnr+ 2 <2r21nr 3r31nr >=

t<r<n t<rsn

1
=Cs+Inlunt 0 <m> R
rpe Co—nocroaunoe. Jamee HAXOIUM

_ 1 1 a(n)
Ty=2(2) (m“m)Jf o taln—1) <1n(n—1) lnn>+lnn

Ho mpm menom m > 1 mmeeM

1 1 Cy
Cl(fn_n—m—ln(m-}-1)>+cl<1n(m+1)_1n(m+2)>+ T m
TlosTomy pAan )

1 1 1
a(2) (m‘m)““’ (m‘ s A>+

CXORWTCs; NpH dToM, eciu C, ero cyMma, To

1
e. Hmeem
1 1 1 1
lnH(l—;)——-Z 7——2 (—2724'2?4' )-’-‘—
. DPE€n p<n

, 1
=C —1nlnn—|—0<m>.

rae C’—mnocroaaHoe. Otciofia, monarag C'=1nC,, MB U HOSY4HM
yKasaHHOE DABEHCTBO. ’
10, a. Caeayer u3 ¢, § 2.
b. BBnnV 0(1)=,(1)=1 yeuosue 1, a, § 2 gua $yuxnuu 0 (a)
BHIOJHEHO. TIyeTh a==a,d;— OHO N3 PABIIOMKEHHH @ HA JBA B3AHMHO
OPOCTHX coOMEOMHTeNT. MMeeMm

D D) S(dd) =p(a)=4(a) p(ar)= D 2; 6(d1)5(dz) (1)

di\a d,\av d \a dz\a
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Ecam ycnosue 2, a, § 2 BHIOAHEHO ' J7A BoeX JPOE3BefeHUH, MEHb-
mux a, TO npu didy < a mmeeM 6 (d,dy)=0 (d,) 6 (d), m paBencTBo (1)
Aaér 0 (ajas)=48(a,)0(ay), 1. €. ychosme 2, a, § 2 BHNOIHAETCA
H A BCeX IOPOHM3BEeJeHWH a,as, paBHEX a. Ho ycnoeme 2, a, § 2
BHINOJTHAETCA AJA eANHCTBEHHOTO NpouseefeHua 1.1, pasuoro 1.
CnefoBaTeIsHO, OHO BHINOMHAETCA M IYIA BCeX UPOM3BEeHUI.

11, a. Ilyete m > 1; mma KakAOro MAAHHOTO Z,, AEAAINErO a,
a

HeoNmpe/eIéHHOE YPABHCHHE I; ... ZTpm_(Tm=a HMeeT Ty (a:
m

. a
T (@)= Z T""“‘(ﬁ) '

T\

pemennit. Ioartomy

a
HO KOTAa ¥, Upoberact nce AeJHTeNH dUCaa &, TO d=T # obpart-
m

HOM ItOpAxgRe npoﬁeraeT TE e JeJINTE]IN. CJ’IelIOBaTe.TIbHO,

Tm(a)= Z “m—1 (a).
d\a

Iosromy (Bompoc 10, a) ecim TeopeMa BepHa ANA QYHKHHM t,,_, (@),
TO OHAa BepHa W s QYHKIWMN T, (2). Ho Teopema Bepna mis ynk-
e < (a)=1. 3HaydT, OHA BepHa BCETNA.
b. Ecim m > 1 u TeopeMa BepHa ANA QYHKOMH <, 4 (a), TO
uMeeM X
tm(@)="m(p1) .- "m(p)=
=(tmoy )+ Ty (P) oo (Et (D () =(1 +m—1)F =mk.

Ho reopeMa BepHa A QyHKOouHm Ty (a) 3HaguT, OHa BepHA Beerja.
c. ITycth e =m3y, s3=2%, a=p{1 ... p,* — KaHOHHYTECKOE DA3IIO-

'KEHME YMCIIA @, UPAICM py, ..., pg PACTONIOKEHE B BOBPACTAIOINEM
nopanke. lna (pyﬂxmm 7g(@)=r1(a) HMeeM
T(a)\<a1+1 ag * 1 ap + 1 )
a’ 9”1 g%a" (k+1)°E"
Kampnit w3 coMHOKHTeNedl  DPoHM3BeleHHMA, CTOANDIEr0  cHpasa,
1
1 Ay +1 EY
MeHbllé -—; COMHOYKATENU e © ycioBmeM r > 2 MeHbIe
rér—

1

’ a,q+1
2071

1N\2"
< 1. INosromy, nomaras C=(7> ,. HAXOgaAM

T(")<c tim 22 < 1im £ —o.

(/,l a~>oo a €2 a-rx q
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Hpr m > 2, oueBBAHO, HMeeM im ()< - (v ())™. MoaTomy

lim 22 “m (a) <1m( (a)>

. a—»o0 a®
d. CucreMn 3HaueHUH Ty ees T ynoane'raopmomne YKazaH-
HOMY HepaBeHc'rBy, pazo0néM Ha {n] coBOKymMHOCTed C HOMepaMH
1, 2, , [r]. K coBOKymHmOCTM ¢ HOMEpOM @ OTHectM CHCTeMBI

c yCJIOBneM Zy ... ¥m=a; YACIHO BTHX CHCTEM €CTh T (a).
12. Ilpn B(s) > 1 paj, supaskaiompi ¢ (s), abcoIOTHO CXOANATCA.

Mostomy

[} [=~]

’ 1
= D
< (ny ... np)°
ny=1 np=1
llpll‘lé\l HPpA IL&HHOM LHOJOMHUTEILHOM n 4YWeid0 CcHUCTeM ny, ..., Ny

¢ VCJIOBMEM N, ... Ryy==n PABHO T, (n).
13, a. IIpu R (s) > 1 wupomssesienne P= II———————H6GOJ‘IIOTHO

v 1—*1)7
exopuTesa. Beuny ———1—1—= e + P “+ ... nprn N > 2 mnMeeM
1——?

1 ’
I—r=3 -+ =+

PN _?‘ 0<nE N

rje BO BTOPOH cyMMe TpaBoi wacT 7 mpoeraer nHMmb YHCHA,
Be JensAumgecs HA NpocThe, mpepocxofsmme N. B npemene mpm
N > oo gpesag uacTh ofpatuTed B P, mHepsag cyMMa YpaBo#

yacTA—B & (s), BTOpags—B HYIb.
b. Ilycts N > 2. JlonycTaB, YTO HPOCTHIX YHCEs, OTJAHYHEIX OT

P1s - -+s Pk, HET, HAXOAMM (Cp. PemieHme BOHpoca a)
r
k 2 1
H n
0<n<N
= Pj

Jto HepaBeHCTBO BBH1Y pacxoaguMoOCTH TapMOHUMECKAOTO paga

1 1
1+ 5 + -3—+ ... Hpd gocTaTo9HO Gonbmmx [N HeBO3MOIKHO.
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¢. JlonycTEB, 9TO OPOCTHX amced, or'm9ANX OT py, ..., Pk HET,
raxojpuM (BOmpoc a) - o
. 1
[[—F=s@.
=t =%
PJ
72 )
9TO paBeHCTBO BBHAY HPPanMOHAJILHOCTH & (2)=- HEBO3MOKHO.

6

14. XIpn R (s) > 1 GeckoHedHOE NMpOU3BEHEHHE A é’(s)' ﬁdnpbca
13, a aGecomorno cxopuresa. Iloaromy

1 1 1
]n:(s)=2 <_P8_+5E§+§;3T+ ),
P
rie p mpoberaeT Bce IPOCTHIE 9HCJIA. I(uq)q)epemmpyﬂ, nMeeM
&' (s) In p Inp In p A (n)
<) Z (“ P ) Z

15. Hycu. N > 2. Tipamenasa teopemy b, § 3, nmeem

HO——) Z P(") Z Nn)

0<ng N

rjle BO BTOPO#l cyMMme IpaBoil wacTd n npoeraeT JNUmb YHCTA, GOIb-
mre N u He Reldmmecd HA IPocTHe, Hpesocxopamue N. B mpepmene
npe N - 0o MH H IOJYYHM YKA3AHHOE TOMRIECTBO.

16, a. ITpumennmm d, § 3 K caywarmo

6=1,2,...,[n], f=11,..., 1.
Torga, ouesugHo, S'=1. [lanee Sy ofpamaerca B gUcI0 3HATSHHHA 8,
Kpammx d, T. €. B [—}}

b. o) IIpasas 9acTh paBeHCTBA BOHIPOCA & BEIPAMKAET CyMMy 3HA--
gennit fyruum p(d), pacnpOCTpaHeHHylo Ha Hejikle TOYRHE (d, u)

obnactm d>0, 0 <u < rh YacTh 3T0H CyMMHi, OTBedalomas JaH-

HOMY u, paBHa M(—)

B) Vrasamnoe paBeHCTBO TOJYd4adeTcd NOWICHHHM BLIYATAHHEM

PaBEHCTR
n n n
M () +M<7>+M<?>+M(-4->+ =

n n
2M<7>+ 2M(-4->+ =2
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¢. Ilycte ny=[n]; 8,, 83, ... ,0n OUpemensoTCcA ycioBHeM: 4, ecTn
Hagbonpliee menoe,  l-A cTemeHh KOTOpOTro Aenat s, fo=1. Torpma
S'=Tl,n, S5 PaBHO uHCJY 9HCesI, He NMPEBOCXOAAMEX n, KPATHHX d¥,

n y N
T. e Sy= [—d,—] - Oterona nosywaerca yrasanHoe pupakense aasn T .

73
B wacruoctu, esmny ¢ (2):—6— maa ancna Ty , 9AceN, He mpe-

BOCXOJAINAX n W He JAeidAMEXCA HA KBAZpAT NEJOT0, HPEBOCXONA-
nero 1, myeenm

6 -

Tyn=-—gn+0 V'n).
17, a. Vraszannoe pasencTso nomyunmy ns d, § 3, ecam nomommm
o @)y fo=1(x).
b. Vrasannoe papercTBo nonydmm u3 d, § 3, ecam mDonomKIM

as=(;gs), e 2y, =1 @, L, ).
¢. Ilpmvensn d, § 3 w caygawo
8=20y, 82, ..., 6

a a a

=F(—), F|+— ,...,F(N ,

/ <6l> (62> 0,.;>
rIe B NepBOM CTPOKe BHIMACAHEL BCe [EJIMTENIH 9YHCTA @, AMeeM

. _ aN\_~ (2

§'=F (@), Si= F(dD>__G(d>.
a .
D\T
d. Vkasannoe paBeHCTBO cllefiyeT H3
o 3wl L))
» () d\&zp. ) d\\%n

6‘_,.:(1

N\
P =f I oo In
18, a. [lpnvernm Teopemy Bompoca 17, a, 3acrasasa z upoferaTs
quena 1, 2, ..., a1 Gepa f(z)=z". Toraa
g UP LRI a mdm,_dm a
S’=‘pm(a’):h Sd'=d +2 d —r...+ —E' = Sm 7 .
b. Muveem '

n(@=2 p(d)(%+%)=%?<a)-
d\d ‘ '

ToT e Pe3yNBTAT MOKHO TOAydHTh Opore. Hammmem wmcna pi-
aa 1, ..., @, B3AMMHO TPOCTHE ¢ ¢ CHAYAN3 B BO3PACTAIOIEM, BATEM
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B yOnBalomem nopagxe. CyMMa 4ieRoB o6onx PAAOB, PaBHOOTCTOA-
AX OT HA4aJIa, PaBHA a; YHCJIO WIEHOB KAMKAOTO pAAA PaBHO ¢ (a).

c. Nmeem L
n@=Y Zi2ienN2 S ep) ... (1=
n@=Ne@(g+5+5d) =T @+ e A=p) ... A=py).

d\a

19, a. IlpamennM TeopeMy Bompoca 17, a, sacrapias z npoGe-
rare wnesa 1, 2, ..., [z] u 6epa f(x)=1. Torna §'==T,, S; paBHO
9iCjly 4Ymnces, He NPEeBOCXONANIHX z, KpPaTHHX d, T. e. S;= [ %J .

b. Mmcenm ) '

— i == .
To= D p(d) - +0(:(@)=—¢(a)+0(a").
d\a
¢. Cieayer M3 paBeHCTBA BOIpoca A.
20. Ipamennm TteopeMy Bompoca 17, a, sacraBiasAa z npoGerats

anena 1,2, ..., N, riue N > a, w Gepa f(x)=—;17,— . Torga naigém
1 1 ke(d) 1
D =2 X =2 X
x< N d\a f<m£% d\e 0<xé%

B npepene npm N — 0O moJdyYHM YKABAHHOE TOAECTBO.
21, a. lipmvenmm Teopemy BoOmpoca 17, b, paccmaTpmBan
YKA3aHHEIE B ONpeJelleHMH BePOATHOCTH P, CHCTEMH 3HaYeHHH

’

Ty, Tg, -.., T W Gepa  f(xy, x4, ..., 2x)=1. Torma Py=

NE
N 1k .
Sg= [T] , M1 MBI TIOJIy9HM
N N 1
<
d=1 #
PN": N = Z ax + 0] ( Z —-""—‘Nd_‘_l> .
= d=1
IToaTomy '
Py=(Z (k)" +0 (A); A_—_%,. mpu k> 2, A= pon k=2

N
n2 ’

b, Hmeem { (2) = %
22, a. 9neMeHTapHHE PACCYKIEeHHA NOKA3LIBAIOT, 4TO THC/IO0 HEANX
roueK (u, v) obmactm w4+ v®<Lp% p >0, He camranm Toukm (0, 0),

paBHO 7p2+ O(p). Ilpumennm Teopemy Bompoca 17, b, paccMaTpmeag
KOOPAWHATH &, ¥ HEJHX ToueK obnactm =x?+ y®< 7%, OTAMYHHX OT
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rouke (0, 0), m momaram f(z, y)=1. Torna T'=S'+1, S; pasHO
gHCIy HEeNHX ToueK obmactm u? 4+ v < ( ) He cyuTas Toukn (0, 0).
Hoa'romy

2
se=n gz +0(%),
[r] . Mo
7= p(d)nTz-+O<2—d->=?r’+0(rlnr).
d=1

d=1

b. Paccyxaas aEaNormgHO OpeAmAymeMy, HOTYyINM

= 2 (d)3 d3+0(2 d,) +0(’)

23. a. Yncno penureniell ¢ uMciIa a= p:’l e p,‘:k, He AeIAmnXCcs
Ha KBajipaT menoro, npesocxojAamero 1, m HMeoEX x OPOCTHX

HoenuTeNeid, paBHO (’: ) ; opr 3ToM  y (d) =(—1)*. IloaTomMy

k
D w@=3 () (=v=a—ni=0.

d\av x= 0

b. TlycTe @ mMeeT TOT Ke BHI, 9TO W B Bomnpoce a. JoctarogHo
paccMarpmBaTh cnydad m < k. [nA yKasaHHOH CcyMMBl HMeeM JBa
BHRIPAKCHAST

> F(d)=<k>—<k>+ e (=)" <">=
== (i )=(a2 )+

Ednm m uyérHoe, To npm m<—2- mepBoe Bhpakenume >0, a npa

k . k
m >—2— BTOpOe Bripasenwe > 0. Ecnm m HeuérHOE, TO mpH m<_2'

. A )
mepBoe BHpaykenme < 0, a mpm m > 5 BTOpOE pepaskenne < 0
¢. JloxasaTeLCcTBO mOYTH Takoe ke, KaKk B d, § 3, HO ¢ yuéToM
pesyneraTa Bompoca b.
d. [oxasarenncTBO.MOUTH TaKOe ke, Kak B Bonpocax 17, a m 17 sy b,
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o 24, Uyc'rh d mpoberaer rennten: uucia a, Q (d) = wmeno NPOCTHIX
penmTenei umema d, (e)=s CornacHO cnellaHHOMY B BONpOCE
yHKasaHmIO, BEMeeM (cqmaeM N nocrarogno 60HHIIEM)

AN, )< D) u(d)(Wwd);Two—Ti;‘ 61 1

dysm
N t (d) I .
Ad)ygm d)>m

Hanee HaxomuM

1T Z<;><sm<ehm<e5 1—61nr¢.17$N oY,

(-

U=£ peet =0 ().
auc)
P\¢q

Haromen, o6GosEagsas OykBamm C; u Cz HEKOTOpPH€ TIOCTOsIHHEIE,

nMeeM
N < 1 (2 3+ 1)
]T1|<7 R T< ‘q—
n=m+1 2(d)=n : n= m—H
N C1l1nr n
\T z T 4Inr e) <
=m+

4
—4ln;
<—1qy— Z (—\ 62 n3.=‘o:(n..~

n=m+1

25. Besixomy fenmTenmo d, umcla @ ¢ yenopueMm dy < W a oTBe-
yaeT JeauTeNb dy C YCIOBHAMU dg > ]/a didy=a. IIpn atoMm p.(d;)=
= p (dg). TloaTomy :

2 ey =Ne @) - Np@= p@=0.
Do 4y : d ,

dg . d\a
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26. Ymcna d, me penAmuecd HA KBajpaT Nenoro, OpPeBo¢Xos-
Wero 4, u ynosaeTBOpAIOmEE YCNOBHIO ¢ (d) =4k, paccMOTPHEM nomapHo
TaK, 410K B KamxAYI0 Iapy BXOHIIO HeKOTOpOB HeaéTHOe dy B uBT-
moe 2d,. Dymem mMets p (d,) - ¢ (2d;)=0.

27. Liycts py, ..., pp~—PpasauuHne mnpocThHe 9meaa. Ionaras
a=py ... Pk, HMeeM

¢ (@) =(p1—1) ... (p—1)

Mezgy Tem, Hpi OTCYTCTBUH HPOCTHIX YHCOM, OTIMIHEX OT Py, - - ., Py

MBEl BMean OH ¢ (a)=1.

. - a
28, a. YrasaHHEe YACTa HAaWAYTCA cpedn wHeex s6; s=1, 2, ..., 5

Ho (s6, a)=4¢ Torga m TOJBKO TOI'/Ia, KOrjaa (s, %): 1(e, §2, ra. I).

H03TOMy BepHO yTBeDKAEHWE, OTMEUYEHHOE B BONpoOCce, W ML nMeeM

a= Y ?<%>= D) ¢ d).

a\a d\a

b, 2) IIycrh a:p‘:l e p;k—KaHOHHQECHOG pasiioMenue 9ucaa a.
Beupy a dynkous ¢ (a) MYyJIBTHNIIMKATHBHAA, IIPHIEM

p§s= Z ¢ (d), Pass—i'.: Z ¢(d), p§* p:.s_i—(\o(p:s)'

—1
d\pis d\p:°

B) Jna medoro m > 0 mMeeM

m= Y ¢(d).

a\m
Toatomy

e()=2 s@)~.

d\a

29. NUmeem (p mpoberaeT Bce NPOCTHE vmCa)

o ( TP §(s—1
ST )H e

8-1
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- 30. Umeen

D+ +.. +q»(n)—2*‘ +23 H(d)+_._+ Zy-(d)
d\1 d\2 d\n

=i F(d)<1+z+ ot [%D:i p(d)?nt;—-l-O(nlnn):
d=1 ’ d=1

9 | 0(n1n n)_in=+0(n In n).

(2]
n?
=_2_2

Pemenns k raase III.
1, a. U3
P=ap 10"t +a, 10" 24+ ... 4 a,,
sameuas, aro 10 = 1 (mod 9), umeem
P=apt+any,+...+a;(mod?9).

CnepopaTenbuo, P KpaTHO 3 TOTAA W TOJABKO TOrja, Korja cyMma
oufp, ero m3o0paKawLINAX, KPaTHA 3; OHO KPaTHO 9 TOTAA U TOIBKO
TOPfa, KOUJa yKasaHHAsg cyMMa KpaTtHa 9

3ameuasn, uro 10 = —1 (mod 11), mmeem

P=(ay+az+...)—(az+a,+ ...)(mod 11).

Cneponarenpno, P kpatHO 11 TOTJa M TONBKO TOrja, KOrfa pasHOCTh
MesRIy cyMMow0 nudp, CTOAUIEX HA HEY8THHIX (cuuTaA COPaBa) MecTax,
7 cymMMoI0 nudp, cToAlyax Ha YéTHWX Mecrax, KpatHa 11.

b. Ha

P=b,100"1 4+ b, , 100724 ... + B,
peuay 100 = — 1 (mod 101) umeem
P=(b+bs+...)—(bg+b,+ ...) (mod 101).

ITostomy P Kpatso 101 Torpma m TosibKoO TOrpa, Korpa (by + by +...)—
—(ba+by+ ...) xparao 101.
c. U3

P=cp 1000 4 ¢4 10002 1 ... 4 ¢4 )
seany 1000 = 1 (mod 37) nmeem
P=cp+epayt ... +ep(mod37),

Ho:—n‘omy P xpa’rno 37 Torna  TONBKO TOIA, KOTAA cn4-cpoy +... + 6
KpaTtHO 37. -
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Bengy 1000 = ~1(mod 7 - 11 - 13) mMeeM
P=(c;+cg+...)—(cg+ecg+...)(mod 7 - 11 - 13).

[Toaromy P KpatHo onHoro m3 gmcen 7, 11, 13 Torma m TonsKO TOrAA,
Korja (¢, + ¢34+ ...)—(cz+, + ...) KPaTHO ITOroO e YHCHIA.

2, a. 1) Horma = mpoGeraer monnyo cdcTeMy BEIYETOB MO MOAY-
10 m, TO az + b TarKe mnpoleraer NONHYI0 CHCTeMY; HAHMEHbLINHE
HEOTPHNATEJNBHHN - BHYeT r 4uHCIa az + b mpoleraer BsHadeHHA
0, 1, ..., m—1. Ioatomy

m—1{
{2 f=g o
r=0

x

B) Ipmmensa pesynstaTt Bompoca 18, b, ra. II, mHaxopmm
ag _‘Pl (m)___i_
2 {E} = =g ¢
13

b. B cuyuae t =1 mmeeM [f (V4 m)]—[f(N)]=e,

N+m
1 1
Ne= 3 U@l~g U +m)]+5 W= +5m=
Z2=N+1
N+m N+m . .
= Z f(x)— Z (f(x)}—ia—}——f(m—i):S;
z=N+1 z=N+1t

K 39TOMY CIIy9al0 TPHBUAJIBHO CBOAHTCA M ciydait ¢ > 1.

c. llyers N, M, Py, Py~—neauwe, M >0, Py >0, P, >0. Tpa-
nenmA ¢ BepmmuaMm (N, 0), (¥, P;). (N+M. 0), (N+M, P,)
ABIAETCSA HacTHHRIM cydaeM paceMoTpenHod B Bompoce b. Iloaromy
H AnA Hed BepHO paBeHCTRO (1) PasenctBo (1) AAA TaKOH Tpamenuy
JerKo TMOJIyudM TaKKe, paccMaTpMBasd IPAMOYTOJbLHAK ¢ BEPITHHAMH
(N, 0), (N, P+ Py), (N+ M, 0), (N+ M, P, + P;), paBHOBEJHAKHI
JBYM TaKHMM TpamenmuaM. J{nA 5Toro DpAMOYTOJLHAKA PABEHCTBO
. S a=s,

. ’
aHAJIOTAAHOe paBeHcTBY (1), oneBmnuo. OTciofia BBHRY 2 d=2 2 8
§/=25 MH ® DoaysaM paseHcTBO (1).

Ma atoro peayasraTa anajoruuHasd QopMyna AnA YKA3aHHOTO
B BONPOCE TPEYrOJILHMKA BHIBOAMTCA TpHBMaJIBHO OpHako Ipeicra-
BsIeT WHTEpeC TaKke CIefyloNAH# BHBOJ: YKASAHHHU TpPe¥TOJbHAK

NoJy"aeTCA NyT1éM pasGMeHdsA HA JABAa PABHHIX TPEVIOJBHAKA HEKOTO-
poro napamresorpaMMa ¢ HeleMd BepmmHaMH. ITycrs S — miomans

mapaaesiorpaMma B T'= ), &, TIe CyMMEDPOBAHHO pPacIPOCTPAHAETCS
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Ha Bce MNellkle TOYKH mnapajuleforpaMMa, npuaéM & ompepenserca
AHAJOTHYIHO TOMY, KaK B Bompoce h. lHTepecylomee Hac cBoOHCTBO
TpeyronbHEKA Gyfer NOKasaHO, eclH MH JoKaeM, yro S=7P, Pac.-
CMOTpHM KBagpaT ¢ OecmpenenbHo pactymeid croponolo 4. Bes
wiocKocTh MOeT OhTHL pasbuTa Ha GecumcieHHOe MHOMECTBO Mapais
JIeIOTPaMMOB YKasaHHOro BRAA. IIycTb k — uHCIIO mAapanesnorpaMMoB,
[IOJTHOCTHIO JIeKAIIUX BHYTPH KBaJpaTa, W R— YHCIO OedmX TOYeK
BHYTDH KBajpara. Lipm A - co HaxopuM

. kS . A2 .. R~
lim —A—z—=1, lim 7%—_1, hmz_—]—,—i.
TlepemMHOKasA NMOWIEHHO STH PaBEHCTBA, IOIYYHAM
)
— S = T.
lin T 1,

3, a. TIycTh r—HaWMeHBMAR HEOTPHUATEJbHLIA BHYET 4YHC]A
az + [c¢] mo mopynw m. Nmeem :

. o (M)
r=

rae s L@ (r) <<z +h; s={c} Tpg m<2h+1 Teopema oueBmaHa
Iloa-romy paccMOTpAM JIMIE CJIyd9ad m > Zu + 1. Tlomarasa

{ﬂ@} ~L =380,
nm

m
umeem—1+—%<6(r)<h;s mpg r=m—[h+z:], ..., m—1;
—% <6(r)<'i”: B OCTANBHEIX CAYHAsIX. ITosToMmy
—lhtsl <=5 <hte, |s—gm|<hig.

b. UmeeMm

o az+¢(z)1 B A
Z — $(z)=m(AM + B) +—=.

[IpEMeHuM TeopeMy Bompoca a, mosarag h=|[A|. Torga u momydymm
YKa3aHHBIH pe3ynbTaT.
’ c. Haxomum

me-{
Z{f(M)+—+ +"—‘—M2*—f‘32}, 0< 2 <m—1,

20
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“HpumeRnM Teopemy Bompoca &, monarasa h=14 7 Toraa nomyymu

YKA3AHEKH PesyHIBTaT, A

.._4. Paanomuv A B HEDPEPHBHYIO npo6b yers Qp = Q' —HamG0ML-

MEi 13 BHameHaTesIeli Mojaxomsamux ppoCelt, He IlpeBOCXOIIﬂlI[EE m,
nMeeM (Bonpoc 4, b, T 1)

Pl ﬁl , -
A==67‘+Q_,,‘n, (P, Q=1 |¥| <L

Tpu stom n3 m < Qn.y < (qn+1+ 1)Qn < CQp, rue C—~mnocrosuuOE,

KOTOPOTO HE TIPEBOCXOISIT Bee g, - 1, paa nambonbmmero uemaoro H'

¢ yeanouem H'Q' L m cnegyer H' < C. IlpuMenAa rTeopeMy Borpoca

3, b, Haxopum ;

COMAHIQ-1 : ) .
I 2 {AxrB}-———HQ’I -2-0
- z=M - '

Mycrs my=m—H'Q’. Ecim m; >0, To, BHOUpas B 3aBACAMOCTH
or my wncyna Q% ® K’ TaKkmM iRe cnoco60M Kax paHbme B 3aBHCH-
MocTH 0T m ObInd BeIOpansl yHcna Q' m H', naiiném

M+ H'QG"—1
. ) I(Aa:+B}-——H”Q”
.‘l:=M1

Myetes my=m,~— H"Q”. Ecau m; >0, To mojobno npegsfymemy
HAIEM

3
?C

M2+H/I}Q'u/_l .
Z (AZ+B}_§_HIIIQIIIl <
x=Mg

o] @
[

u T. 1., IOKa He npunéﬁ ® HerotopoMy mp=0. Toraa noxyumm
(H'Q+H'Q +... + HFQ® =m)
7 ’ M+m~1
1 3
Y {4z +By—=m| <= Ck.
x=M

Uncna Q'; Q”, ..., Q%) ynosnersopsior yexoBHAM

Q>m1 SQ >m> ... >mya > Q% > 1

HoaTomy (Banmpoc 3, ra. I) k O(ln m) u, cnenona:renbno dpopmyra,
yxazaHBasdg B BOHpOGE, BepHal -
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5, a. CymMy, crommywo cmesa, ofosmaumM Gyksow S. Ilycs
1

t=A3, Ilpm = <40 Teopema ouepmpsa. IlosToMy mpemronaraem
© > 40. Baas M,=(Q+ 1], Baiipém uucha a;, m,, 8, ¢ ycioBEAMA

= 8, .
4 (Ml)“— . +m1't ; O<cmg e, (ay, my)=1, 101I < 1.
Baap My= M, + m,, aHAIOTAYHLIM OyTéM HAHNEM aMCna a,, mg, B,
B3AB My =M, + m,, RAHNEM 9HCNA a4, M3, O,; W T. 1., NOKA He TPHAEM
K M, =M,+m; ¢ yeaoBzeM 0< [R]—M,, , <[t]. Ilpumenns
Teopemy Bompoca 3, ¢, HaUAEM ’

k+3

1 1
S——z—(m1+m2+ cetm+H[RI-M, ) (< s—2_+-2—([R]_MsH),

1 k+3 <41
S ——(R— +—
2( Q)]<S 5 ) -

a 1 ' a 1
Jnimaa AETepBaNa, M KOTOPOro — w— — L f/ () < — + —— , He mpe-
p 3 mimt\/()<m+ = p

24 . a
BOCXOZUT — = . Crnenopatenibno, ¢ opHOlt u TOH e JpobbIo -

24 .
cBAzaEo < ot 1 amcem my, m,, ..., m,. IlycTb'a; W ay—HaEMEHb-
.

mee W HanboJibOICe 3HAYEHAA a4, OTBeYaAlOm:Me JAHAOMY m.
Nmeem

@—a,_2 _k(R=Q)

k(R—Q)m
m ‘mT\ A a2_a1+ 1 < AQ)

+ 1,05.

CrnegoBaTeIbHO, ¢ RAHHBIM m CBA3aHO
24 k(R—Q)m N\
< ( ey +1> (——A——-H,Os)_
_k(R—Q)y 2 m 24 N\
=G )+ (1) 108

amcen my, Mg, ..., m,. CyMMEDYS mNoclleHee BHpaKeHHE IO BceM
m=1, 2, ..., [c], Doayanm

— 2
S<M<2]nr+2+1211>+.130—141,05<
T ; v T

<@ln¢4+

14
27T

1 B(R—Q), . o A
IS—-z—(R—Q)I <2X2E=Dy g2,
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b. HmMeem

| 3 vert—a-z@-0|<,
Q<z<R .

S v@—g@-0|<y,

Q<z<R
oTKyJaa, mojaraa & (z)={f(z) +1—s¢}—{f(x)}, maxonum

| 3o
Q<z<R
?E) npa {f(x)} <o mveem O(z)=1—0q, a upm {f(z)] > ¢ mMeeM

€)=—s¢. lloatomy |(1—0o)d(e)—e (R—Q—,(9))| < 2& OTKyJia
H OOJIyunM YKAa3aHHYI Qopvymay.

6, a. llpumennM ¢opmyary Bompoca 1,¢, ra. II. TIlomaras
J@=Vr—z,s uHTepBaie 0 Lo < __r__ nMeeM

< 2A.

ml

,‘ _ z » C —p? 1 ” 1/
/ (I)———l/—rz-‘:;;, J (z)“—‘m. 7S <l\f (x)l

Iostomy (Bompoc 8, a, ra. II, Bompoc 5, a)

r

v
T=4r+8 ‘ Vii=zide + 8 (L_) —r:—Sp(O) Cr—h———
i va/v2 Ve
re r r 2 2
—4—+8— —_} O3 Inr)==r24+0 (3 Inr).
. Vz{ 5 OC mn=rrt 0
b. Umeem (Bompocm 11, d m 1, d, ra. II)
W@+ =2 [%]—[VEF.
. . 0<z<Vn
JIOC'raTquO PaccMOTpeTh JIAMb ¢y4ai n>64. Hateppan X < z < <Vn,

rge X =2n%, paaoﬁbeM Ha O(Inn) umteppanoB Bmga M <z M’,

rae M’ < 2M. Tlonaraa /(z)=£ , B mHTepBaNe M <z LM’ uMeeM

F@=—t, F (@)= LIRS N
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[Tosromy (Bompoc 5, a) ' BT
' 1

2 ":‘}= W' —=3) + 0 (a3 )
MlxsM!

1
1 — =
2 : {%} =7;/n +0 (n? (Inn)*).
o<z<¥Vn
Hanee (Bonpoc 8, b, ra. II)

3 _:.:En+%,zlnn+p(1/;)Vﬁ+o<u.'

0<z<Vn
Ioaromy

T+ @)+ ..+ z(n)=2En+n1nn+2p(1/ﬁ) Vi—Vn—n4t
1 1

+2V3 (Y3} +0.@? (nny)=n (1n n 4+ 251) +0 (¥ (ln ).

7. TlycTs cHcTeMa HeNpapMIsHAad U s— HanmGonbmee —Iej0e
¢ yciaosueM, 9TO 2° BXOJUT B HeuéTHOe YHCJIO dmces chucreMmul. Opmno
H3 TOCJTEHUX 9UHCeJ MHEl 3aMEHHM MEHbUIMM, COJIep/RaliuM JIHMb
cTemeHH 2°, BXONAINEE B HeuSTHOE YHCIO YHUCEN OCTABINEHCA CUCTeMEL.

Ilycts cucrema— npasuabHad. Ymcno, MeHbllee OZUOT0 H3 YHMCEN
T aroit cucTeMmHl, oTam4aercd-oT I', 0 KpailHel Mepe, OJlHMM 3HAKOM

B cHCTEME HCUUCIIeHHA C OCHOBAHHEM 2.
8. a. [lo6aBUB K Ka;KIOMY M3 yHCell, IPeICTARIASMBX YKAa3aHHAIM

citocobom, aucano H =3" + 3n-ly 134 1, moMyynM 4YMCHA, KOTOPHe
MOJKHO TIOJIYYMTh, BacTaBIsaAa B ToH e dopMe zn, an_i, ..., T, Ty
npoberats sHavenus 0, 1, 2, 1. e. momyunm Bce qucaa 0, 1, ..., 2H.
b. VYKasaHHHM cIIOCOGOM NOTYIUM M My ... fi) YHACEJ, He CPDABHH-
MBIX MEKIY c000I0 IO MOAYJMIO mymy ... mg, TAK KaK W3
Tyt mrytmmers+ .o Fmamg Lo Mg, =
=a{tmab+mmer] + ... + mmy ... myp_z; (modmymy ... mk)

nocleOBaTeJIbHO HAXOMHM:

z, =z} (mod m,), =z =2z mz,=mz,(modmmy), zz=2;;

mymazy = mymyzy (mod mymams), x5 =23, '

" T. 1.
© 9, a. YKa3aHHRIM cOOCOGOM IOTYYuM mym, ... M ‘mcen He CpaBHH-
MBIX 10 MOLYIIO mymg ... Mk, TAK KaK U3 .

My + Mozo+ ... + Mypxy = )

& Myay+ Myxy+ ..+ Myxg (mod mymy ... my)

-
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cmestosaso 611 (Bcikoe M;, oTamgHOE oT M,, KpatHO mn,)

’

Mz, = Mz, (modm,), z,= =z (mod m,), z,=rz,.

b. YxasamumuM cmocoGoM monmyumM ¢ (my) 2 (mg) ... o(mp)=
=1 (mmy ... Mj) UNCEJT BBUAY TEOPEMH BONpOCa A, HE CPABHMMHIX
0o MOUYAIO m, ... mg, ¥ BBENY (M 2, + Mozxs+ ... + Mpzg, m,)=
=(M,x,, m,)=1, B3aUMHO TIPOCTHIX € MMy ... M.

¢. Cornacuo Teopeme Bonipoca a aucao Mz, + Myx, + ... + Myxg,
rge xy, T3, ..., £y TpoGerawT MOIHHEE CUCTEME BHYETOB 10 MOTYJIAM
my, m,, ..., mg, NpoGeraeT NOJHYIO CHCTEMY BHYETOB IO MOAY/IIO
mymy ... My, I3TO UHCIO B3AUMHO NPOCTO C Mg ... M) TOTHA I
TOJBKO TOTrJa, Korga (o, m,)=(z2, my)=...=(zg, mr)=1. HoaTomy
P (mymy ... my)=2(my) p(m,) ... #(mp).

-d. YroGH momyudTk Bee wmcia pama 1, 2, ..., p%, B3AUMHO OpO-
crele ¢ p%, clenyer BWUEPKHYTh dHcIA JTOTO pAAA, KpaTHHE p,
T. e. wmcna p, 2p, ..., p* ‘p. Mostomy 7 (p*)=p*—p* 1. Orciona
u u3 teopems ¢, § 4, ra. Il usBecrHoe BEpa)KeHHe NI ¢ (@) cilefyeT
HEIOCPeCTBEHHO .

10, a. IlepBoe yTBepiJeHHe cjIeqyeT M3

N

x zp Mz + ...
e e

BTOPOE yTBep:JcHue ClexyeT ua
£ £ ME + ..+ Mg
{F’.El_+."+_.£_}={ 1=1 k'%lc}_
1

mr L m

’

i3 Mkzk} .

hxy ., wy) Ik (Zks .--,wk)}
b. 6 — L C } COBIAJAanT
HPO " { m, t + mj. o

€ npobamn

{f,(M,z,—l—...-l—Mka:k,...,M1w1+...4—Mk?l‘k)+ +
my;

+fk(M1a:1+...—L.Mka:k, ...,M,w‘+...—LMkwk)}
my

’

T. e, ¢ ApobavMu {fl( AR )+...+fk(x’ w)} . Orcrona Tpm-
m, my
BHAJNIBHO nonyqaercﬂ nepBoe yTBep:aeHme. Bropoe yTBepseHHe
7lOKasHIBaeTCA AHAJOIAYHHM crnocoGou.
11, a. Tlpu a, KpaTHOM m, UMeeM

omi 2 :
2 é m = Z 1.-=m.
T
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Ilpn a, He pmenAmeMcs HA m, AMeeM

b. Ilpm Hemenom ¢ seBasg 9acTe pPaBHA

e21tia.(M+P)__621tiaM 1 1

. <sinn(a)<h(a)'

82’““—-1

¢. Cornacao reopeme Bompoca b seBas yacTs He npesocxogar Tm,
Tae
m—i{

Tm=Y —L _.
27
Ho OpM HEYETHOM m

Tm<m 2 2a+1—m1nm,

0<¢<E

a Opm 9ETHOM m
m 2a4+1  m 2a+1
Tm<- =ity 2 Bp—

m m
< -
0<a < 3 0<a< 3

< mlnm.

Ilpr m > 6 BeARY ? ——=i, rpasuny m ln m MOMKHO YMEeHLIIATH HA

22 P B (2[ ]+1).
0<a <
Iocnennee BLIpaKenme > % npa m> 12 m > m npu m > 60.

o 3 : .
12, a. llycte m= pil pkk—KaHOHH‘IGCHoe pasiosKeHde IHCIA m.

a a -
Ilomarasa pil=m1, ceey pkk=mk, npa oGosHauenHAx Bompoca 10, a,
HMeeM

RCE TS 1

3
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Ho npm a,=1 HaxonuM

3 R Z it 1,

Es
IIpe a, > 1, nonaraa m,= pm;, HaXOXAM

. Es . Zs 2mi——
ami =2 ami =2 ni
Z e .Mms_——_ e i ms— 2 e m;=0
Es Ts u=0
m—1 27mi ™
b, Iycrs m—uenoe\, m > 1, Umeem Z e =0. CymMma cna-
=0

raeMHX J1eBOM 9acTH 5TOTO PaBEHCTBA ¢ YCIIoBHeM (%, m)=d COTJIacHO
s rm
TeopeMe BOmpoca @ DAaBHA b (7) .

c¢. Haxonnm

.k
S s S @ sa,

13 d\m
rpe, monarad m=myd, EMeeM

J.‘U—
Z"’

ITocnennee pasao Onpn d < m ® paBHO 1 npn d=m. Orciona m momy-
4YaeM TeopeMy Bompoca a.

d. Papencrsa cienyior ms sompoca 10, b.

e. Hmeem

A(my) ... Amp=m~" D) o % Sam, - Sapmy
a a

.

rge a;, ..., @ OpoberaT NpuBelEHAEE CHCTEMH BHUYETOB IO MOAY-
aaM my, ..., mg. Orciona (Bompoc d) mepsBoe paBeHCTBO BOIpOCA
c7e/lyeT HenoCPeICTBEeHHO.

AHAJOTHUHEM IYTéM AOKAKEM H BTOpOE DPABEHCTBO.

13, a. Hmeem

P 2ni X :
Z c v p, ecia n KpaTtHoO p,

0 B DpOTUBHOM CiIy1ae.
=0
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b. PackprBasa upodsBefeHHe, OTBEYAIOmE® MAHHOMY n, HMeeM

(d) -1 2ai
ek
d\a x=0

Orciopna, cymmupysa mo sceM n=0,1,..., a—1, 7 nony9MM H3BeCTHOE

BHpameHne 1A ¢ (a).
14. YacTh BHIpajkeHHA, CTOANIEro cnpaBa, OTBEYaOIIafd z, Aelld-

meMy @, paBHA

20
Jim 2 ( (S 0 1))) —2.
e—0 e—rO t+e + (
K . ak
N 2ni =
Monaraa @ ()= Z e , 9aCTh, OTBEYAICINYIO z, He ACHAIEMY a,
E=1 :

MOKXHO IIPECTABATH B Q)opMe

33%23 (’(I)ii) +€D(2)2;§>(1)+<1)(3:)3-1—+?(2) T .>=
-y (o0 (1= 0 (gt ).

MuokuTens, croamuit WpE 23 BBULY | @ (K)| < z umcileHHO < Z;

upn sroM lim 2:x=0. IlosToMy DUpaBas uwacTh paBeHCTBA, YKa3aHHOTO
e-0

B BONpoce, paBHA Y/BOGHHOMY WHCIy feiuTenedl dmela @, MEHb-

mux  a, cloMeHHAoMy ¢ 6, T. e. paBHa «t(a).
15, a. Meem

(hy + he)? =
=h§’+<f>h,’”1h2+ ...+<pf_1>hlh§’ + kY = AP 4 AP (mod p);
(b + ko + k)P = (g + ho)P + bY = Y + BT + A% (mod p),

aT. A
b. Mlonarag hy=hy=...=h,=1, ®Wa TeopeMsl BOIPOCa a MOIY-
aum Teopemy Depma.
e. yers (@, p)=1. Ilpn HeworTopHx medAmx N,, Ny, ..., N,
aMeeM ) .
a (p—‘)'——'i‘{‘NI Py aP (p—1)=(1+ Nlp)p=1 + sz’v
ap’(pf1)= L4+ Nyps, ..., P =y +N, p%,

a® ®*) = 1 (mod p*).



PEMIEHNA K TIABE IV {43
Hyc'i'b m= p?l'. .. pZ" —KaHOHHAYEeCKOE pasiioKeHMe gmcha m. MMeem

(n®1 a
¥ 1= 1 (mod p11), ..., a” PE = 1 (mod pik),

a® ™ =1 (mod py1), .. - at ™ <1 (mod p:k),

a® ™ = 1 (mod m).

Pemenus % raase IV.

1, a. TéopeMa HEUOCPEeJCTBEHHO CcJeAyeT M3 TEOPEMEl BOIpOCA
11, 2, ra. IIL

b. Ilycts d—penareds dncia m, m=m,d, H; obozaauaer cymmy
clIaraeMHX ¢ ycaosmeM (@, m)=d B BHpamemm g T'm Bonpoca a.
Haxopnm .

m 1 aof(:c,.,,,w)

Hd - 2 2- g

aoxO

rje -a, npoGeraeT TPHBENEHHYIO CHCTEMY BEIYETOB TO MOAYIIO M,
OTciofia BRIBOIHMM

my-1 my—1 i agf(xg, ..., W)
3 NN

ag x9=0 wy=0

=m" 4 (mo).

¢. Myers m > 0, (a, m)=d, a=ayd, m=myd, T-~9ncao peume-
Huil cpaBHeHHWA ax = b (mod m). Umeem

m-—41{ m-1 .afax-b)
2ni —
Tm= 2 2 e =
, ‘a=0 x=0
m-im-1 2 10—'—aqx—2m—
A\ m
=2 X =
a=0 x=0
d-1 be :
—m e"z”T __ [ md, ecnm b wpaTHO @,
- : ~ | 0 B nporuBHOM cayuae.
a.l=0
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d. Honaras (e, m)=d,, (b, d\)=dy, veey (/, dpa)= dr, m—‘dlmr
dy=dym,, ..., dy_y=d,m,, HaxonuM d=d,,
m-— im im-1 a.(ax+by+ A fwig)

me52 Y- 3T

) (by+.. +fw+g)

dy=tm=t, ar1(fwtg) dr-1 , .erg
=m 1 2, Z dro1 =m' 2 e dr
r_l—Ow 0 er=0

e. IlpaMennM Merton mupyKnw. ITycts npm 0003HA9eHAAX BO-
mpoca d TeopeMa BepHa A r NepeMeHHHX. PaccMOTpuM cpaBHeHme

Ww+az+ ...+ fw+g =0 (mod m). (2)

TMycts (I, m)==d,. VYcmoBmeM Bo3MOMHOCTH cpasHeHmA (2) Oyzaer
az+ ...+ fw+g=0(nodd,). Mocienuee cpapHeHNe BOSMOMHAO JHIL
B clyuae, Korja g kparHo d’,rupe d’ = (a, ..., [, do)=(, a, ..., f, m),
npu4éM TOTAA OHO HMeeT df~'d’ pemenmd. CienoBaTelbHO, CpaBHE-
HOe (2) BO3MOKHO NHINb B CJIy4de, KOTJAA g KpaTHO d’, ¥ TOTAA OHO

AMeeT d,';ld'( ) dy=mTd’ pemenmi. Taxmm o6pasoM Teopema

BepHA W A7 r+1 nepemennnx. Ho TeopeMa BepHA A OXHOTO Hepe-
MEHHOTO. 3HAUMAT, OHA BEpPHA Bceria.

2, a. Nmeem a® ™=1(nod m), a - ba® ™~1 = b(mod m).

b. Nmeem

1.2...(a—1)ab(—1)%" 1(p—1) 2.(p.—;a+1)
Eb-i-z...(a—n(modp,,

OTKyJa, fedAd MOWIeHHO Ha 1:2...(a=—1), ® DONyYAM YKa3aHHYIO
TeopeMy.

c. a) JloctaTouno, o4eBMAHO, OrpaHMYATHCA ciaydaeM (2, b)=1.
Buﬁupaa Hagne;RawuM obpasoM 3HaK, mmeem b+ m =0 (.nod4).

IIycTs 28— nambonbmas cremeHs 2, gensmaa b+m llpm 8>k
uMeeM
b+ m

T=—o— (mod m).
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Eciam e & < &k, To EMeeM

-3 b :I: m
Pl T(mod m).
C sTuM cpaBHeHAeM NOBTOPAEM AHAJOTMYHYIO ONEPAmHIO, B T. 1.

B) Cumraem (3, b)=1. Bubpas Hagnemammm o6pasoM 3HAK, AMEeM
b4+ m =0 (mod 3). Ilycte 3% mamGospman cremens 3, nenAmas
b+ m; llpm & > k mMeem N

_bLtm
Z=—3—K——

(mod m).
Ecim e 8 < k, To nMeeM

33 = I_)_ia_m (mod m).

C sTaM cpaBHeHHeM HOBTOpAEM AHAJIOTAYHYI ONEPANHI, W T. [

1) IycTs p—mnpoeToit nemmrens 9mesia ¢, Halipém t m3 yemosma
b4+ mt = 0(mod p). Ilyers p°—Hau60m>maﬂ cTeneHs p, Jmendmasn
(a, b+ mt), n nyers a=a1p6. Nmeem

b
oz = -—tam—t(mod m),
p .

Ecan o, > 1, To ¢ 9TAM HOBBIM CpaBHEHHeM IIOBTODAEM aHAJIOTHT-
HyI0 ONepamui, ¥ T. f.

Vraszagunit cnoco6 ynolen B caygae HeGOILMAX HPOCTHIX COMHO«
sKHATeeld umena a.

3. Ilomaras t={<], OumeM cpaBHEHHA

a -+ 0 = 0(mod m),

a» 1 =y;(modm),

a -t =y (mod m),

a « 0 = m (mod m).
PacoososkuB 3TM CPaBHEHHA B MOPAJKE BO3PACTAaHAA UpPABHX JacTei
(cp. Bompoc 4, a, ra. II) I BEYATAA HOWIEHHO Ka)kjoe CpaBHeHHE

(KpoMe moc/lefHero) u3 CIeLyIOmero 3a HEM, HoJay1uM ¢ 4 1 cpaBReHnl
pafia az = u (mod m); 0 < |z] < . Ilpm aroM, no wpaiimeit mepe, B

m .
onpoM cpapuenmn Oymer O < u < —. [leficTBHTEN RO, u  HEMeer
T

t +1 >~ 3HaueHWi, JTH BSHAYEHUA UOJOKHATEJLHbEE, H HX CyMMa
panaa m,

4, a, a) Cregyer u3 onpefeNeHHs CHAMBOJIHTZECKOH po6H.

B) 3necs MOKHO MONOKUTE by=0b -+ mt, rpe t ompefendeTcA H3
yeaosust b+-mt = 0(mod e); TOrga CpaBHEEHIO ax =) yHOBIETBO=

. b
pAET mesloe 9YHCNo, HpeAcTaBigeMoe O0H4HOR ApobEHIo —;3.
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1) Hmeem (b, KpaTHO a, dy KpaTHO ¢)

b d _ by  dy byc+ady be+tad
T e=E et T e = e
d) Umeenm
b d _by dy bydy_bd
R R e

b, a) IlImMeem (cpaHeHus GepyTca MO MOAYIK p)

p—1N\_(p=D(p—2)...(p—a) (=% .2...a _ .
< a >— 1.2...a =T13 . a f(—i)—

Bompoce 2, b Temeps mpome pemarth TaK:

b _b(—)(p—1)...(p—(a—1))

@ 1.2... (a—1)a (mod p)
3) Umeem
22 . p—1  (p—1)(p—2)

R v R S v R R
(P—D(p—=2) ... (p—(p—2))
+ 1-2... (p—1) (mod p).

5, a. Ymena s, s+1,..., s+n—1 1onmapEo He MOTYT HMeEThb

obuax penntesied ¢ d. IlpomsBeuenns s(s+ 1) ... (s+n—1) Moryr
OviTE OGBLEIMHEHK B n* cOBOKYNHOCTEH 110 YACIY CIIOCO60B, CHOMBKIMIE
umeno d MOKeT OHTH pasfuTO HA N TIOMAPHO IPOCTHX COMHOKHTEJISH
¢ yuéToM mopsaka wuocnexsmx (Bompoc i1, b, ra. II). Ilyers d=
=uq Us... Unp—OJHO H3 TAKHX pasdémenmil. UYHcao nDpom3peeHAH
¢ yeaosueM s = 0 (mod u,), s+1=0(mod uy),..., s +n—1=0(mod u,)
a a
paBHO . TTosToamy mCKOMOE THCIO PABHO n"v .
b. YKasaHHOe 4YHCI0 PABHO

k
n+-a
Z p(d)Se; Sq= w
d\a
rae k—4Hco0 PasiINYHRX DPOCTHX ReiuTeneir umena d. Ho umeem

k
> (@ Ed_“=a(1—£>(1—i‘>.. (1-—;,"—
d~a P1 P2 k

6, a. Bce 3RaveHnsa x, yAoBIeTBOpsOUIME NepBOMY CPAaBHEHHIO,
JAIOTCA PABEHCTBOM  z=50, +m, t, rae { t—mnenoe, YroGu BHOpaTH -
M3 HAX Te{KOTODHE YAOBJIETBOPAIOT TAKKe M BTOPOMY CPaBHEHHIO,
Hal0 O FPaHUUATBECA JIMOIb TEMH 3HAUYEHWAMH !, KOTODHIE YNOBJIETBO-
PAIOT CpPaBHEHHAIO

my & = by—b, (mod my).
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-Ho 910 cpABHeHWe PaspemIAMO TOTHA W TOJBKO TOTHA, KOTHA b,—b;
‘KpaTHO .. Ilpum 9ToM B cayuae paspeluEmMOCTH COBOKYOHOCTL 8HAYc-
HAX ¢, eMy yJOBIETBODAIONAX, ONPeAeJACTCA pABEHCTBOM BAIA

ma N
t=to+— t', rae t'— meloe; BMecTe ¢ TeM COBOKYNHOCThL 3HAuCHHR z,

YIOBJAETBOPAKINIX paccMaTPHBAeMOil B BOLpPOCE CACTEME, OHPEeeTATCH
PaBeHCTBOM

mg
z=b+4m, <to+ 7"/):-"51,2 +myat’; @y 9==by + maty.
b. B cnyuae paspemmmocTn cmcTeMu
z=b, (mod m;), z:=by(mod my)
COBOKYUNHOCTL 3HAaveHm# 2, el YAOBJIETBOPAKINAX, UOPEACTaBUTCH

CpaBHEHAEM BUAA Z ==z 3 (mod m, ). B cayuae paspemmmoctn cu-
cTeMHE

T=x) g (mod m, 2), =z =b,(mod my)
COBOKYIHOCTh BHad9eH@dl 2z, elf YROBIETBOPAIOMHX, WpPeACTaBHTCA

CpaBHEHMEM BHUIA T =12, 3 3(mod m, 5,). B caysae paspemmmocTh
cHCTeMBI

2= 33(mod my 5 4), z=b,(mod m,)

COBOKYIHOCTH BHadeHmit x, elf yHOBNETBOPAIOMEX, KPEACTABHATCA
cpaBHEHMEM BHJA Z == 13 3,4 (mod m}’2'3’4), 7 T. A.

7, @) Or 3aMeHH z Ha — z (BCJe/ICTBAE 9€r0 £’ 3AMEHATCH HA —')
a,b
BeJINYAHA CYMMBEI (_r;—f) He I3MeHRTCH.
§) Horma z npoGeraeT npuBeHRYIO CRCTEMY BLIYETOB O MOy IO M,

10 W «’ npoleraer UpPHBeJEHHYI0 CWCTeMy BEIMETOB IO MOAYNIO m
y) Honaraa z = kz (nod m), momayiAm

, ahz+ bz'

=2 =)
z

;ajmex ¢ agmay+ mex’ 4+ My’

a,, 1\ /a8, 1 2ri
) 11 2 — Z 2 e m mgy
my mgq
E

NMonaraa mex’ + my ==2’, AMeeM

3) MNwmeem

(a,maz + agm,y) (mez’ + myy’) = a;m3 + agm} (mod mymg),

(al, 1) (az, N (mgal 4+ m2a,, 1)
my mgq )— ‘myms ’




148 ..PEIIEHUA BOIIPOCOB

4T0 B JOKA3HBAET YKA3aHHOE CBOMCTBO B ciTyvMae JIBYX COMHOMHTeJielt,
O6v6inenme Ha cayyalh_Gosee UeM JIBYX COMHOMKHTeJlelf TPHBHAILHO.
8. CpaBrenne

‘ a2 + a1+ .. Fen—ay (@—2z) (z—2x9).. (z—2n) =0 (mOd P

mMeer n pemennit. OHO cTemenm HmKe n. CliegopaTellbHO, BCe €To
Ko3(ppunMeHTH KpPAaTHH p, a TO W BHEAMKAETCHA CPaBHEHUAMH, yHAa-
3aHHEIMA B BOIpOCeE.

9, a. llpm p > 3 COOTBETCTBEHHO Z, B3ATOMY M3 DANA 2, 3,
..., P—2, HaliféM OTIATHOE OT HETO YACJO z’ TOFo 3KE PAINA ¢ ycno-
preM zz'= 1 (mod p); JHelicTBATENBPHO, B3 z=2a' cIefoBaNQ OH
(x—1) (z+ 1) =0 (mod p); z=1 man z = p—1. losTomy

- (p—2)=1(mod p); 1-2...(p—1)=~1 (mod p).

b. l'IyCTL P> 2. JlonyctuB, 970 P WMeeT [eaWTeNb u C YCIO-

BneM 1 <u< P, vmu rmenn 6u 1.2.. (P—1)+1 = 1 (mod u).

10, a. HaxozmM h ¢ ycnopumem aoh = 1 (mod m). Jlamnoe cpaBHe
HAe PABHOCHIILHO TAKOMY:

2"t ashe™ 4 L e h = 0(mod m).

~  b. Ilyers Q (z) —uactrOe 1 R (z) —O0CcTaTOK OT penenms zP—zx
Ha f(z). Bce xosddunuentn Q(z) m R (z)—uenne, Q (z)— cTemenn
p—n, R (z)-—-cTeneHn Hiike n,

e? —z=1(z) Q (2) + R (2).

Ilycrs cpasmenme f (x) = 0 (mnod p) aMeeT n pemremnii. Te Ke peme-
Hug GynyT pemeHmAME u cpashenus R (z) =0 (mod p); mostomy sce
KoadpdunmenTn R (z) KpPaTHH p.

OGpareo, nycTb Bce Kodfipumuentnt R (z) xpatun p. Torma
f(x) Q () kpaTHO p NpH TeX ke 3UAYCHHAX X, ITO H !~ x; IOITOMY
cyMMa 9YHCesI PemeHWd cpapHeHmi

: f(z) =0(mod p), Q(z)=0(mod p)

He MeHbIe 49eM p. IlycTh IepBoe uMeeT a, a BTOpoe [ pemenni. Us
agn, pLp—n, pLatp

BHBOIAM a=n, f=p—n.

: —1
c. Boasemas gaHHOe CpaBHeHFRe IOWIEHHO B CTeleHb P ot

y6exgaeMes B HeoGXOJUMOCTH yKa8aHHOrO yciaosms. Iycrs aro yeio-
p=1 p~1
BHE BHIONHEHO; M3 P —r=z (2P 1—A4 ™ + 4 o —1) caenyer, uTo
p—1 - p-1

OCTATOK OT [eJIeHHsI 1:?-—7: Ha 2 —A ecth (4 ® —1)z, rne AT -1
KpaTHO p. - .

1. Ua zp=A (mod m), y"=1(mod m) crenyer (z,y)"=A (mod m);
IpH 9TOM NPOMABENIEHHS oY, OTBEYAIOMHE HECPABHMMEM (IO MOAY-
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mo m)y, BecpaBEEAMH. Ha zf = A(mod m), 2" = A(mod m) cie-
nyeT z" = xg (mod m), npmuémM, onpeflesIAA ¥ yCIAOBHEM = = ¥z, (mod m),
nMeeM

y™ = 1 (mod m).
Pemnenna k raase V.

1. VkasanHoe cpaBHeHWe DPABHOCHIBHO TaKoMy: (2az -+ b)? = b2 —
—4ac (mod m). CoOTBETCTBEHHO KAaKAOMY peIIeHHI0 3 = 7, (mod m)
cpaBHeHHA z°= b —4ac(modm) w3 2ax+b:=3z, (modm) mHAHNEM
OJHO pelleHre YKA3aHHOTO CPABHEHHA.

2, a.Ilpm (%): 1 nmeem a®™ 1 = 1 (mod p), (a™ 1)’ =a(mod p),
z =+ a™t (mod p). _

b. Tipn (—;—}:1 mmeeM a'™+2 = 1 (mod p), e®™*! = + {(mod p),

a?™*2 = 4 g (mod p).
Beapy (%): —1 umeenm tarme 24™+2 = — 1 (mod p). MoaroMy npm
HEKOTOpPOM §, mMelomeM oxHO w3 3Hadgennid 0; 1, moayumm

g®m+290dm+2)s — o (mod p), x = + a™F122m T 8 (1nod p).

¢. ITyers p=2kh+1, rpe k>3 m h—meadrHoe, (%):1.
Nyeem

a7 = {(mod p), a2 = 4 1 (mod p), N* ™" = 1 (mod p).

TlosToMy npA HEKOTOPOM MeJOM HEOTPHIATEIBHOM s$; DOIYIHM

%—2 k—1 k—3 k—2 .
a® TN = 1 (mod p), @ RN22TTC =4 1 (mod p);
OTCIO/Ia IIpH HEKOTOPOM NEeJIOM HEOTpHOATEJIBHOM Sg IIOJIYyINM

a2 a2 1 (mod p), o 28 ihpyse2t =3 + 1 (mod p),

M T. A.; HAKOHCN, UOle‘lﬂM
! ht
a"N®% =1(mod p), z= +a 2 N° (mod p).
d. Umeem . -
1.2...2m(p—2m)...(p—2) (p—1)+ 1= 0(mod p),
(1-2...2m)2+ 1= 0(mod p).

3, a. Ycaopma paspemaMocTH cpaBHeHEA (1) m (2) BHBOgATCA
tpuBaanbeo (f, § 21 k. § 2). Cpaprenne (3) paspemusMo Torga A TOABKO
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. _3> —3 P .
Torga, Korga { — )=1. Ho <——>=(~_—>, nprIEM
% . < P b4 3 P
F A 1, ecnm p mmeer BEJ 6m 1+ 1,
- —1, ecnim p mMmeer BARZ Gm + 5.

b. HaxoBu 6ot HM GRITA pasimuHnle NPOCTHE Py, P2, - . , pj BONA
4m + 1, RamMeHbmMUHA WPOCTOil menuTens p umeaa (2p,py ... pk)z—i-l
OyneT OTMWYEH OT Py, P, - - -1 Py, | BBAAY (2pyps ... pp )i+ 1= 0(mod p)
mMeeT BHEI 4m + 1.

¢. Rakopu Oul HE OBIIN pasimumbie MPOCTHE Py, Pz, .... P, BAmA
6m +1, HauMeHLIIAA TPOCTOR penwTenb p umedaad (2pypy ... p.)?-+3
OyneT OTIHYEH OT Py, Pay ---» p, u BBUNY (2pyps ... p,)* : 3= 0(mod p)

aMeeT Bug 6m + 1.
4. Cpenm gmcen TepBOli COBOKYNHOCTH OYyXyT YHCIA, CpPaBHHMEE
p—1 r—1
c1.1,2.2, ... ~5— =g T € Be KBaQPaTHYHKE BEYETH HOJ-
HOM CHCTeMH: WHCHO, BXOAMEE IO YrJIOBHX BO BTOPY® COROKYN-
HOCTh, 6ydeT xpampaTHiabii HepmueT. Ho BoO BTOPY COBOKYIHOCTD
BOUIYT BCe I'POH3BEleHUS ITOTO HEBLIYEeTa HA BCe BLITETH, T. e.
BOHIIYT BCEe KBajpaTWYHble HEBEIYETHI.
9, a. IlycTe B cHUcTeMe MeYHCICHHA € OCHOBaHHEM p
o—1
a=a,_ ,p +...+aptay
1 HCKOMOE pelneHue (HAMMEHLMHY HeOTPHUATEeIHHHHA BHYET)
a—1 i
s=z,_ p* 14 top b, )
Coctapum Tabamumy:

Ay a, agy aqg a, a,
21‘07&_1 e 241, 2z,7, 2xyry 2247, z3
2r1x,_o e 2z,24 ‘ 2z,z, z?

_2m2xa_3 - xk

rae B cronbne mOX o, CTOAT YHCIA, CYyMMa KOTOPHX ofpa3syeT Koad-
¢unuenT npa p® B passioReHNAM KpajpaTa npaBoit dacT (1) mo cre-
nenaM p. Haxommm z, u3 ycaosma

z2 = g, (mod p)
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zy—aq
Monaran o =Py HAXOAMM Z; H3 YC/IOBHA
p1+ 2z; = a; (mod p).
P14 2z —a,y
p

Monarasn == py, HAXOJAUM zg U3 YCJIOBHA

P2+ 22973 + 21 = a5 (mod p),
m 1. . Ilpm namnoM =z, BBERY (%,,p)=1 wumcma =z, %, ..., 2, _,

ompejenaTcA OFHO3HATHO.
b. 3aech

a-—-:a.,__i2""‘1 + ... Fa2% 4 ay22 4 a,2 4 ay,
:¢:=:I:u_12"'_1 F b 2428 222 232 4 7,

H Mu OygeM #MeThb CIeAYIIYI Tabnumy:

a4 71 as ay a g
Zg ZTq_3 .. Zg %y zy Tg o 74 x:
Ty T, 3 e T, Ty . zi
ZaZ,_, cee z:

PaccmoTpaM spmb ciaywal a > 3. Beuzny (e, 2)=1 neobxogmmo a,=1.
HostoMy z,=1. Janee BeoOxommMo a,;=0, U BBULY ToT;+ £}=
=z, + 2% = 0(mod 2) neob6xonuMo a;=0. [l 2, BOSMOKHH [Ba BHAYeE-
Hus: O 1. Yncna xy, 23, . ., T,_ 5 ONPEENATCA OHOBHANHO, & AT T, _,
BO3MOKHH fBa suavenusa: O uw 1. TloaroMy mpm « > 3 HeoGxomumo
a = 1(mod 8), ¥ Torga yKasaHHOe CpPaBHeHHe UMeeT 4 pelleHHA.

6. OuesnpHo, P u Q —nednnle, TIpnyéM Q IO MOAYNIO p CPABHEMO
€ 9UCcaoM, KOTOpOe IIOJIYYNM, 3aMeHAd ¢ Ha 2%, JUIA 9ero JoCTAaTOIHO
V a samermTn Ha z. Tostomy Q = 2%~ !1.*~!(mod p); cneopatensno,
(Q. p)=1 1 Q’ peHCTBUTEJLHO MOKHO ONpEfeNHTh W3 CPAaBHEHASA
QQ’ = 1 (mod p?). Nmeem

PreaQ*=(z+V a)*(z—V a)* = (3> ~a)*= 0 (mod p*),
OTKY/a
(PQ’')® = a (QQ’)*= a(mod p%),

7. Ilycts m=2"p1. .. p%¥ — RanoHUYecKOe PasyIOKeHUe TUCTA M.

Torma m wpencraBisercad B dopme m=2"ab, rae (a, b)=1, 2k cno-
cobamp. '
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Mycty a=0. Us (z—1) (z + 1) = 0 (mod m) cnenyeT, 9TO HPH HEKO-
TOPHX a m b .
z = 1(mod a); z =—1(mod d),

Pemas a1y cmeremy, nbnyq Mz =1, (mod m). IloatomMy yxasaHEOe
cpasHenue mMeer 2°- perueHytii. A

Ilyers a=1. ITpn HeKOoTOpHX a | b
z = 1(mod 2a); z =—1(mod 2b). v
Pemasn ary cucremy, monysmm z = z, (mod m). IToatomy yKaaaHHoe

cpasHenwe mMeer 2° pemenmif.
llycts a=2. IIpu HEeKOTOLHX ¢ u.b

z = 1(mod 2a); z=—1(mod ?b).
m.‘ .
Pemman ary cmcteMmy, moIyumM z = (mod 7) . IToaromy yrazannoe

cpasuenme mmeer 281 pentenmti,
Iycte « > 3. Ilpy HeKoTOPHX ¢ M b JOMKHA BRIMONHATLCA OfHA
A3 CHCTEM
z =1 (mod 2a); z=—1(mod 2°~1p);

x=1(mod 2*1a); z=—1(mod 2b).
m
Pemas ogHy m3 8THX cHCTeM, OAYYAM Z = z, (mod 7). IToatomy

yrasammroe cpanuenme mmeet 28! pemenmnii.

8, a. Onpenensas z’ cpaBHenmeM zz’ = 1(mod p), umeeM
ozt N e @tk (ke
z(z —_ zx’ (xx x i AN ( Z )
2 ( p ) 2) ( p ) 2 p ’
x=1 r=1 r=1{

Ouepnpno, 14 kz’ npoGeraer Bce BHITETH MOJHON cHcTeMH!, KpoMe 1.
Otcropa ¥ ciegyer yKasaHHAS TeOpeMa.
b. VKazauioe PABEHCTRBO cnenyeT u3

=zio+e =) (e ()=
5 (1+(3)+(EE) rn (22D,

Ste X Z 2 2((zy1+k)(a:y+k)>

r=0 u, y
! Y

*\I
"Nua

c. I/IMeeM
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Yacrw BHpaMeHHUdA, CTOAMEro COpABA, OTBEYAIOMIAA CIyTIaaM ¥, =y,
He mpesocxonaT X p¥. PaccMoTpAM d9acTh, OTBeUalOLIyR Hape He PaB-
HHX MeKEY c06010- BHAYEHHHA Yy, U Y, NPHUEM JJIA ONPeAeEéHHOCTH
openmonoxmM, 4910 ¥ > 0. Ilomaram zy-+ k = z (mod p), npuBepsM
YKasaHHYIO 4acTh K BHAY

Xgi(z(z;wkp(i_gy))'

z2=0

oTkypma yGemmmca (Bompoc a), uTo OHa umciaenHo <X, ITosromy
S2 < XpY + XY2 L 2pXY.
d, o) Nmeem

p-1Q—-1Q~1

S=2 Z 2 ((x+zli)(a:+z)>.

x=02;=0z=0

IIpn z,=2z cymMupoBamme mo z paér p—1. [Ipm 3;, He paBHOM 3,
cyMmupoBasme mo z (Bompoc a) maér —1. ITostomy

S=(p—1Q-QQR—-1=(r—QQ
B) Cormnacmo Teopeme Bompoca @) HMeeM
T Q340542 < pQ; T < Q™™

) Tonaraa [V p]=Q, npmmenny Teopemy Bompoca a). lonycrns,
9TO B YHAa3aHHOM B BONpoce pAJE KBAJPATHYHEIX HEBHYETOB HeT,
y6egmumest, uto |S;| >Q—1 npu a=M, M +1, ..., M+2Q—1 n,
TaKkuM o6pasoM,

2Q-1<(p-9Q, 2Q—-1<@+1)*—Q, -0,
9T0 NpHE Q > 5 HEBO3MOKHO.

9, a.-Ecam m npefcrasnfderca B gopMe (1), To pemenne

2 = 2y (mod m) ®)
cpaBHennA z = zy (mod m) ABIfAeTCA TAKKe U pereHneM cpaBHeHAA (2).
M=u GygeM romropATh, 9T0 YKasaHHOE NpeACTaBjeHEe CBA3AHO C peme-

HUeM (D) cpaBHerHUA (2).
* C rasxgaiM pemenneM (5) cpasHeHHA (2) CBA3AHO He MEHee OJHOTO

npepcrasnerns (1). JlefictBuTesnbHO, B3AB ':=1/r7b, nMeeM

n_P 0 . (P,Q)=1, 0<QLVm, |b]<1

mTQ oym’
Hoatomy z,Q=mP +r, rae|r| < Y/ m. Jlanee, m3 (2) clexyer, 9T0
jr2+Q?=0 (mod m). Orciona u u3 0 < |7 |24 Q% < 2m HaxOmHEM

m=|ri®+ Q. (6)
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Iipm eroM (| r}, Q)=1 BBEAY

1.v=r"'+Q'= (an"mP)on""mP“‘Q!E__,.p(mod Q).
m m

Ecom | r|=r, To BBEAY F = 2,Q (nod m) npeacrasienne (6) ceA3aHO
¢ pemenmeMm (5). Ecnm |[r|= —r, 10 BBERY 32Q = zor (mod m)
Q = 3,|r\ (mod m), mpencrabnenme m=Q=4 |r|® cpaAsano c pemwe-
HueM (9).

C KamxIEIM pPemeHmeM (5) cBA3aHO He (osiee ONHOIO UpeacTaBie-
gaa  (1). [eidicTBATeNbHO, ecqW JBAa UpeAcTaBleHAa m=z*4 y*
B m=2z}+y} uacna m B dopme (1) cbABaHE c OjHMM ¥ TeM JKe pe-
meHneM (5), To M3 z = zyy(modm), =z, =z,y,(ncdm) cieayer
zy; = 1y (mod m). IlostoMy =2y,==z,y, oTKyma BBHAY (Z, ¥Y)==
=(x;, y,)=1 cnenyer z=z,, y=y,.

b. Ectm m mpencrasnserca B gopMe (3), To pemennme

z = 2, (mod p) N
cpaBHeHRA z = zy{(mod p) ABIdeTCA TaKMKe H peNIeHAeM CpaBHe-
maA (4). Mu 6ygeM roropaTh, Wro yKasaHHOe NPeACTaRjIeHHe CBA3ARO
¢ pemeHneM (7) cpanHeHna (4).

Spaa pemenne (7) cpaBHeHEA {4), HaHNEM We Mepee ONHOro Mpef-

crasnenns (3). Heficteatentno, B3as t=} p, mmeem
2, P 0

;‘=6'+‘Q—1‘/-—;; (P, Q)=1, 0<Q<VP: lol<1'

ToatoMy z,Q = r(mod p), roe |r| < p. 'ajgee ma (4) ciemyer, 9TO
|r|*+aQ* = 0(mod p). Orcrona m ms 0 < |r|2+aQ* < (1+a)p cue-
AyeT, 9TO IpH a=2 [OMEHO OWTH Bawm |r|*+ 2Q*=p, wan |r |+

+2Q%*= 2p. B mocnenmem cnynae |r|—vuérnoe, | r|=2r;, p=Q%+ 2r3.
ITpa a==3 pomxuo GurTe mam |r |24 3Q*=p, unu | r|? 4 3Q*=2p, viu
|r*+3Q*=3p. Bropoil caydaii HeBOSMOKeH: TO MORYJIO 4 JeBas.
uacTh cpasHAma ¢ 0, a mpaBaa—c 2. B Tpethem cayuae |r| KpaTmHO
3, |r|=3r, p=Q°+3r.

ONlyCTHB, UTO MBA TNpPeACTABNEHHA p=z?+ay? @ p=xz:+ay}
aucia p B (opMe (3) CBASAHW ¢ OJHHM M TeM JKe pemeHHeM
cpafrenua (4), Ha¥péM x=x,, y=v,. HonycT¥e, 4T0 3TH upex-
CTaBJeHAA CBA3AHW C DA3JIAYHREIMA DeIMIeHHAMil CcpaBHeRUA (4),
HAANEM = zy(mod p), =z, = —s3y, (mod p), OTKyma =zY;+ 2,y =
= 0(mod p), uro mBBEAY O < (zy+ 29 <(2*+y?) (z}+9}) < pP°
HEBO3\ O}KHO. :

. ¢. o) Cnaraemue cyMMH S (k) ¢ z=2; A z= —z; DaBAH MEKIY
co60i0.

B) Hmeem

p—1
; Sky=Y <“ﬁz‘%__f’“2)>=<-£-)5(k).
. ¥=9 '



1) Nonaraa p—1:=2p,, aMeeM

P r1
PL(S (M) + Py (S ()= D) (S (749 + D) (S (ne2)p=

t=1 =1

p—1p—1p-—1

~Sewr-33 3 ( SO )

x=1y=1k=1

HOpu y, me PaBHOM z WM p—2, pesyabTar cymMupoBamma mo k

6ymer—2 (—) npm y=gz BIA y=p—z OH Oymer (p—2) (zy)
IMostomy

PSP+ =t p=(550) +(z5m)".
10, a. Vmeen

Xz—"DYz:(Il +9 VE) (Iz:i:yz' VB) (Il'—yl VB) (Iz:Fyz Vﬁ)=

b. Bsas moGoe <, ¢ ycnoBwem T, > 1, HafaéM Nenwe z,, ¥,
¢ yenopmamu |y, ¥V D—z, | < —:—1 , 0 < y<Cy, OTRYNA, yMHOManA To-
wienno Ba y; V D+ 2,<2y1 V' D + 1, nonyaum |22—Dy2| <2V D+ 1.
Baap <, >, ¢ ycaoBmem |y, ]/D—:cll > i, HAHJEM  HOBHIE

menHe z,, ¥, ¢ yeaovey | zi— Dyl | < 2 ]/D+1 " T. .

Ouenmnmo, B mareppane—2Y D—1 <k <2V D+1 cymeCTByeT
TAKOE Ielioe, He pPaBHOE MY Kk, 9TO CPeIH Nap Zq, ¥} %2, Ya; -
-Hafijéres GecuncienHoe MHOIKECTBO Nap &, ¥ C yesiorueM 2 — Dy2—k
cpenm jke TOCTeJRMX HaBepHO HaHXyTcd fBe TApH &, n; U &, 7,
¢ ycaoemeM £, = ¢, (nod | kf), N =7, (mod | k]). Onpemensa nenue

€0+ Mo PABEHCTBOM £y + 7 VD (91 + M VD) ( E,—1, ]/D) nmeeM
(Bompoc a) ’

E§—Dig=|k[% & = ¥~ D} =0(mod |k|)
Mo = — &M + €y = 0 (mod | k}).
Toatomy Eq=E k|, no="7|k|, THe § 1 n—menue u £2— D=1,

e. ‘-Incna z, Yy, ompefejiAeMHe paBeHCTBOM (2), YIOBJETBOPAIOT
(Bompoc a) ypaedenmio (1).

JonyeTuB cylwecTBORaHAE NAPH KeJIHX INOJNOMKHUTEALAHX T, Y,
YAOBAETBOPAIOWINX ypPaBHeHMIO (1), HO OTIH9HOH OT nap, onpejense-
. MHIX DaBeHCTBOM (2), MH IpPH HeKoTopoM r=1, 2, GyneM HMETb

(xg + Y V_B)r <z+y V—.D < (z@ +, ]/b')ru:
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Otciona, mena mounenno ma (2o +y, V' D)", momyamu
1<X+YVD<z+y, VD, 3)
rpe (Bompoc a) X n Y —mennle, onmpejesseMie pPaBeHCTBOM '
X+¥ Vo= 2 B oy VD) oo VDY
M yJOBJIETBOPAIONiAE yPaBHEHMIO
X*—DY?=1. @)

Ho w3 (4) caexyor mepaBeBetBa 0 < | X [—|Y VD[ < 1, xoropue
B COBIMHEHNN ¢ NePBHM HepaBEHCTBOM (3) MOKa3wBalOT, 410 X
1 Y —monomurensrasle. IToaromy Bropoe HepaBencrso (3) mpOTHBO-
PeUnT ONpejiesIeHNI0 YHCE Xy H Y.
11, a, a) Hmeem
p—1p—1 L ax (1—1)

[Ua,p|2=Ua,p—U_a’p=E 2 (;f-) 627‘1 p

t=1x=1
Ipm t=1 cymMmposanme no z paér p—1; mpu t> 1 ono jaér

t
~—{ — ). Ioato
() - mosmomy

p-—-1
t —
IUa,p 2=P—'1—Z (?):'P: an,pl=VP;
t=2
nnn

p—1p-1 . at
|U IQ_U T _S\ E <x+t> (ff.) 621\:1;

Ilpu t=0 cyvwMmpoBamme mo z pmaér p—1; mpm t > 0 oHO naér

2ni at

—e P, Iostomy
p—1 ‘2 . at

™ p
an,pI’=p—1—2, e P=p, IUa,pI=VP‘
t=1

~ p) Ipu (a, p)=p teopeMa oueBnpua. Ilpm (a, p)=1 oma cue-

Ayer u3
’ p—1 ., ax
2ri —
=2 az p_(2
U“’p—<p>2‘<p>e —<p>U””'
R =
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b, a) lycts r np06erae'r KBajpaTHYHEe BEMETH, & n— KBajgpa-
THYHBE HEBRIYOTH, ~ BAKJIIOUEHHHE B ‘NOJHOM CHCTEME BHUETOB.

NueeM
2-m —_—

,,,p_1+22

Bragrag oTciofa MOYIEHHO

2ni

0=1+Ze P+2621n '
r

MLl H NOJTYy9YdM YHKAa3aHHOe PABEHCTBO.

B) Mmeem
m—1 m—1 N >+ 2tx)
m
b= 3 D e
t=0 x=0
2-zti"y—2

Ipr gammom ¢ cymMmmpoBamme 1o z Haétr me ™ unm 0, B BaBHCH-
MOCTH OT TOrO, Jedurcs 2t Ha m unm HeT. IIpn HeuéTHOM m mMeeM

2
. a-
2ni

| Sq, m|>=me =m,

Ipn yétHOM Mm=2m; AMeeM
2

' . a
2
ISa,mlz—m<e ™ + e m

3pmecs mpasad vacTh paBHA HYNIO NpH HewéTHOM m; H PaBHA 2m
npa 4EéTHOM my.
y) Ilpa mi06oM memoM b mMMeeM

Ax Ax”+2Abx

ISAmI—’Ze o I,

o x==0

OTKyna, BuOupaa b ma ycaosmsa 2A4b =a(modm), MH H HONyaEM
(Bonpoc B) ywasaHHHE pesysbTaT.
12, a. Hmeem
M+Q—1m—1 omi a (z~8)

mz Cb(z)_z 2 Z D(2)e "o,

t s8=M g=0



158 PRIIEHAS BOIIPOCOR

Yacts cyMMH, croameit cupasa, orBevaman a=0, paBEa Q S (3);
z

4acTh, OTBEHAIOIAfg OCTABIIUMCS 3SHAYCHMAM @, YHCJIEHHO (BOmpoc
11, ¢, ra. III)

m1M~le

<A2l

b, «) Caepyer @3 rTeopemsl Bompoca 11, a, ¢) m TeopeMH Bompoca a.

B) Hepasenctso Bonpoca a) aaétr R—N=40 }/ p In p. Kpome Toro,
odepuHO, R + N =

1) Y3 Teopemu nonpoca 11, b, §) crenyer, 910 ycnORAA TeopeMH
Bonmpoca a 6yayTt cobinioensl, ecan MONOMKAM m = p, ¥ (z)=1, npauém
3acTaBUM z npoGeraTts snauewms z=z? z=0, 1, ..., p—~1. Ho cpenm
3HA9EHHH Z MMeeTcs ORHO cpaBHHMOe 1m0 MoAyalo p ¢ O m mo nBa
CPaBHBMEIX II0 MOAYJIO p C KOKJAEM KBaJpaTHUHLIM BLIYeTOM HONHOR
cucteMul. Iloatomy

2 .— as
‘< Am (lnm—3¢).

e )=28, Yo @)=p,

U MH NOJY9HM

2R=%p+91/;;1np.

5) CaexyeT m3 TeopeMEl Borpoca 11, b, 7) m TeopeME BoOmpOCa a.
e) 13 TeopeMmsl Bompoca 8) clexyer, 9TO YCJIIOBHSA TeOpeMal BOITPOCa
a OyayT cobmonensl, eciid NONOKAM m=p, & (z)-_1 NpU4EM 3aCTABEM 2
npoGeraTh 3naueHnd z=Azr? r=M,, M,+1, ..., Mg+ Q,—1. Ilo-

8TOMY
Se@=r, 3 e@=q,

OTKyNa W ciejlyeT yKasaHHas B BOIpoce QopMyia. )
[+1
¢, Hacte CYMMH, Ccofep:kamas ciaraeMie ¢ { — )=1, papua

p(R*+ N?), ocrapmasca wacTs pappa —2pRN. Ilostomy BCE cyMMa

paBra p(R—N}.
YacTh CyMMBI, comepsKartas ciaraeMue ¢ a=0, pasga 0. OcTas-
IMAACA 4acTh YMCJIEHHO MeHbIme {Bompoc 11, e, riu. III):.

p—1 M4iQ-—1

2z

Cyief0BaTeNBHO, .p(R--—,N)2 < p’(ln PR, |R-_-N[ < l/}_’ In p.

a:cpiM,Qi —aay
P

2xi

< p¥(ln p)3.

a=1 y=M
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Pemennn & raase VI.

. 1, a. Ecom ¢ —mnpocroe neuérHoe @ a? =1(mod ¢), To & mo mo-
RYN0 ¢ NPUHAANERAT ONHOMY H3 lOKasaTened §=1; p. Ilpm &==1
uMeeM @ = 1 (mod ¢), npu §=p BMeeM ¢ —1=2px; z— nenoe.

b. Ecaa g—npocToe medérmoe m a’+1=0(modg), To
a?? = 1 (mod g). ToaToMy a 1O MOAYJM ¢ HPHHBIJIEIKAT ONHOMY M3
noxaaatenei ¢=1, 2, p, 2p. Caytam d=1; p mnemosMomuu. [Ipm
6=2 mmeeM a’=1(modg), a+1=0(modg). Tipr ¢=2p nmeem
g—1=2px; x—nenoe.

c. Nlpoctamu smpa 2px +1 GyAyT, HanpmMep, IPOCTHE HNelUTeNH

gucya 2P—1. Iycts py, py, ..., Py~ Ranue-nnGo k MPOCTHIX dTHCEN
Bupga 2pzx 4 1; wmeao (pyps ... pk)p-—i HMEeT NPOCTOH JeJIATENb BHAA
2pz + 1, OTHNMYHEHE OT pyps ... Pg- '

d. Ecnu ¢—npoctoe @ 22" 1 = 0 (mod ¢), TO 22'1-H == 1 (mod g).
IoaToMy 2 1o MOAgy/io q OPAHANIERHT MOKA3aTEIIo 2"t m caego-
BaTesbHO, ¢ —1=2""1z; £ nemoe.

2. OuesmpgHo, @ 1O MORYJIO a" —1 DpUBAANEKAT IOKA3ATENIIO 7.
HoaTomy r— femmarens ¢ (a—1).

3, a. [Iycts mocme k- omepamuy CHOBA IIOJIyd9aeTcst VICXOXH Bl
pan. OueBmano, k-s1 omepan®s PAaBHOCHIbHA CIENYIOmEd: B psse

1, 2, ..., n—1,n,n, n~-1, ..., 2, 1,2, ...

=, n, -1, ..., 2, 1,2 ...

6epyrca umcna, crogmde HA 1, 1+2% 14+2.28  mecrax. IToaTomy
Ha 1 + 2% Mecte B mcxomHOM pAde ROMKHO CTOATL 4mcao 2. Ciepmo-
BATeNBHO, YKA3aHHOe B Bompoce ycjosme Heobxofumo. Ho omo m
JIOCTAaTOYHO, TAK KaK NpH ero HaAAYMd HMeeM CJIEAyIOIUHE cpaBHE-
HEA 10 MoAyadlo 2n—1:
1=1, 1+2¥=0, 1+2-2%=—1, ...

t=1, 14+2F=2, 1+2.2¢k=3, ...
b. Pemenne amajorg9ago pemeHdAr0 BOHpoca a.
4. Pemenne cpaBuendsa 2= { (mod p) NpEHAANEKAT MNOKAIATEIH

HNH Ke

6 N
‘BHJA —— , TAe &' — nequTens 8. IIpm aToM ¢ KpaTHO ¢ TOTJla B TOABKO

6’
[

Torpa, RorJia 2% = 1{mod p). Bunucas Bce & 3HaveHmii &' ¥ B3AB
f=1, nonyumm §’' = 2 p(d) Sd, rae §’'— AcCKOMOe YHUCII0 Sd=g— .
AR

5, a. 3gece (§ 3; npuMep ¢, § 5) nomEEO OHTH < g ):——1.
2"+

910 Tpefopanme BHNOJAHSAETCA NpPH g=3.
b.  3gecs He pomxHo OHTH (ﬁ):i, g?=1(mod 2p+1).
910 TpeGoBAHWMS BHUONEAETCA OPH YKA3aHHHX SHAUYCHHAX g.
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. ¢. 3feck He NOMKHO GHITH (1-5%7>=1, gt =1(mod 4p+ 1).
910 TpeGosanue BHIONHseTCA IpH g=2. ’

n
d. 3gecs He JOMKHO GHITH ( A 1, g% =1 (mod2"p +1).
2%p+1)/
910 TpefoBaHMe BHIIOIHAETCA IpH g==3.

6, a, a) lipu n, KpatHOM p—1, Teopema oueBmana. ITycTs n He
nemurca Ba p—1. Yucna 1, 2, ..., p—1, eciam oTBiaeULCA OT WO-
PAMKA MX CJAeJ0BaHNA, NO MOJIleIO P CPaBEMMEl ¢ 9FMClaMu g, 2g, ...
.., (p—1)g, rne g— neppoolpasHLlii KOpPeHb NO MOAYITIO P IloaTomy

S, =g"S, (mod p), S, =0 (mod p).

B) I/IMeeM

p—1 ot
2 (a:(x +1)) Zz 2 (2% + 1) 2 (mod p),

OTKYJA (Bonpoc a)) u nonyqae'rcﬂ VKA3aHHEIH pesy:;IbTaT.
b. Iipu p > 2 umMeem
p—1
142+.4p—1 _ , 2 _—

1.2 ... (p—1)—‘g = = —1 (mod p).

7, a. IMeem gli 71? =a(mod p), 1nd amd gl_lnd a (mmod p—1),
ind; e =aind; a(mod p—1).

b s md a = s (mod n), indgl e =aind;a(mod p— 1) cmegyer
ind; ¢ =as=s, (modn).

8 Nyers (n, p—1)=1. Hasigsa u u3 ycaopma nu = 1 (mod p-1),
OJTyYnM pemenue z = a¥ (.nod p).

Dycts n—npocroe, p—1==n%t, a—mnemaoe nonommenbnoe,
(¢, n)=1. Ecam cpasnenne BOBMO?KHO, nmeeM o = 1(mod p);
‘ecm a > 1, TO, 3aMeuasn, uro £ = g" tr (mod p), r =0,1, ..., n—~1,

CyTH BCe pemeHuA cpaBHeHHA a© = 1(mod p), upm HGROTOpOM
rn=0,1, ..., n -1 nmeem

_ 72 W
a 2tgn = 1 (mod p);

ecim a > 2, TO OPH HeKoTopoM r,=0, 1, ..., n—1 numeeM
a—3; n*=2tr +nt—lir
¥ g 1 2 = { (mod p), _
H T. J.; HAKOHeN, NPE HeKoTopoM r,. =0, 1, ..., n—1 nmeem

ntr +nltr +..4nt—1tr, _
alg 1HRT =1 = {(mod p).

Hajifg v u v u3 ycnoBma tu—nv= —1, IONyIAM n pemeHmii:

ub(ry + nrg+ .t n®=2r, _)+n¢=ltr
=a"g (rytnrgt, “Ta—1) (mod p); r==0,1, ..., n—1
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Ilycte mpocroe n, paeaut (n, p—1), n=nn,, ny > 1. Cootmer-
CTBEHHO KaKAOMY pemeHmo cpapuenysa y™ = ¢ (Mod p) passicKEBaem
PEUICHNA CPABHEHHA T " = = y (mod p).

9, a. YKazaHHHM DYTEM TOJYUYHM €CoCy - - - Ck = ¢ (M) Xapaxrepos.
lyets y nByX XxapawrepoB j,(a) R Yz{(e) He PABHE Mexay coGomwo
amadennsn R’ m R” waworo-nmGo m3 xopued R, R,, Ry, ..., Ry; pun
umMcaa ¢,, y KOTOPOro Bee MHIEKCH paBHHW (), KpPOMe ML OJHOTrO,
oTpeuapero ykasaueaM R’ u R”, papmoro 1, #MeeM

11 (al)‘=R,a Ye (@) =
a) Wmeem y (1)=R° ... Ri=1.

B) tyets 7', ...y Y32 17y -y Yo~ CHCTEMH UHACKCOB MHCEN @; M
ay; rorga Y+, ..., 7,;+12—-cuc'rema HHJEKCOB 9ACHA a5 (¢, § 7).
Y) llpu ey == ay (mod m) mHMeKCH uMCeJ gy H 2, CPAaBHUMEL Me-
Ky c000K COOTBETCTBEHHO IO MOAYIAM €, ..., Ck.
¢. YKasaHnoe CBOYICTBO CJENyeT W3
m—1 c—1 cp—1
.
Z ‘,"(a)::z RY ... z R
a=0 Y=0 =0

d. Yxazanuoe cBOHcTBO Cielyer M3
Ty
Z Y (a(l=2 RY ... ZRk".
9 " R Rk

e. Hycres »{(a;) == 0. Torna ¢ (a,) =1 (a;) ¢ (1). Ilosromy ¢ (1)=1.
Haiigg o' u3 ycnosusae’ = 1 (mod m), mmeeM ¢ (a) ¢ (a’) =1. loaTomy
Y{ay =0 npn (g, m)=1.

Mpr (a,, m)=1 nMeem

"rla) _ N rlma) _ x(a) Z L@,
$@) & ylaa) §(ay)
a a

TI0BTOMY HJIH Z {I‘J(Z):O, mm we (a))=1y(a;) upm peex a;. Ho

nepeoe NpejnoJioeHne HE MOKeT ONPaBJLIBATHCA IIPH BCeX 7: TOT[a
Guo 68 H=0, a Me)uy Tem H=9(m), Tak KaK, CYMMHpys HpH
NAWHOM & N0 BCEeM xapaRTepaM, nMeeM

2 L) ¢ (m), ecan a == 1 (mod m),
i) L 0 B DpoTHmBHOM cJydac.
f, a) Ecin R, ...y By m R”, ..., Rj—3uadcnns R, ..., R

orpedaninue xapamepau %1 (a) |1 Yo (a), TO Y, (a) /0 {a)— Xapaxrep,
y KOTOpPOro COOTBETCTBYyIOMMe 3Hauenms cyth R'R”, ..., RiRy.
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B) Korma R, ..., Ry npoGeraror Bce KODHE COOTBETCTBYIOIIHX
ypaemeruii, To R'R, ..., R;Rk npoberaloT B HEKOTOPOM HOpALKe

Te jKe caMEle KOpHH.
v) Oupepenss I’ n3 yeaoBusa I’ = 1 (mod m), mmeem

35 0=2 =2
A

910 pasuO ¢ (m) a0, B 3aBACHMOCTHA OT TOro, Oyger an a = [ (mod m)
HIIA HeT.
10, a. a) Onpenensia «’ cpapHennem zx’ = 1 (mod p), mMeeM

_ ; Ry _ . .
p—1 2nillnd(m+k) lindx p—1 2m:l1nd(1+k::)

2 e " =2 e n = 1.
x=1 x=1
B) Mmeem

p—1 @—1 Q—1 i lind(z+21)—~1 ind(x+z)

=33 3 S

Ilpy z; =z cyMMHpoBaHMe DO z Jaér p—1{, npm z;, HG paBIOM z,
CyMMHUpOBaHMe 1O z (Bompoc a)) paér —1. TlosTomy
§=(p—1)Q—-QQ—-1N=(r—0Q)Q.
y) lIyers Qp—umeso umcen paga z-+z, z=0, 1, ..., Q—1, He
HelAIMXCs HA p, a T, ,~—UHCIO WHCEJ TOUO jKe PANA, NpUHAjiC-
HAMUX s-H cOBOKYyDHocTH. JlyeTh, HaKOHCH,

p—1

— QJ-‘ 2
Un,x“—7+Tn,z’ S=2 Un, x
x=0
Vmeem
n—1 Q-1 omi ! (il_ld (x+2)—8) n—1q _21”2_
g A — w1 g
"= e =5 € L,n x7
=1 z=0 I=1

"“)2 (r=Q) Q

Homarag Q=[n ¥V p| u joumyckas, 4To B YKA3aHHOM B BONpOCE DHjie

. Uheso, (n—th Loy ol

49KMCeNl S-i COBOKYHHOCTH HeT, yGenumcs, d9TO |Un,:]> npn
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m=_M, M+1, ..., M+Q—1, m, rakum obpasom,
(LD =(F) v—0Q o V22 < 5=V R

9TO HEBO3MOMKHO.
b. Ilycts p, —IpoH3BeJeHHE pA3TAYHEX npochx JenHTeNeH
anciaa p—1, Qg—9ucyio wmces paga z+3z; z=0,1, ..., Q—1, He
leIAMHXCHA Ha p, & G, —49HCJIO YACes TOro ke pﬂua, ABIAIOIAXCH
nepBoo0pasHbBIMH KOPHAMHM N0 MOpyJio p. Ilycts, makouer,

p—1
s\t p—1 b _ Qe 0= 2
O &
d\jo0 x=0
Bsas f(f)=1 wu sactaBian £ npoderars 3HaueH#dA E=ind (z+ 2);
2=0, 1, ..., Q—1, noxyamm S’=2 w{d)S;. 3mecy ST —umeno
a\p,
sHavenuii £ ¢ yemosmem (5, p—1)=1; noaromy S'=0G,. J[lanee,

§g— 4HCI0 BHAYEHHH §, KPATHBIX d; NOITOMY S,,—Td » (BOIpPOC A, )
npr s=0. CiegoBaTeasHO,

uv£=_-_+ D @) Ty = X n(d)Uq,,
a\p, d\p,
22 YU, v <2 (p—Q) Q.
a\p,

{Tonaras Q:[PZ" 1/;_7] H [OmycKag, 9YTO B yHKA3aHHOM B Bompoce
" L —1
pANe TepBOOGPABHHX KOpHEd Her, ydegumMmcs, 910 |wy|> ¢ P

wp =M, M+1, .... M+Q@—1 r, Taxkam obpasom,

k
(Q"1) <2 (p—Q)Q, (P2V p—2)* <<P2k]/p—m;;.3 ,

SMTO HEBO3MOXKHO.
11, a, ). Nmeeu

»—1ip—1 .kmdl Znia“_l)—f

anpiz—-E 2 € P o=

t=1 =1

p—1 , . kindt
—p-—i-—Ze T =p,
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) pu (a, p)==p reopema ouesmpma. llpu (a, p)==1 ona cne-
ByeT H3 - .

2“‘-h lnnda p—1 Zni. 111:1l azx 2“‘a_: 2mi -k 1:da
Ua’p=e 2: e =¢ Ui,p'
2=1

1) Ouesupno, 4 u B-—uensie, upuaém | S |* =A*+ B2 lipu HeKro-
TOpHIX 8, 3’, ¢¥ ¢ veaouvmeM |s|=]s’ |=|s’|=1 BMeeMm (Bonpoc )}

p—1ip—1p-—-1 ‘md z3+41ind z 2“i11x+z(z+i)

. A ]
LS:WE)Z E Z ['4 4 € P .

2yp=12=1 2=0

Eciu z,+2 He paBHO p, cyMMmuposanue 10 z faér Hynb. 1losromy
r—1 2 Zﬂiip B
s= 3 (%) =Vb 15P=p.
z=1

b, o) Upu jandoM z cpansenue z” = z(mod p) BUIMOAHO JNUIPE
B eaygae, Korja ind z penmtcd Ha 8, mpHUéM TOrja STO CpaBHeHHMe
umeer § pememuil. ITosromy npu &é=1 mmeem S, =0. Eean rwe

¢ > 1, 10 uUMeeMm

8—1 p—1 z"ikll;dz 2ﬂigp.:,
Sa,p:1+2 2 € . &
k=03=1

Hpu k=0 cymmmpoBaHue no z paér—1;, npm k > 0 oHO }aéT Beau-

auEy, MOAyib KoTopoil pasen ) p. OTeioa m caefyeT peayJbTar,
yRa3asHEM B BoOIpoce,
3) Nonaraa

1=u+p"‘v; u=0, ..., p“’—i, v=0, ..., p—1,
uMeeM
(ax".

2mi — .
¢ i 5P g2nio (u"p‘°+nu""‘p"‘n).

Tipu («, p)=1 cymmHpoBaHHMe Dm0 v paér HyJdb, IloaTOoMy
3—1_1

C nes.n _
Sa,pe= 2 ePmianT ey = po=t, S'a,pr=0-

xp=0
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Y) Uyets p° — namonbmiaa cTemeHs p, jenamaa n. Mmeem
s > <+ 3. Honaraa

$—1—=2

z==u-+p v; u=0, ..., ps—i—':—i, v=0, ..., p~t1—4,

HaxooHM
., ax®

e2m P 2nia (up 4 nu

nlp—t1y)

IIpu (x, p)==1 cymMmmposanme no v Jaér uyas. IloaTomy

8-1 2
- . ax
P 1 ogi v

. g1 — phi— 1§
Sy, ps e P P

8y pe=0.

a, ps—n ) a,

x0=0

3) Nyers m=p7t ... p;k—xanonnqecme PasioKeHe 9mcia m,
Tlonaraa

T =m-1+v‘5‘ ; ‘J:—i—,”l:M]p‘;l:-'- =Mkpt;€k

a, m a, m’

W oupeneiss ay, ..., dp A3 yCIoBuA a = Mya;-+ ... + Myay (mod m),
umeeM (Bompoc 12, d, ra. III)

T =T

a, m al - T

.. ar’
alypi ag ])A

Ho npm s=1 nMeem
1

| Ta, p8‘<l’_1+vn Vp<np .
Ilpr 1<s<n, (n, py=1 umeeM

ITG, pal=p—si svps-i< 1.

IIpn 1 <s<n, (n, p)=p OMeeM

[Tq pol <P TP < p <,
‘/

Crmyuait s > n spapy T, p3=p"s+”p"_15 n=T, 6" CBONATCA

a, p a, p

K caydao s<Cn. Ilopromy

lTa, ml <C=nns+n!

OTKYJA M NOJIYy4aeTcs YKa3aHHOE B BONPOCE HEPABEHCTBO.
12, a. Cnemyer m3 TeopeMsl Bonpoca 11, a, a) m TeopeMH
Bompoca 12, a, ra. V.
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‘b. Mmeem
M+Q—1n~14 ; E(ind x—s)
-3 3
x=M k=0

Nlpr k=0, cyMmapya mo =z, moayaad Q; mpm k > (0 moayauM umcio,
Mofyms koroporo < ) plnp. OTcioma W cilefiyer yKAasamHAA B BO-
mpoce dopmyaa.

¢. Baap f(z)=1 m 3acTapnAs z mpoGerars 3mavennmA z=ind M,

ind(M4+1), ..., ind (M +Q@—1), noayumm (BOmpoc 17 a, T II)
§’ = 2 p(d)Sy. 3meck S’ —umeno 3pavendm#l & ¢ YCIOBEEM
d\p-1

(z, p—1)=1; mostomy S'=T. anee §;—duca0 3HAUCHHWHA , KPAT-
HEIX d, T. e, UHACNO BHMUETOB cTemeHE d B pame M, M +1,
, M 4+ Q—1. CaenoparennHo,

H= 2 u (d) (—3—+Od VEInp); |0z] < 1, 6,=0.
d\p—1 ‘ .

d. I3 TeopeMul Bompoca a clegyer, 4YTO YCIOBHA  BOMpoOCa
12, a, ra. V OynyT cobmioneHsl, ecam DoaokaM m=p—1, & (z)=1,
npauéM 3acTaBEM 2 mpoberaTh 3HAawemmA z=ind z; =M, M +1, ...
. M+ Q—1. Torga nonyamm (Q, BMecTo Q)

N wm=s, N @=0 J=-2Q+1Vpnrnr

z

13. omycTmM, 4TO HeBLIYeTOB, He IIPeBOCXORAmMEX h, HET.
Ygeno HeBEIYETOB CTENEHH n Cpefm YHces

1, ..., Q; Q=V p(In py )

MOJKHO ONEHNTH JBYMA cmocobaMm: MCXofd m3 QopMyel  BOHPOCA
12, b 1 mcxogH W3 TOro, UTO HEBHYETAMHA MOTYT OBITH JTMUIb THECHA.

NelAMuecss HA mpocTHe, Oomemume k. IlonyamM

1 N\a
+ 0<lnp>~’l
14_41n11'1p

Inp
o< r_ o (LY.
1426 lnln p Inp

1 -;—lnp+21n1np
1——<In
n 1

;—1np+21nlnp
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HeB03MO03RHOCTE  TIOCJIEHETO HEPABEHCTBA NOPHE BCEX HOCTATOUYHO,
GonbmuX p W MOKA3HBAET TeopeMy,
14, a. lmeem

m—1 m—1 m—1 oni B V1Y)
N\ |\ -
lsp<x XY e e@e "

x=0 y1=0 =0

lIpu mamEHX Yy, B ¥ cyMMHpOBaHne'no z paér Xm)o(y)|® wim ByNs,
B 3aBHCAMOCTH OT TOTO, OyAeT Ju ¥ =%y nuru meT. I[oatomy
|SPPLXYm, |SIKV XYm.
b, o) nmeem
.quth

. 1 ~ . . Zﬂl——m
S'~Wn3}.42/~<”>/-(”>e :
uw v

rie u m v upobe: aloT mPEBeJEHHLIE CHCTEMEl BHUETOB ITO MOAYJI0 M.
Orcropa

- ZWiEﬂ
§= —fn }_‘ Zv(z)p(y)e .
v@= N W, W= X ).
ut = x (mod m) R =y (mod m)

Ho mseem (Bompoc 11, ri. IV)
m~1 m-1
D v@rE<Hgm), D) o)< Ky (m).
x=0 y=0

TloaTomy (BOoupoc a)
1< (m) VEy¢(m)Ks(m)ym=K V'm.

, §) Oyers m=2%p{'...pyk — ramommdecKoe pABIOKEHHE HH-
cia m. Cpasmenne " = 1 (mod m) paRmOCHIBHO cHCTeMe

z? = 1(mod 2%), 2" = 1 (mod p$Y), ..., 2" = 1(mod pik).

HyCTI: 7 (z) B ¥, (2) —HEAeKCH dmcsa z mo Moxyaw 2* (g, § 6). Cpasre.

nue =1 (mod 2%) paBrocmasHO cucreme ny (z) =0 (mod c¢),
no (z) =0 (mod ¢.). Ilepsoe cpasEeREe TON cHCTEeME MMeeT He Gouee
2 pemepuii; BTopoe—mne Oojlee n pemenumit. [losToMy cpaBHeHHMe

2" =1 (mod 2*) wmmeer ne Gonee 2n pemepmit. Cornmacmo b, § 5
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Ka)xjoe u3 cpaBHeHEmH zV = {(mod p‘:l ) «+oy 2 =1 (mod pgk) mMeer
gBe Gonee n pemenmit. CJIeXOBATENLHO,
nn
E<L2(x(m)'2; K =0 (m").
15, a. Hmeem
p~{p-—1 2“;a(t"—1)x"+b(t—1’)x

Sp=3 3 ¢ g

t=1x=1

Ecnu t" =1 (mod p), T0 cyMMumpoBaime uo z paétr p—1 npum
t=1(mod p) m —1 B ocranpHEX ciayuadXx. B mpormBHOM ¢iy4ae,
Gepa z (t—1)"* BMecTo , COOTBETCTBYIOIIYIO BHIOPAHHOMY ¢ YacTh
OBOWHOW CYMMEI NpelcTaBEM B (opme

— z n_ —1)—n
p—1 . bz 2_Ma(t 1) (1—1) 1z

y 2mi
2 e P, p
z=1
IToaTomy
poip i 22
ISP<p=14| ) D v@wewe 7|,
u=1v=1

rpe v () paBEO "McIy pemennii cpapaenns (7 —1) (¢ —1)™ =u (mod p),
a |p(v)| He ppeBocXoimT uHMcsia pememmit cpaBmeHMs z% = v (mod p).
Tloatomy v (1) < 2nq, |p (V) | <0y,

p—1 p—1

D Ivwl<e—12n, X hOPE<E—=1n

u=1 v=1

ITpuMerAA TeopeMy Bomnpoca 14, &, noxydnM
3

|S2<p—1+V (p—1) 2n; (p—1) nyp < 21,02

b, ¢) Cnegyer M3 TeopeMH BOHOpPOCA & M TEOpeMH  BoOpoca
12,a, rn. V

§) Us reopeMn Bompoca a) cJefyeT, UYTO YCJIOBHS TEOPEMH
poipoca 12, a, ria. V Oymyr coOMIONEHH, ecaH MOJOKAM m=p,
® (z)==1, npudéM sactaBaM 5 mpoberaTh sHaueHHA z=Az"; 2= M,,
My+1, ..., Mg+ Qy—1. IonToMy

Sem=1, Jee=q.
z

z

OTKYyZJa M cjleayeT yKasaHHag B Bonpoce gopMyna.
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e, a) Ilycre 7 = 4ay,; (mod p). HmMeem (sompoc 11, a, ra. V)
’ sav,x

p—1 .
2,2 2xri
(1>S=E(4az +4aba:+4ac)e P _
P P
x=0
. p—1 p—1 2“i2(4a2x2+ 4abx+4ac+laa11xz—1)
O} RN
U, p

1

O T
3

3 -
Tlocnennsas e cyMMa (BOIPOC &) 4YHCIEHHO <—§~p".

f) Cnemyer M3 TeopeMH BODpPOca a) W TeOpeMH Bompoca 12, a,
rin V.



OTBETHI K YACJIEHHLIM ODPAMEPAM.

OtBerHl K raase 1.

1, a. 17.
b. 23.
5 19 @
Boaa) W=q ) =gty
80 1002 6
b, @) %=zg5: B =55 +m5 1000 -

3. Bcero momyumm 22 npobm.
5, a. 28.35. 113,
b. 23.3%.5%.7%.112.17 .23+ 37,

OtBernt K raaee II.

1, a. 13142,

b, 2119 . 350 . 531 . 719 ., 1412 . 139. 177 . {Q8 . 238 . 204 . 314 .37% X
X418 . 43% . 472.532.592.612.67.71 - 73 - 79+ 83-89.97x%
x 101 - 103 - 107 . 109 - 113.

a. ©(5600)=36; .§(5600)=15624

b. © (116 424)=96; 5 (116 424) = 410 400.

. CymMMa Bcex sHaueHwmii pasHa 1.

. a) 1152; B) 466 400.

. Cymma Bcex smaueHmit paBHa 774.

5\7

SN QO

Otserm K raase III.

70. ‘
. Henurca.

32 . 5% . 112 . 2999,

. 7-13.37.73.101 - 137 - 17519 . 257.

1,
2,

Toon

Oteernt K raaese IV.

1, a. z= 81 (mod 337).

b. z=200: 751; 1302; 1853; 2404 (mod 2755).
2, b. z = 1630 (mod 2413).
3. x=094-111t; y=39447t, rpme t— moboe memoe.



OTBETH K YHCJAEHHRM [IPUMEPAM 171

4, a. z = 170b, + 52by (mod 221); z =131 (mod 221);
z =110 (mod 221); =z =89 (mod 221).
b. z = 11 151b, + 11 800b, + 16 875b;, (mod 39 825).
a. z =91 (mod 120).
b. z = 8479 (mod 15015)
z =100 (mod 143); y = 111 (mod 143).
y & 32442434 322+ 22 = 0 (mod 5).
b, 254 5z84 322+ 324+ 2 = 0 (mod 7).
28 4 425 4 2228 7623 + 7022 + 522 + 39 =0 (mod 101).
y a. z=16 (mod 27).
b. z=22; 53 (mod 64).
10, a. z = 113 (mod 125)
b. = =43, 123, 168, 248, 293, 373, 418, 498, 543, 623 (mod 625)-
1. a. z=2, 5, 11 17, 20, 26 (mod 30)
b. xE76 22 176 122 (mod 225).

e

OrBernr k raase Vi

1, a. 1, 2, 3, 4, 6, 8 9, 12, 13, 16, 18,
b. 2. 5, 6, 8, 13, 14, 15, 17, 18, 19, 20, '22, 23, 24, 29, 31,
32, 35.
2, a. a) 0; B) 2.
b. ) 0; B) 21
3,a a)0; B2
b. ) 0; B) 2. ,
4, a. a) z= 1+ 9 (mod 19); B) z= 4 11(mod 29);
1) z= 4 14 (mod 97).
b. o) 2= 4 66 (mod 311); B) z= 4 130 (mod 277);
Y) z = + 94 (mod 353).
5, a. z= + 72 (mod 125).
b. z = + 127 (mod 243).
6, a. z =13, 19, 45, 51 (mod 64).
b. z =41, 87, 169 245 (mod 256).
OtBetnl K riaaee VI.
1, a. 6.
b. 18.
2, a. 3, 3, 3.
b. 5, 5, 5.
c. 7.
5, a. a) 0; 3)
b. a) 0; B z
6, a. a) z= 7 (mod 67), B) x = 33 (mod 67),
1) z =8, 36, 28 59, 31, 39 (mod 67).
b. a) z=17 (mod 73), §) z = 50, 12, 35, 23, 64, 38 (mod 73),
1) =3, 24, 46 (mod 73).
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a.

» 6, 7,

OTBETH K YUCABHHLHM HPHMEPAM

7, 37;

mod 101). B) z = 53, 86, 90, 66, 8 (mod 104).

39 (mod 109).

.6, 7,9 11, 16, 17; B) 1, 7, 8, 14, 12, 18.
. 8, 10, 11, 14, 23, 26, 27, 29, 31, 36;
10, 12,

16, 26, 33, 34.
g) 3, 5, 12, 18, 19, 20, 26, 28, 29, 30, 33, 34.

a) 3, 27, 41, 52
10, 17,

18, 26, 30, 31, 35, 43, 44, 51, 54, 55, 59.
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TABJTHHEL. EHIERCOB
TABJHAOBIL EHJIEKCOB.V -
Hpocroe wmeao 3.
0 6/7(8]9 Iyo 3‘4 5167 9!
of1 l
IIpocrtoe umcao 5.
0 6789 | IO 345/6(7 9
01 3 |
HpocToe smacao 7
0 6|718l9| |1]o0 314|5(6|7|8|9|
3 01 6’ 4 5‘
Hpoeroe wmcao 11.
0 6/718|9 I}o 314(5|6(7 9
9/7]3|6 01 815[10/9{7/3|6
5 1
IpocToe wmcxo 13.
0 6|7|8(9| |7]o0 3/4|5/6]7|8|9l
5111]3|8 01 813|6|(12[11]19|5
10 1110
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Hpocroe mmcao 17.

-0

N0'1l2345'6789 I!

01
01113|9[10{13
1187

15 (11 |10 2
8 12f 2

5| 15| 11| 16] 14
6

IIpoctoe gmexo 19.

9 rjoj1l2|s|4l|s|6(7({8]9

N01234'5678

- O
o
-~
—
[¥+]
[\

17112/15| 5| 7

N10123456789 Il0123456789
0 0| 2|16 4| 1(18|19| 610 oIl 1] 5| 210] 4|20] 817 |16 |11
1131 9]120|114{21 |17 | 8| 7|12 |15 11 9|122/118|21|13 19| 3(15] 6| 7
2 1511311 2 12|14 -
pocToe ancmo 29

] =

jN012345(6789 Ij0|1{2/314|5|6]7]8(9
4

"0 O 1] 5] 2122| 6 (12| 3|10 01 1) 2] 4| 816 3| 6]12|24/19
" 23125| 7|18/13 (27| 4(21 (11| 9 11l 9118| 7 |14 28| 27| 25| 21| 13(26)
.2 24117126120 8116 (19115 [14 2 23]117) 510] 20| 11| 22| 15

T

0 0[24| 1|/18]20 )25 |28 |12
A 114123/19{11(22 121 | 6| 7|26
2 | 8|29(17{127|113{10| 5] 316
3|15

1[ 3] 9127 |19)26{16|17|20|29
13| 8 (24|10 [30{28122| 4{12
5115|114 |11 2| 6/18}23| 7|21

O DN
[CR ]
[
33




El HTHIEKCOB
TABJINLY I 95

Ipocroe wmcio 37.

WO

1] 21 4} 8/16/32(27|1
25113 | 26{15|30(23 91;%%3%
3312921 510,20 3| 6(12(24
1122 7|14|28|19

1(26] 2)23|27|32| 3|16
28{11|33|13| 4| 7]1735
3115129110112 6/34(21
5{20] 8(1918

WO

IIpoctoe wmcmo 41.

W= O

26(15/1222| 1|39;38/3

0 1| 6]36{11|2527|39{29(10[19
27|3112537|24|33|16( 9

7

6

0
1 113228 4/24/21| 3/18(26(3334
2 [140 |35 5[30(16/14| 2[12(31|22)
3| 9]13]37|17|120/38|23|15| 8| 7

29|36(13| 4i17; 5|11
10{18(19|21| 232135

2

NN - O

27| 1)12|2528135(39; 2 01 1] 3| 9|27]38/28|41{37}2532|
13|32|20/26(24(38|29(19 11110130 4 [12|36(22/23|26(35{49
15|16140] 8|17| 3| 5|41 2 {14 42 |40 [34{16] 5(15] 2| 6F

931(23118|14| 7| 4(33 3 (113313 (39/31| 7(21|20({17| 8§
21 4 (24)29

WO
[DYLE R Rew)

18]20)36] 13832} 8140 01l 1] 5|25/31|14]23/21/11| 8/40
10|11] 4{21[26]16|12[45 111213 1843|2744 :
25 5{28| 2129/14122135 2 | 3115]28(46142|22
44127)34|33130|42/1731 31136 |39 7{35/34|29]
24|13143141]23] . - 4| 9]45]3744|32|19
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Hpoctoe umcao 53.
Nlol1|2]3|a|5|6|7|8l9] |rfo|1]2]3]4|5|6|7|8]9
0 o 1/17] 2|47|18[14{ 3|34 O 1( 2| 4| 8[1632{11|22(44135
11|48 6|19]24)15|12| 4]|10{35|37 11[17 (34| 15/30] 7114/28| 3| 6[12
21491311 7139(20{42]25(51(16(46 2 1124 | 481 43|33|13)26]52|51(49|45
31333 | 5|23]11| 9|36]30|38(41 3 (137121 42{31| 9118(36/19/38|23
4 (1501 45 32|22| 8|29{40|44|21)|28 4 146 | 391 25|50147)41129] 5[10(20

5114312726 5 14027

IIpocroe umeno 59.
NIO0|112|3{4]5{6[|7|8(|9 I10]|112(3]4|5(6(7!/8|9
0 0| 1]50| 2| 6|51118| 3|42 O 11 2| 4] 8/16{32] 5/10{20|40
1l 71]25](5245{19,56] 4|40/43(38 1 (121 | 42 { 25|50141|23(46!33| 714
2 1 8]10]26(15|53|12]46/34(20(28 2 128 56 | 53|47(35|11|22(44(29|58
3157149 5|17\41124|44|55(39137 3 {157 {55 | 51|143{27154(49(39{19138
4| 9]14]11]33|27|4816|23]54|36 4 (117134 9{18/36/13]26|52}45]31
5 1113132 | 47122/35(31/|21{30{29 51 31 6112|24/48/37|15|30

ITpoctoe umciao 61.
N|I0[11/2]|3]|4!5(617|8]9 0(112{314|5(6{7({8]9
0 0| 1] 6| 2|22 7149 3]12 O 1] 2] 4 8[16132] 3| 6/12124
1 1231151 8[40150|28| 4|47|13/26) 11148135 9|18{36]11|2244/|27!54
2 1124155 }16 57| 9|44]41|18;51|35 2 11471331 5]10720]40)19{38}15|30
3(29(59] 5121|48[11(14/39(27|46 3 116059 | 57|53]45]29(58(55]49!37
4 25 [ 54 |56 143/17|34|58/20(10|38 4 (13|26 | 52}43|25]00(39(17|34] 7
5 {145 | 53 42 |33]19]37 523236|31 5 (14| 28| 56(51)41|21|42)|23|46|31
6 1130

{Ipocroe ancio 67.
Niol|1|2]|3]4]5]6|7|8]9 1]0123456789
0 0| 1[39] 2{15/40123| 3[12 01 1} 2| 4| 8/16|32|64|61|55|43
1 {16 | 59| 41|19124|54| 4|64113|10 1119138 9{18|36] 5]10(20|40({13

"1 2111762 | 60(28]42(30{20151{25]44 2 1126|521 37| 7114/28|56|45/23|46

'3 {|55] 47| 5{32|65(38{14{22{11(58 3 125 | 50 ) 33|66]65{63|59(51|35 3
41118153 1 63] 9(61127129|50|4346 4 6112]24(48129|58(49(31{62(57
5 {13137 21]57|52] 8|26}49]45|36 5 || 47 | 27 | 54|41|15|30}60{53|39|11
6 [[56]| 7]48{35| 63433 6 |22 | 441 21]42|17|34 :
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HpocToe wmeno 71.

B

21314151617|819 If0|1121314f516[7[8]9

SN OOURWIN=O

6/26/12/128/32! 1|18|52
38|39| 7]54|24|49|58|16
37]15144(56|45| 8/13|68
30157(55(29|64|20|22165
33148(43/10{21| 9|50| 2
51(23|14(59]|19142| 4} 3
17|53|36(67|63|47|61 |41

11 7]49159|58|51| 2114{27]47
45131 4/285423|19|62| 8)56
37|46 | 38|53|16|41| 3j21§ 5|35
32|11} 6|42{10(70/64/22|12{13
2069 | 57|44/|24|26|40167|43|17
48152 9)63|15|34(25/33[18]55
30| 68| 50/66|36|39|60|65{29|61

SUPBWN=O

IIpocToe wmeino 73.

2

2(3|4|5|6(7|89 I40|1(2|3/4/56{7{8,9

SN oUW =O

8| 6/16] 1[14/33|24{12 01 1| 5|25[5241{591 3|15 2{10
22159|41| 7132|21|20(62 15031 9}45| 6|30 4(20|27/62
63|46(30| 2,67|18|49|35 2 1118117 12|60| 8140/54(51136|34
40(61]29]34128!64]70|65 3 ||24 [ 47 | 16| 7]35|29(72|68[48i21
47151|71]13]54/31)38/66 4 3214 70[58|71]63]23|42164|28
3|53|26(56157|68|43| 5 5 ||67 |43 | 69/53|46{1115556|61|13
19/45(48|60/69|50(37{52 6 || 65 | 33| 19)22/3739{49(26|57/66
36 7 13844

IIpocroe umeno 79.

2

213|4|5/677)81]9 I10(11]2]3]4|5|6({7/8]9

SO WSO

4 1) 862| 5[53|12| 2
9134[57|63|16(21) 6|32
72)126(13(46(38{ 3161|111
20(69)25|37|10{19(36|35
58|49|76|64/30|59/17|28
42771 7)52/65133]15|31
60155(24:1873|48|29|27
14144123147 40143|39

1| 3| 9127 2| 6(18/54] 4|12
36|29 8]24172|5816]48/65/37
32| 17 | 51|74|64,34:23(69/49(68
46| 59 | 1957(1339:38/35/26|78
70 | 52{77|73]61}25|75(67|43
50|71 55| 7,21|63,31|14(42|47
62|28 5{1545/56{10(30{1133
20| 60 { 22166]40141144[53

NN O
-~
(=2}




178 TABJIAIEL HHOEKCOB

Ipocroe uncmo 83.
Nj[0{112|3] 4| 5/6]7|8|9 I(011[21314|5|6j7(8}9
0 0] 1§72| 2[27173] 8] 3|62 01 1] 2| 4| 8|16|32| 64| 45| 7|14
1 [128124|74| 77) 9| 17| 4| 56(63|47 1 |128(56|29} 58| 33| 66} 49| 15]30{60
2 1129(80|25| 601 75| 54| 78] 52(10[12 2 |[37|74|65] 47| 11| 22| 44| 5[1020
3 {18|38| 5| 14| 57| 35| 64| 20{48167 3 [140(80(77] 71] 99 35| 70| 57(31|62
4 1130|4081} 711 26] 7| 61| 23{76|16 4 [141(82|811 79| 75] 67| 51} 19|38(76
5 [05]46/79] 59| 53] 51| 11| 37{13|34 5 (169]55|27] 24| 25| 50| 17].34[68/53
6 (19/66(39( 70| 6] 22| 15| 45|58|50 6 1123146| 9] 18] 36] 72| 61| 39{78|73
7 [36/33|65| 69| 21| 44| 49] 32|68!43 7 116343 3| 6| 12| 24| 48] 13]26{52
8 131142141 8 |[21(42

HpocToe uncno 89.
NiO|1(2|3]4|5[6]|7/8]9 ITyo(1(2(3145|/6[7;8(9
0 0[16] 1| 32| 70| 17} 8148| 2 0| 1! 3| 9|27, 811 65] 17| 51/64!14
1 1186|84(331 23| 9| 71| 64] 6{18|35 1 1142137|22{ 66| 20| 60] 2| 61854
2 [114182(12| 57| 49 52| 39] 3}25|59 2 |[73141|34] 13| 39| 28| 84| 74l44]43
3 |87(31|80| 85| 22| 63| 34| 11|51124 3 |140131t 4 12| 36| 19} 57| 82|68!26
4 130(21110] 29| 28| 72| 73| 54(65|74 4 |[78]56|79( 59| 88| 86| 80| 62{ 8|24
5 |168] 7155| 78| 19| 66| 41] 36/75]43 5 |172|38]25] 75] 47| 52| 67] 23692
6 |15169/47| 83| 8| 5} 13| 56!38,58 6 (187i83171| 33| 16| 48| 55 76150|61
7 17916250 20| 27| 53} 57) 77|40/42 7 || 5|15]45| 46| 49| 5&[ &5| 77,53|70
8 |146| 4(37| 61| 26| 76| 45| 60|44 8 (32| 7|21} 63]11] 33| 10| 30

IIpocroe wmeno 97.
N[0|1]12]3}4|5]6]7]8]9 Ti0|11213]4(5{6]7|8]|9
ol |of3al70{68 1| s|31| 6lag] |01 1| 5/25) 28] 43| 21| & 40 630
1 {135/26]|42| 25| 65| 71| 40| 89|78|81 1 153(71164| 29| 48| 46| 36| 83|27(38
2 (69 5l24 77| 76] 2| 59| 18| 3|13 2 1193|77]94] 82| 22| 13| 65| 347374
3 || 9]46]74( 60| 27| 32| 16 91/19/95 3 179 7135 78| 2] 10| 50| 56(86/42
4 | 7(85|39| 4| 58| 45| 15| 84{14(62 4 1116/80|12| 60| 9| 45{ 31| 58(96{92
L 5 [136/63|93] 10| 52| 87| 37| 55/47|67 5 [72|69(54] 76| 89| 57| 91| 67{44/26
6 ||43|64|R0| 75| 12| 26| 94| 57(61]51 6 (33(68149] 51| 61 14| 70{ 59| 4|20
7 (66]11]50| 28| 29| 72| 53| 21(33|30 7 || 3|15]75| 84| 32| 63| 24| 23,18|90
8 [141|88|23} 17| 73| 90{ 38| 83/92(54 8 162/19(95| 87{ 47| 41} 11| 55{81(17
9 |179(56|49| 20| 22| 82| 48 9 |185[37|88| 52| 66 39




TABJIATA ITPOCTHIX GHCET 179

TaGaaua npocthix wrcer <4000 m wx HaEMeHLIIAX nepsoobpas-
A HBIX KOpHEii.

p (g p & P gl P g P g’ P&l p |&}
\ »

2 010 179 | 2) 419 | 2| 661 | 2|} 947| 2)1229| 2{1523] 2

3120 181 { 2| 421 | 2| 673 | 5| 953| 31231 3] 1531| 2

5 | 2| 191 [19] 431 | 7| 677 | 2 967]5[1237| 2|1543| 5

7 131 193 15| 433 | 5) 683 | 5] 971| 61249 7/ 1549] 2

11 124 197 | 2| 439 |15] 691 | 3| 977 3{1259| 2| 1553| 3
13 | 2| 199 | 3] 443 | 2| 701 | 2| 923| 5(1277| 2155919
17 {3 211 | 21 449 | 3| 709 |2 991|6[1279( 3(i1567{ 3
19 | 21 223 | 3§ 457 [13) 719 |11| 997| 7(1283| 2[ 1571} 2
23 | 5 227 | 2 461 | 2|} 727 | 51009{11]1289| 6{{1579| 3
29 |2} 229 | 6| 463 | 3| 733 | 6{1013]3/1291| 211583] 5
31 | 3 233 | 3] 467 | 2] 739 | 31019 2| 1297|10]|1597 | 11
37 | 2| 239 | 7| 479 |13] 743 | 5| 1021(10{1301] 2||1601| 3
41 |6 241 | 7h 487 | 3] 751 | 3(1031.141303| 6({1607| 5
43 13| 251 (6| 491 | 21 757 | 211033| 5{1307| 2[1609| 7
47 | 5| 257 | 3| 499 | 7] 761 | 6|1039| 3/1319(13|[1613| 3
53 | 2 263 | 5| 503 | 5 769 |1111049] 3/1321[13[1619] 2
59 121 269 | 2 509 | 2|} 773 | 2]j1051} 71327 31621 2
61 {2 271 {ef 521 | 3] 787 | 2| 1061| 2|1361| 3| 1627| 3
67 |21 277 | 5( 523 | 2{ 797 | 2/{1063( 31367 5(1637] 2
71 | 7| 281 | 3| 541 | 2 809 | 3|1069]| 6[1373] 2||1657] 11
73 [ 5| 283 | 3| 547 | 2| 811 | 3|1087| 3{1381]| 2|1663| 3
79 (3 293 | 2| 557 | 2| 821 | 2(1091( 2{1399[13(1667| 2|
83|21 307 | 5| 563 | 2| 823 | 3111093 5/|1409| 31669| 2
89 | 3| 311 [17] 569 | 31 827 | 2[1097| 3| 1423] 3|[1693| 2
97 |5 313 (10| 574 | 3| 829 | 2{1103] 5{[1427| 2{1697} 3
101 | 2 (-317 | 2| 577 | 5| 839 |11]1109| 2}1429! 6]1699| 3
103 | 51l 331 {3l 587 | 2| 853 | 2|[1117| 2|1 433] 3[[1709] 3
107 | 21| 337 (10| 593 | 31 857 | 3[ 1123 2{1439| 7{1721| 3|
109 | 6| 347 | 2] 599 | 7{ 859 | 2| 1129|11]1447] 31723} 3
113 | 3|l 349 | 2| 601 | 7] 863 | 5[1151|17||1451| 2[1733] 2
127 (3| 353 | 3] 607 | 3) 877 | 2(1153{ 5((1453| 2|{1741| 2
131 | 2] 359 | 7] 613 | 2| 881 | 3|1163| 5[1459| 51747 2
137 | 3 367 | 6| 617 | 3 883 | 2| 1471} 2|/1471] 61753} 7|
139 | 2| 373 | 2 619 | 2| 887 | 5[1181| 7(1481| 3[{1759( 6
149 {27 379 | 2f 631 | 3| 907 | 21187 2[1483] 2[1777]| 5
151 | 6| 383 | 5| 641 | 3| 911 [17|1193| 3|1 487 51178310},
157 [ 5 2389 [ 2| 643 11| 919 | 7{1201|11(/1 489 |14][1787| 2
163 | 2| 397 | 5| 647 | 5( 929 | 31213} 2(/1493] 2/[1789| 6.
167 | 5| 401 | 3| 653 | 2|l 937 | 5[1217| 3[{1499]| 2|/ 1801 |11
173 [ 2| 409 (21| 659 | 2| 941 | 2[1223| 5[1511({11({1811| 6}




480 TABJUIIA NPOCTHIX YHCEJ
II podoaascerue
1 P g p |8 r |8 p |&ll P (& P |8} P |&
1823|511 2129 3| 2417 3| 2729! 3|3049[11}13373]| 53691 2
118313 (| 2131) 2] 2423 51 2731| 33061 | 613389| 3/3697| 5
1847| 51| 213710 2437 2| 2741| 2|3067| 2)3391| 343701 2
1861] 2 2141 2| 2441| 6] 2749] 6{/3079| 613407} 513709} 2
1867| 2 || 21431 3| 2447| 5] 2753 | 33083 2||3 413 23719 7
1871114 || 2153| 3|| 2459 2| 2767| 313089 3(3433} 53727 3
1 1873110 | 21611231 2467| 21| 2777 | 3|3109| 613449 | 33733 2
118771 2 2179 7[| 2473 5] 2789 2|3119| 73457 | 713739 7
18791 6 {| 2203| 5{ 2477| 2|| 2791 | 6||3121| 7)3461| 2|3761| 3
1889 | 3| 2207 5/ 2503} 3| 279%| 2113137 3||3463| 3|3767| 5
1901} 2| 2218| 2l 2521 (17| 2801 | 3[|3163| 3||3467| 23769| 7
19071 2 | 2921 2 2531] 2| 2803 2|3 167| 5{3469|-2(3779} 2
191313 | 2937 2| 2539| 2| 2819| 2||3169| 73491 | 2]3793| 5
1931] 21 2239 3} 2543| 5| 2833| 53181 713499 | 213797 2
1933] 5 || 2243| 2| 2549| 2 2837] 2]3187| 23511 | 73803} 2
1949 2| 2251 | 7| 2551 6| 2843] 2||3191|11}13517 | 2(3821] 3
1951] 3 [ 2267| 2| 2557( 2] 2851 | 23203} 2||3527| 53823 3
1973| 2§ 2269 2| 2579| 2| 2857 {11]/3209| 33529173833 | 3
1979| 2 1l 2273| 3} 2591| 7 2861 2[|3217| 535331 213847} o
1987| 2 | 2281 | 7[ 2593| 7] 2879 7|3221110||3539| 23851} 2
1993 5l 2287 (191 2609| 3| 2887| 5[3229| 63541 | 73853 2
1997| 2 |l 2293 2|| 2617| 5| 2897| 313251 | 6|13 547 | 213863 5
1999| 3 || 2297] 5{ 2621] 2| 2903 | 5[13253| 2]13557| 23877 2
2003) 5 || 2309| 2| 2633} 3] 2909| 2{3257| 3|3559| 3388113
2011| 3| 2311 3| 2647 3]l 2917 5[|3259] 313571 2/ 388911
2017] 5| 2333| 2| 2657 3| 2927| 5{3271| 3||3581| 213907 2
20271 2|l 2339 2] 2659 2| 2939 2(/3299| 2{13583| 3391113
2029| 21l 2341| 7)1 2663 | 5| 2953 (4313301 | 6|3593| 3] 3917 2
2039} 7| 2347 3} 2671} 7| 2957 2||3307| 213607 513919 3
12053] 2| 2351(13( 2677| 2| 2963 | 2 3313(10[3613] 213923 2|
1 2063| 5112357| 2] 2 683! 21 2969 3]3319| 63617| 3||3929| 3
2069| 2 | 2371 2| 2687] 5| 2971(10}3323| 23623} 5} 3931 2
2081]-3 || 2377| 5/ 268919 2999 |17(13329| 3|/3631 (213943 | 3
12083 2| 2381 3 2693] 2|| 30011413331 3|3637] 2)3 947 2
12087| 5|l 2383 5| 2699} 2| 3011] 23343 | 5[|3643| 2| 3 967 6
20891 7 || 2389 2| 27071 2| 3019 2||3347| 2[{3659} 213989 2
2099| 2|1 2393] 3 2711| 7] 3023| 5(3359 (1113671113
T 2111| 7 || 2399]11| 2713| 5| 3037} 2[3361|223673| 5
1211315 || 2411| 6 2719 3 3041| 313371 2|3677] 2






